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Chemistry. — Tissues of prismatic celloidin cells containing biocolloids 1X, 
Experimental factors favourable for the integrity of the cell walls. 
Correlation of this integrity with the morphology of the films, 
cellgroups and cells. By H. G. BUNGENBERG DE JONG and R, C. 
BAKHUIZEN VAN DEN BRINK. 


(Communicated at the meeting of April 26, 1947.) 


1. Introduction and Methods. 


In the very first communications!) of this series the celloidin films 
containing groups of prismatic tissue cells were obtained by dripping some 
drops of the emulsion (water or a solution of a hydrophilic colloid in 
water, emulsified in a solution of celloidin in a mixture of amylalcohol 
and ether) on the surface of some water in a Petri dish. 

The properties of the films obtained in this way depend, however, on a 
number of casualnesses and in order to obtain reproducible results we 
thought it necessary to standardize the method and to know which factors 
have a great, which a slight influence on the properties of the film. 
For our purposes it is particularly important that the cellwalls show no 
lesions. By lesions we mean here not only microscopically visible lesions 
of the cell walls 2), but also those lesions, which cannot be detected under 
the microscope. The latter can be detected by the loss of cells in the cell 
groups to show accumulation of a basic dye, if gum arabic sol is used 
when preparing the original emulsion. 

If not stated otherwise the following procedure was followed: 4 cc of 
the celloidin containing emulsifying liquid and 1 cc of a 3% gum arabic 
solution in water was put in a measuring-flask of 10 cc with ground 
glass stopper. The measuring flash was then attached by means of a 
rubber string to a wooden disk, which was driven round its axis by a 
synchrone motor at a rate of 22 revolutions per minute. After 5 minutes 
the (coarse) emulsion is ready for spreading on the surface water/air. 
To investigate the influence of variables connected with the technique of 
spreading, four circular dishes (zinc) of different diameters are arranged 
around a stative, fitted with an arm which by rotating can be brought 
above the centre of each dish and which carries at its end the spreading 
pipette (a graduated micro pipette of 1 cc). The distance of the pipette 
point from the water surface in the dishes can further be varied at will. 

The pipette is connected by a rubber tube via a three way cock with a 
reservoir of reduced air pressure (water manometer) or with the air. 


1) H.G, BUNGENBERG DE JONG, B. KOK and D, R. KREGER, Proc. Kon. Ned. Akad. 
v. Wetensch., Amsterdam, 43, 512 (1940). 

2) H,. G. BUNGENBERG DE JONG and R. C. BAKHUIZEN VAN DEN BRINK, Proc. Kon. 
Ned. Akad. v. Wetensch., Amsterdam, 50, 436 (1947). 
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Thus the pipette can be first filled with emulsion to the height desired, 
then the stopcock is closed and the pipette turned above the dish desired 
and afterwards its contents are run out by turning the stopcock, so that 
the pipette is connected with the air. The film obtained on the water 
surface is then first examined as to its macroscopical features (diameter, 
type of folds between the cell groups). 

Part of the film is lifted from the watersurface by means of a microslide, 
and the latter is then laid down as a cover on the cuvette described 
previously 3) (so that the original air side of the film is now in contact 
with the destilled water in the cuvette). Now the microscopical details of 
the cell groups and cells are observed, and afterwards the accumulation of 
toluidine blue 4) in the cells is followed from a very dilute solution which 
streams continually through the cuvette. 

In the two next sections we will try to give first a total impression of 
the results obtained and in the last section 4 a systematic survey of the 
influence of each of the variables investigated will follow. 


2. Morphology of films, cellgroups and cells and the correlation of the 

morphology with quality of the films. 

Generally speaking there exists a distinct correlation between the mor- 
phological features of a film and its quality judged by the percentage of 
cells in the cellgroups which have the power of accumulating Toluidine 
blue (that is have neither visible nor invisible lesions of the cell wall, 
by which the gum arabic has been washed out or diffused out the cell). 

We usually have a film of good quality when after spreading a film 
results with a great diameter, and which immidiately after spreading extends 
to its maximal extent and shrinks only in a relatively small degree. 

Further the quality is usually good, if after the above short shrinking 
a regular pattern of bundles of folds has developed which connect the - 
individual cellgroups. Another criterion for good quality is often, that the 
cells within each-cell group are distributed regularly, (in the middle of 
the cell group the larger cells and towards the periphery the smaller ones) 
while the cell groups themselves show a sharp boundary. 

Unfavourable for good quality are films, which shrink to a greater 
amount and for a longer period. The bundles of folds connecting the 
cell groups are lacking then or do not run from cellgroup to cellgroup; 
the cells within the cell groups have no sharp boundaries (ie. many 
solitary cells lay close to the irregular boundary of the cellgroup). 

With reasonably good films there are 5 to 8 bundles of folds between 
the cell groups around each cellgroup (see fig. 1A). We have the 
impression that if the diameter of the film is enlarged by some factor to 
such an extent that this number is only two or three, the quality of the 


3) See note 1), 


*) H. G. BUNGENBERG DE JONG and B, KOK, Proc. Kon. Ned. Akad, v. Wetensch., 
Amsterdam, 43, 728 (1940). 
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film (higher percentage of accumulating cells in the cell groups) is still 
better (see fig. 1B). 

This, however, is not always the case, as we will see when discussing 
variable A 6 in section 4. 

As the morphological details of the fold systems and of the cellgroups 
are correlated with the quality of the film, and also with the diameter of 
the film (other factors being held constant), a factor which enlarges the 
diameter of the film is in general also a factor which improves its quality. 


Fig. 


With a given emulsion and a given technique of spreading the diameter 
of the resulting film on a fresh water surface (tapwater), depends primarily 
on the area of the water surface. A greater diameter of the dish containing 
the water, gives films with greater diameters (the border of these films is 
often irregular), but the film never covers the whole water surface. 

Under most favourable circumstances the diameter of the film (after 
the short shrinking immediately after spreading) is circa 60% of the 
diameter of the dish (and often it is less). 

This is caused by an invisible and more rapidly spreading very thin 
film, which after reaching the border of the water surface, solidifies and 
thus the spreading of the thicker film mechanically hinders (compare 
fig. 2). At the border of the thicker film the transition to the thinner film 
often betrays itself by groups of folds (fig. 2, a). 

After the shrinking of the thick film, this thinner film (fig. 2, b) has 
usually detached itself from the border (fig. 2, d) of teh dish (though it 
remains attached to the thicker film). This appears from the fact, that 
one can stir with a glass rod near the border of the tray (at c fig. 2) 
without the thicker film moving. However, when one stirs closer to the 
latter (at b fig. 2) the whole film is moved. 

The very thin film between border of the dish and the thick film ls 
not visible as a rule. If one removes the thick film form the dish, part of 
the thin film remains on the water surface. 
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This explains, that if we now spread a fresh film, its diameter will be 
smaller than the first time, the available free water surface being smaller. 
In order to obtain films with reproducible properties it is therefore necessary 
to renew the water surface each time before spreading a following film. 


jantoi Sh. 


Fig. 3 gives a section of the dishes used. A is a brass three way stop- 
cock (with handle B), with the aid of which tapwater via C can be let 
into the dish, D is the outletpipe of a circular gutter, surrounding the dish 
proper. If the water has sufficiently been refreshed, the dish is connected 
with E, to let out a certain quantity of water till the meniscus of the water 
surface stands as in fig. 3, This is necessary, for otherwise the film after 


spreading will not remain in the dish, but will slip over the brim in the 
gutter. 


3. Systems of folds. 


We saw in 2. that films of moderately good quality are often characte- 
rised by the presence of systems of folds connecting the individual circular 
cellgroups. If not an emulsion but the emulsifying liquid (e.g. celloidin 


, 


dissolved in a mixture of organic liquids) itself is spread, a film is also 
formed, but now the characteristic starlike folds systems are no longer 
present. 

The film obtained (apart from a detail discussed further below) may 
be totally free from foldsystems (2 % nitrocellulose ““C” in ether-benzol- 
amylalcohol = 2:1:1) or fields of parallel folds (the same sample in 
ether-amylalcohol 1 : 1) may originate as shown in fig. 4B. If lycopodium 
powder of potato starch grains are suspended in the emulsifying liquid, 
we find after spreading the grains accumulated in clusters and the latter 
surrounded by the typical starlike bundles of folds. This clearly shows 
that these starlike systems of folds originate in general around heterogeni- 
ties in the emulsifying liquid. In our case the heterogenities consist of drops 
of the emulsified gum arabic sol, which have also drifted together. 

The latter drops are surrounded by a celloidin film, which at this stage 
must still have a semifluid character, enabling these films to coalesce to 
separate cellwalls, thus transforming the original cluster of drops into a 
characteristic tissue of prismatic cells. 

The system of folds around the groups originate from the shrinking of 
the film, which shrinking is hindered by the groups of grains or emulsion 
drops. It can thus be foreseen that a number of velocities of detail pro- 
cesses must have appropriate values to obtain the typical morphological 
structure of a film of good quality. 


a. The film after spreading may not solidify too fast, so as to enable 
the separate emulsion drops not only to drift together to groups, but also 
to arrange themselves within a cluster according to their sizes (larger ones 
in the centre, the smaller ones more peripherically). 

b. The shrinking of the film must take place while the membranes 
around the emulsion drops are still semilfluid, so that they are not damaged 
by mechanical tensions. 

c. Still in this stage these membranes must not be too fluid, but soon 
solidify, otherwise coalensence of drops might occur and the transformation 
of the cluster of drops into the typical tissue of prismatical cells might be 
endangered. 


As to factor a, the following observation on the spreading of the emul- 
sifying liquid is of importance. The emulsifying liquid used showed such 
. viscosity that it fell from the pipette in a series of rapidly succeeding drops. 
The film originated showed a series of concentric rings of small folds, 
each consisting of very short radial folds (see fig. 4 A). 

The following table gives the diameters d of the fold rings), of the above 
mentioned emulsifying liquid (2% C in ether-amylalcohol-benzene = 
2:1:1) spread on a dish of 30 cm diameter, the values yn (in which n 
is the series of the whole numbers beginning with n= 1) and the 
quotients d/ yn. 


5) See note ®). 
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Six drops in all were delivered from the pipette and 5 concentric fold 
rings originated in the film. If the margin of the film is also reckoned as 


Fig. 4. 
= | d 
d (cm) }n = 
Yn 
5.1 Vi=1 | 5.1 
7.4 ¥2=1.414 | 5.2 
9.2 V3=1.732 | 5.3 
10.4 V4=2 5.2 
Fiat V¥5=2.236 | 5.0 
12.4 V6=2.45 | 5.1 

(margin of the film) 


fold ring, the surface of the central fold ring and the surfaces between 
every two succeeding fold rings correspond with 1 drop of the emulsifying 
liquid. ; 

Supposing the film has a uniform thickness, the above surfaces should 
be equal in area. If this is really so, the diameters of the concentric rings 
must consequently be proportional to jn. The table shows that this propor- 
tionality is reasonably fulfilled, so that we may conclude that the film 
has a uniform thickness. 

But this means also, that during the short time that the six drops were , 
delivered, the emulsifying liquid has retained its liquid character, so that 
any heterogenuous particles (such as e.g. drops of emulsified gum arabic- 
sol) still have an opportunity to drift together to groups, before the 
gelating of the film would render this impossible 


4, Survey of the variables investigated. 


The variables investigated can be divided into two groups: A and B. 
Group A contains variables considered as regards the composition and 
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preparation of the emulsion, group B variables as regards the technique 
of spreading itself. 

In the present survey the results are given when of a whole set of 
variables each of these are changed at a time, while the others remain 
constant. 

As a rule we start in doing so from the following values for a set of 
variables, which together give a reasonable result, These are: emulsifying 
liquid consisting of a relatively low concentrated (1—2%) solution of 
nitrocellulose in 2 vol. ether + 1 vol. amylalcohol + 1 vol. benzene. The 
emulsion is made from 1 cc: 3 % gum arabic solution in water + 4 cc 
emulsifying liquid as described above under 1. 

Distance from the pipette point to the water surface = 3 cm. 

Quantity of emulsion delivered from the pipette = 0.33 cc. 

Spreading dish of 30 cm diameter filled with fresh tapwater, depth of 
the water is this dish = 6 cm. Roomtemperature = 18° C. 


A 1. Kind of nitrocellulose. 


Some technical nitrocelluloses were investigated, inter alia ‘‘C’’ (used 
in the cellulose lacquer industry) and “Celloidin’’ (Schering-Kahlbaum) 

Impression: the variables have qualitatively the same influence, though 
there are differences quantitatively. With “C”’ a 1% solution in the 
emulsifying liquid is not yet too low, with ‘‘Celloidin” the concentration 
must be higher (2—2.5 %). High viscosity of the emulsion is not desirable, 
as in this case the drops delivered from the pipette succeed one another 
too slowly. 


A 2. Composition of the solvent for the nitrocellulose. 

Both with “C” and ‘‘Celloidin” we found that the solvent used in our 
first communications (1 vol. ether + 1 vol. amylalcohol) is not so favour- 
able for good quality. 

Though macroscopical and microscopical morphology seem to predict a 
reasonably good quality, the actual behaviour as regards accumulation 
of toluidinblue reveals that a great many cells in the cell groups often 
have lesions. A high percentage of accumulating cells is not easily reached 
here. A great improvement is obtained if the solvent contains benzene as 
well. As far as we could trace, the most favourable composition for the 
solvent is obtained when we have the following volume ratio ether: 
amylalcohol : benzene = 2:1:1. With the nitrocellulose sample ‘‘C’’ we 
investigated the influence of a variation of this ratio. The results can be 
discussed best with the aid of a so called ternary diagram. See fig. 5. 
Corner E stands for 100% ether, Corner A for 100 % amylalcohol, 
corner B for 100 % benzene. The solvent originally used (1 ether: 1 amyl- 
alcohol) is represented in it by point 1 half way side A E of the triangle 
and the solvent approximately optimal for quality (2 ether : 1 amylalcohol : 
1 benzene) by point 2. As emulsifying liquids we used 1 % solutions of ““C”’ 
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in mixtures of the three liquids. ““C’’ was soluble in 100 % E, not soluble 
in 100 % A nor in 100 % B. Solubility was restricted in the area of the 


Fig. 5. 


triangle, comprised between the side E—A up to + 80 % amylalcohol, the 
side E—B up to + 30 % benzene and the curve in the triangle connecting 
these latter points. 

With 100 % E as solvent a film is really formed the first moment, it is 
true, but it is soon torn to rags, which scatter all over the water surface. 

We see the same with a solvent on the E—B side of the triangle. The 
cells in the film rags have accumulated into groups after all, but the latter 
are also partially torn off the film. 

The cells are more or less spherical and accumulate toluidinblue slowly. 
The cells themselves do not appear to show lesions, but because of the 
fact that the film carrying the cellgroups shows these cleaving phenomena, 
it is completely unsuitable for any use. 

If we investigate the solvents situated on side E—A of the triangle, 
we meet with sufficient amylalcohol in the mixture just the reverse 
situation. The film bearing the cell groups, does no longer explode 
spontaneously, but the percentage of cells accumulating toluidinblue, is 
greatly reduced. So now we have lesions of the cell membranes and no 
lesions in the film. In many cell groups a great percentage of the central 
cells do not accumulate. Sometimes another type of defect cell groups is 
obtained, in which the zone of peripherical cells itself does not accumulate. 
If along the side E—A we approach the limit of solubility, defects in 
the film itself begin to manifest themselves. 

We see again the splitting phenomena, though not so frequently as 
along side E—B. The same kind of defects are also met with near the 
curved line in the triangle (circular cracks). 

Defects in the film and lesions of the cells are not present or limited 
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to a minimum in the neighbourhood of point 2. Here we often find that 
95—100 % of the cells strongly accumulate toluidinblue. 

When investigating the influences of other variables we therefore always 
used emulsions, in which the solvent was optimal for quality, i.e. ether : 
amylalcohol : benzene = 2:1: 1. 


A 3. Concentration of the nitrocellulose. 


It is recommendable to use a relatively low concentration of the nitro- 
cellulose, as in doing so films of greater diameter result, the right spread 
emulsion remains longer fluid, so that the emulsified drops get a better 
chance of arranging themselves to well ordered groups. Next table gives 
an example (nitrocellulose ““C”, ether + amylalcohol + benzene = 2:1: 1, 
temperature 14°, distance from point of the pipette to the water surface 
= 3 cm, quantity delivered from the pipette = 0.33 cm, diameter of the 


dish = 30 cm, the latter being refilled with fresh tapwater for each 
experiment). 

Concentration Diameters of the film after 6) Boundary of iberenere of 
nitrocellulose the cell- | accumulating 
“C” 1 min. 5 min. 10 min. groups * cells 

2 8.8 he? WP diffuse + 80% 
1 9.0 8.7 8.6 little diffuse + 100 %/p 
0.5 1251 1128 11.8 sharp + 95—100 2p 
0.25 15.8 15.6 15.6 sharp + 100 %/p 


This table shows that the nitrocellulose concentration has a pronounced 
influence on the diameter and other properties of the film. If one plots in 
a diagram the second power of the diameter against the reciproke value 
of the concentration a straight line results. Thus the surface of the film 
is here a linear function of the dillution. 

When we lower the concentration of “‘C’, the ‘‘quality’’ (last column) 
increases, while the transition from diffuse cell boundaries to sharp ones 
progresses in the same ratio. Moreover, the shape of the individual cells 
within the cell groups grows more ideal as well, that is, it tends to assume 
the shape of regular 5, 6 or 7 sided polygons. The film obtained with 
0.25 %, however, was very brittle, and could not be tested in the ordinary 
way on accumulation (instead of on the cuvette, the film was brought on 
the surface of a toluidineblue solution, on which it floated), The best 
results in the table were obtained with 1% C, in which case only small 
cells did not accumulate at the edge of the cell groups, while the bigger 
central cells were all undamaged. 

The film obtained with 0.5 % C, on the contrary, showed loss of the 


6) As the circumference of the films is often not regular, we always mean by “diameter” 
here and in the following the mean of four diameters, measured at angles of 45°. 
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power to accumulate in some of the bigger central cells. So we see, that 
in decreasing the concentration of the nitrocellulose, an optimum is passed, 
which will, of course, be located elsewhere for other kinds of nitrocellulose. 


A 4. Volume ratio emulsifying liquid/hydrosol. 

A favourable value for this ratio is 4:1. If one should take more 
aqueous phase, the emulsion becomes too thick, which affects the easy 
spreading badly and consequently diminishes quality, too. As the emul- 
sifying liquid itself dissolves some water the above ration cannot be altered 
too much in the reverse direction. 


A 5. Technique of emulsifying. 

This technique has been described in 1. A variable not yet mentioned 
is the degree of filling of the tube in which the emulsification is accom- 
plished. If the column of air is relatively larger, the emulsified drops — 
and as a result the mean size of the cells in the cell groups — become 
smaller. We have not got the impression that this size in itself causes a 
change in the quality of the ensuing film. 


A 6. Substances added to the emulsifying liquid. 


There are a great many organic substances, which, when added to the emulsifying liquid 
in a relatively small concentration exert a great influence. As a rule the diameter of the film 
is increased and the bundles of folds between the cell groups disappear. Very often this 
does not cause an improvement of the percentage of the accumulation, on the contrary, 
the effect is very often adversely (e.g. with diamylphtalate). 

In case of somewhat greater additions we often see that serious damages are the results. 
Diphenylmethane is an example that compares favourably with many others, the cell 
groups are not affected, though the fold systems between the cell groups disappear. In this 
example a strong retardation of the rate of accumulation was observed, which indeed was 
also the case with some other additions (e.g. triolein). When oleic acid is added 
to the emulsifying liquid in low concentration we first see a reduction of the film 
diameter, when of higher concentration an increase. As a result of the oleic acid contents, 
the film itself was stained blue by toluidinblue, A remarkable influence was excerted when 
part of the benzene in the emulsifying liquid is replaced by chlorbenzene. The ordinary 
system of folds connecting the cell groups makes place for another type of folds which run 
perpendicular or obliquely to the lines connecting the cell groups, and which do not end, 
therefore, in the cell groups themselves, 


A 7. Additions to the gum arabic solution. 


No influence is excerted from 0.1 N acetic acid in the gum arabic sol, however, 
0.1 N HCI or NaOH is harmful, In the two latter cases the regular prismatic form of the 
cells is affected and the central cells of the groups show no longer or only feebly 
accumulation power. 

In order to study complexcoacervation in the tissue cells a mixture of gum arabic and 
gelatine sols is emulsified. Such emulsions, if fresh give excellent results, but if kept a 
longer time at room temperature they form films in which the cell walls are often seriously 
damaged. ‘this effect is caused by the gelating of the emulsion drops. The gelated contents 
may impede here the necessary flattening of the originally spherical drops in the cell 


groups to form the typical prismatic cells of the tissue. See for further details a previous 
communication 2) 
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B 1. Distance from point of the pipette to the water surface. 


This factor has not been investigated in detail. In all experiments the 
distance was 3 cm. With a distance of 13 cm, the diameter of film was 
greater, but the number of non accumulating cells was strongly increased. 


B 2. Quantity of the emulsion spread. 


This variable has no striking influence on the diameter of the film. 
Below a very small quantity (0.15 cc on a dish of 20 cm diameter) no 
manageable film (brittle) is formed, above that quantity the films have 
approximately the same diameter (or the diameter passes through a flat 
maximum). 

The quality, on the contrary, does change strikingly, and is optimal 
at a certain small quantity of the emulsion spread (e.g. 0.2 cc on a water- 
surface of 20 cm, 0.3 cc on a surface of 30 cm). 

Now the shapes of the cells come near to that of a regular polygon, 
the cell groups have a sharp boundary and the accumulation percentage 
rises to 95—100 %. 

When the quantity spread is increased to 0.7 cc, the boundaries of the 
cell groups become less sharp and the accumulation percentage diminishes. 
The character of the system of folds connecting the cell groups, also 
changes in this case. With a very small quantity the number of folds 
bundles attached to one cellgroup, is small, (e.g. 2) this number augments 
(4—6—8) when the quantity spread is increased, and at last these fold- 
bundles do not longer end very close to the boundary of the cell groups, 
but at a certain distance already. For a dish of 30 cm diameter the most 
favourable quantity spread was 0.33 cc for the usual emulsifying liquid 
(ether—amylalcohol—benzene = 2:1:1), containing 2 % nitrocellulose 
“C” or 2.5 % celloidin, 


B 3. Diameter of the water surface. 


We have repeatedly observed that the average diameter of the film is 
nearly proportional to the diameter of the dish used. The next table gives 


Diameter Diameter film after 15 min. (cm) Average ‘Srp 
watersurface = diameter film eee an 
(cm) 1st film 2nd film 3rd film (cm) iam. dis 


an example, referring to 1 % C under normal conditions, except that the 
quantity of emulsion spread was 0.9 cc now, 


ia 


An approximate constant ratio was also found with emulsifying liquids 
in which benzene had been replaced by toluene or xylene. 

Too small a water surface (in the above table 9.3 cm) gives films with 
relatively poor properties. They do not contain small circular cellgroups, 
but irregular fields of cells, the latter having irregular forms, while their 
accumulating properties were not very good. Moreover, they are of no use, 
as their surfaces are undulated by deep and broad folds, so that they 
cannot be used on the cuvette. 

When the diameter of the water surface is increased, we get once more 
the same changes in the film as we saw in A 3. already as a consequence 
of a decrease of the nitrocellulose concentration, and in B 2. as a con- 
sequence of a decrease of the quantity of emulsion spread. 

So we find: a change of the irregular cell fields into small circular cell 
groups; a change of diffuse boundaries of the latter into sharp ones; 
a change of the type and a decreased number of the fold systems con- 
necting the cell groups; a change of irregular cell shapes into nearly 
regular polygons, an increase of the percentage of accumulating cells. 

Summarizing we may say that in actual practice this variable is the 
simplest in order to realize films of good quality, when we start from a 
given emulsion. Of course the practical improvement by increasing the 
diameter of the water surface comes to an end at a certain diameter, 
because the film becomes too thin then and therefore fragile, so that it is 
no longer manageable. 


B 4 and 5. Depth and temperature of the water in the dish. 


We have not found any influence on the morphological features nor on 
the quality of the film by varying the depth from 0.6—6 cm, By varying 
the temperature of the water from 14—21° C, practically no influence 
was found on the morphology or quality of the film, all other factors being 
favourable. The diameters of the films were only smaller at a higher 
temperature. ’ 


B 6. Influence of not refreshing the tapwater in the dish. 


This influence has already been discussed in 2. The usual changes in 


morphology etc. manifest themselves concurrently with the decrease of the 
film diameter, 


B 7. Sagging of the emulsion. 


The emulsion kept in the stoppered measuring flask, must be shaken 
very gently, just before filling the pipette, if one aims at reproducible 
diameter of the film. The emulsion-drops, having a larger specific weight 
than the emulsifying liquid — sag after some time to the bottom (though 
they do not coalesce, because they are surrounded by a film of nitrocellu- 
lose). In case partial sagging the upper layers of the emulsion give films 
of larger diameter, the bottom layers films of smaller diameter (in a 
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particular case e.g. before sagging = 13.4 cm, after partial sagging upper 
layer = 14.1 cm and bottom layer = 12.6 cm). This partial sagging had, 
however, little influence on the morphology of the cellgroups or on the 
accumulation percentage. 


B 8. Influence of a monomolecular layer on the water surface. 


If one puts a small drop of oleic acid on the water surface before spreading the 
emulsion, the monomolecular oleic acid layer formed has a great influence on the diameter 
of the film (e.g. 10.7 + 15.7; 12.4 + 18.6; 15 + 21.9). This effect may be due to a 
retardation of the velocity of spreading of the very thin nitrocellulose film discussed 
in 4, or, maybe, to any retardation of the solidification of the latter film. We often 
found that the circumference of the thick film is very much nearer to an ideal circle than 
without oleic acid on the water surface. 

We found no influence of the monomolecular oleic acid film on the water on the 
morphological features nor on the quality of the film, provided the conditions were already 
optimal for spreading on a clear water surface. 

Triolein on the water also increased the diameter of the film, though to a smaller 
degree than oleic acid. 

This in accordance with the view that the retardation of the velocity of spreading of 
the very thin nitrocellulose film is due to the opposing film pressure of the monolayer, this 
pressure being greater for oleic acid than for triolein. 


B 9. Influence of pH of the water in the dish. 


The diameter of films on destilled water was the same as on tapwater. On 0.01 N HCl 
the diameter was smaller (e.g. 20%). Little influence on the morphological features and 
quality of the film could be found when tapwater was replaced by destilled water or by 
0.01 N HCl. 


B 10. Time between spreading of the film and lifting the film from the water surface 
with a microslide. 

This factor has not yet been investigated in details, It was observed a few times, that 
films which had floated on the water surface a long time before they were used, were 
inferior in quality (e.g. lesions in the peripheral cells of the cell groups) to films which 
were lifted from the water-surface just before the shrinking (of the film spread) sets in. 
As the systems of folds around the cell groups are formed during the very shrinking 
process, and then tensions are excerted on the cell groups, the difference mentioned above 
might be connected with any modification of the shrinking process, if this process takes 
place when the film lies stretched on a micro slide. 


Laboratory for Medical Chemistry 
University of Leyden. 


Mathematics. — On conformal differential geometry. Theory of plane 
curves. By W. VAN DER WOUDE. 


(Communicated at the meeting of December 20, 1947.) 


Introduction. 

In the development of conformal differential geometry several different 
lines of research were followed. Now it is remarkable that in all theories 
just in the beginning the introduction to the theory of plane curves is not 
quite satisfying 1). . 

As to the choice of a system of coordinates it is natural to choose as 
first axis the osculating circle. Than the first problem is the construction 
of a second axis (circle). But this is not the way followed by BLASCHKE-— 
THOMSEN, nor by HAANTJES2) nor in the publication of HAANTJES— 
SMITs 3), representing three different methods. 

In this paper we start from the osculating circle. The usual coordinate- 
system is constructed in §5. In the notation we follow BLASCHKE-THOMSEN. 


§ 1. Normalised tetracyclical coordinates. 


> 
Be x a vector whose homogeneous components (xp, x1, Xo, X3) are the 
tetracyclical coordinates of an oriented circle, provided that 


>> 


NX, ae ey fee eg 


The coordinates can be normalised by the condition 


+7 

(xc, xeeeds 
This can be done in two different ways, each of them belonging to a defi- 
nite orientation of the circle. If 


> 


(x<)ec)en 0 
—> 
x represents a point. 
Ss 
The invariant (x, y) of two circles each with a definite orientation 
— i= Cer 


(x, y) = —x9 yo + x1 yy + x2 2 +23 Y3 


1) The method used in the beautiful work of BLASCHKE-THOMSEN: Differential 
geometrie III, is really somewhat more general than the method used here because a 
general system of circles is used. But in application to the theory of plane curves it is 
more or less troublesome, Especially the construction of invariant coordinatesystems is not 
quite satisfying and the same can be said of other methods. 

2) J. HAANTYES: conformal geometry I, Il; Proc. Ned, Akad. v. Wetensch., Amsterdam, 
44, 814-824 (1941); 45, 249255 (1942), 


3) J. HAANTJES and C. SMITS. De differentiaalmeetkunde van Moebius in het platte 
vlak. Nieuw Archief voor Wiskunde XXI, p. 34—47 (1943). 
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is the cosinus of the angle m between them. By the orientation of the 
circles it is possible to determine cos. » uniquely. By introducing a definite 
order of the two points of intersection it is also possible to fix sin. g. Then 
gy is fixed mod. 274). 
> > 
If x represents a point and y a circle the equation 
>> 


(x, y) =0 


> o> 
expresses that x is a point of the circle y. 


§ 2. The normalized osculating circle of a plane curve. 


Be 

peer) 
>> 
with the condition (x, x) = 0, the parametric equation of a plane curve. 


We assume in the following that all functions are real and that they can 


be differentiated as often as may be necessary. Then the normalized 
> > 
osculating circle y in a point x is expressed by 


ear sf ams =r wae > = > =F ‘ dx 
(y, y) =1; (y. x) =(y, x) =(y, x) =—0:; (#= a) 
From this it follows that 
Sa i TNS Be GA 
ery Peete Ss ot 7) =: 
Hence 7 satisfies the equations 


>> >> >> 
(y.y)=(% y) =(x, y) =0 
-> > 
and this implies that x and y differ only by a constant scalar factor. It is 


>> > 
not necessary to except the case that x, y and x are linearly dependent 
because by multiplication with y it becomes clear that this case is impossible. 


Starting from the osculating circle y we have already 


goistl@d=oe=su.pa0..... 1) 
G.9)=(. #) =0 (2) 


> > 
where y is the point of osculation on the curvey(f). 


4) Cf. Differentialgeometrie III § 15. 
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§ 3. The parameters do and dot. 
If a new parameter s is introduced instead of t we have 


= =: 
dy _dy dt (dy _* 
ds. dlidss\-dt « & 


> “+ ~ 
Qiypmed:y (rat yee Dale 
ds dl vas dt ds’ 


and this implies according to (2): 
> > > o> 
gy yy ay an a 
ds?’ ds?] (ae ’ d?? ds 


d’y dy’ d?y d? 
Yy yg 4 Yy y A 
(ae as?) a (Ge a) i 


This proves that the differential form (the positive value is meant) 


dg== 7 


rs 
(Ge-ge)[#- 7 @) 


df’ d? 


is independent of the choice of the parameter f. 

We remind that the method of tetracyclical coordinates is intimately 
connected with the wellknown transformation, carrying the points of a 
sphere into the points of the plane considered and the points outside of the 
sphere into the circles of that plane. 


> 
Now we have found that $4 = x is a point of the plane, i.e. the image 
> > 


2 

of a point of the fundamental sphere. Consequently oo is the image 

of a point on a tangent of the sphere, that is a point on the sphere or 
> 


d? 
outside of the sphere. Hence on is in our plane a point or a circle and 


(ae Z| = 0. That implies that in (3) the bars may be dropped: 


d*y d? 
doa tw (S22 eg 
Ceo (ae ge) 


Generally 


eas diy 
er: Ta) 70. 


From 
> > 
dy d’y\ 
diet joe 


it would follow after differentiation of (2) 


dy d eit a bs 
if De Ce As 
es a + te oe 


that means: the osculating circle would have in eo contact of third order 
with the enveloping curve. This case will be excepted. 

We now assume that from the beginning the parameter o were used. 
Then the equations 


D=LGN=EHN=0 (y=B)... 


> 

vordy 

hold next to (1) and (2). From now on gy ae 

o 
> > 
Two normalized circles y and gy are fixed. From (1) it follows that they 
> 
intersect orthogonally. One of the points of intersection is M(y), the other 


> > 
be denoted by W(w). For w we have 


>> >> > > 
ea Ie NIVL Wye 4 6, 4. ee em) 
and w can be normalized such that 
> > 
C08 abe ee ar 


Here is a table of scalar products written in the form of a determinant 


>_> > 

Ve ee ed 

> 

gil, 0 0 

a UA CAL 

y 

sm » (7) 
ZS oad abi 

a 

mio oO el 20 


Sain didn 
This determinant is —1, and this implies that the four vectors y, y,y, w 


are linearly independent and every other vector can be linearly expressed 


in them. According to a wellknown theorem the determinant is equal to 
Sree Sp 


= yigs yw)". 
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Hence 
>> 


Det|y,y ae leew 


In fact both values may occur. Suppose the value is + 1. Then we apply 


+> 

a transformation leaving (y, y) invariant, i.e. a transformation of the group 
M,. Its determinant can have the value + 1; we apply a transformation 
having the value — 1. 


After this transformation (7) takes the value —1. But scalar products 
> > 
being invariant (y, w) remains + 1. 


The differential do is invariant for all transformations of Mg. We now 
define an other differential form dot by the equation 


dy dy 
dt?" dt’ 


dot} — is a de 
recurring to the arbitrary parameter t. This form is independent of the 
choice of the parameter ¢. The same holds for 


- 
Gy ai 

ae " dt 

If a transformation of Mg is applied to the righthand side of (8) with 
tixed t, the determinant remains invariant or changes its sign according to 
the value of the transformationdeterminant being + 1 or —1. 

Consequently do+ is invariant with respect to transformations of the 
parameter and the transformations of Mgt, the subgroup of Mg, with 
determinant + 1. 

If in (8) t is replaced by o we get the relation between do and dot 


det =a iy, Se ldis > ee 


If we start from do+ = do this relation is invariant for every trans- 
>> 
formation of Mg+. That implies that all formulae hold if y, 4 ... denote 


> 
derivatives of y with respect to dot. In the sequel o+ will be used as para- 
meter and only transformations of Mg+ will be used. Then we have allways 


>So 
Lvave ates ene Pere re) 
§ 4. FRENET's formulae in conformal geometry. 


In this section the formulae of FRENET will be derived. We suppose that 
>> 


|, Ww) a —— BN ee 
hence (c.f. (6)) i ene 


yy. w)=b 44 4 oe La 


=~ > ——— 
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If now we write 
a no = 4 = he 
yay + fy + 7y + bw 
the coefficients a, §, 7, 6 can be determined immediately by scalar multi- 
>_> > +> 
plication of this equation with y, y, 4, and w, using the table (7). In the 
same way the coefficients in 
— = + 4 > 
wy + wy + vy + ow 
can be determined. Thus we get 
> > 
= —by wf 


See ee A) 
Sea gE \ 


tocar 


and they are the formulae of FRENET in conformal geometry. We add the 
formula 

oi een i bi-2 

y =y—2by —by 
to be used in § 6. 


In the usual way it can now be proved that, if b is given as a function 


= >~ a> 
of o* the functions y(c*+), and from this g,y, and w and their relations, 
can be determined, uniquely to within transformations of M,+, in such a 


> 
way that (11) is satisfied and that the circles y(o*+) are all osculating 
circles of the curve enveloping them. 

This implies that b and its derivatives form a complete set of conformal 


ee 
invariants of the curve y(o~). 


§ 5. Construction of the preferred coordinate system. 
> > : 
If y, and ys are two normalized circles with no real common points, in 
— = o> = 
the linear circlemanifold ay, + f yz there exist two points p and q, the 
limiting points. 
> 

Now we ask for the two circles z satisfying the condition that the two 

double ratios 


ie aie ae i ai did 


D (p,q. 91, z) = D (p. q, z. y2) 
— > 
are equal. In order to determine p and q we solve yu from the equation 
> > = — 
(yi +4 yz yi + yz) =0 


> > 
ltu(yity)+v=0 
If 4, and yz are the solutions we have 


> > - > => ar 


P=ytHK yn G=1+ 


Ze 


> > > 
Be now z=y,+4y2 


My, iA = fy —4 
fly ah fg 


then we have 


P= py wy = 1 
> > 
Z=Y, + 92. 


— 
The geometrical signification can be obtained as follows. If z is written in 


the normal form 
> => 
“ Y; + Y2 


/§1+2 (G1 y2)} 


it follows that 


> > 
BAL 1 + (y1, y2) ee 


(z,y)= rg = (z, y2). 
V¥t1+2(y1, y2)} 


> 
Hence the two circles z are those circles of the linear manifold fixed by 


> > > > 
y, and yo, that have the same invariant with y, and y2 5). 

The foregoing consideration be applied now to two neighbouring 
osculating circles of the curve. They may be chosen as near that one of 


them lies entirely inside the other. They be denoted by y+ Aw and 
re Noy! Of the two circles zB derived as above we chose one at random 
and denote this one by y From this circle and y we construct a linear 
circlemanifold. Hence this manifold is fixed rey and Avg + Agi or 
Ny ee Rea If the + sign is chosen we have 


> 


ee ee eae (i= 1, 2) 


and this gives rise to the following consideration. Let A,o+ and Agot 

A,ot 

tend to zero in such a way that = 

A\,0+ 
: + > 

tends in general to a limit, determined by y and y. But there is one 

exception. If 


is constant then the linear manifold 


: > > 
°) ‘Till here we did not use the condition, that y; and ys have no real points in common, 
Hence the deduction does not loose sense if this condition is dropped. Then the circles 


ahd -> > 
z bisect the angles between y; and y2. 


Zo 


> > > 
we get instead the manifold determined by y and y with y as one of the 
points of intersection. 


> > > > 
Briefly said, we consider two osculating circles y + A,y and y + Aoy 
with A,o+t = + Agot+ and (in a suitable way for each choice of the 


> > > 
sign +) one of the two circles z having the same invariant with y + A,y 


> > > > > > 
and y + Agy. If Ayy and Agy tend to zero, z tends to a circle y, forming 


> 
with y the axes of our invariant coordinatesystem. That fixes this coor- 
dinatesystem in a constructive way. 


§ 6. Comparison with the method of HaanTJEs and Smits. 
In this § we compare our method with the method of H. and S. They 


> 
start from the coordinates of Gauss. Be (in our notation) x a point, then 
these coordinates can be introduced by 


x2 + 1x3 
Sa ee ee ee 
¥ Xo + x uo) 


Now let z describe a curve z(t) and be z’, 2”, ... the derivatives with respect 
to t. Then the socalled derivative of SCHWARZ 


2”! 3 /2!’\2 
Porte ale cs Oe ts SE cours (13) 


is invariant for all transformations of M,+. H. and S. fixed their para- 
meter (t) by the condition 
Eizethend, 

where I {z, t} denotes the imaginary part of {z, t}. 

Now in our notation we let some point describe the same curve by 
putting in (12) 

> 
dy 
dot 


Ae Bit 
xs=y = 


and we ask for the relation between the parameter t (of H. and S.) and 
our ot. In order to show that o+ and t¢ coincide, we have only to prove that 
Lae a aa eae B 

From (12), (13), (14) it follows that 

= lee \ 1 
ae) a ya 

X [244 (a6—P4) (a —Pq)— 2.44)? (qP— Pa)? + 

+ q? {(qp—b4+4p—Pa) (qe—Pd) — 4 (qP—PG)”}] 


(14) 
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where we have put 
P=Yr2tiys T=Ytn- 
The expression (14) can be simplified by the following transformation 
T of Met for which {z, o+} is invariant: 


tees the straight line (0, 0, 0, 1) 


apes: the straight line (0, 0, 1, 0) 


> 


y __ the point (4, 4, 0, 0). 


Then : is the point (—1, 1, 0, 0). According to FRENET’s formulae the 
following equations can be added 


=> 

j >(-4b+1, —40—1,0,0) 

> : 4 

9 (tbe Fhe 20, 
and this leads to 

{z,ot} = b+i. 
Hence the parameter t may be considered as induced by o+. As was to be 
expected also the real part of {z, o+} is invariant, that is equal to 5. 
The second base point of the invariant linear circlemanifold considered 

by H. and S. is now, after performing the transformation 7, the point 
z= © or in our notation the point (—1, 1, 0, 0). It always coincides with 


> 
our point W. Our circle g is the normal circle of H. and S. 


Botany. — Uptake and transport of chlorine by parenchymatic tissue of 
leaves of Vallisneria spiralis. 1. Discussion of the transport and 
the uptake. Vacuole secretion theory. By W. H. Arisz. 


(Part I and part II were published in Proc. L, pp. 1019 and 1235.) 


(Communicated at the meeting of October 25, 1947.) 


From the data obtained in the first part of this publication it appeared 
that Vallisneria leaves accumulate chlorine from a sufficiently balanced 
solution. This uptake is favoured by light and depends for a large part on 
the conditions prevailing in the period before the uptake. Since the cutting 
of the leaf in smaller pieces has to take place before the beginning of the 
experiments a wound influence has to be considered. 

We have now shown that the wound has not only a great effect upon 
the uptake but also upon the transport. This is in itself already an in- 
dication that the transport is to a high degree determined by the proto- 
plasm. While the transport is almost checked by the wounding, absorption 
proves not to be dependent on it ito that degree and appears to continue 
though with less strength. 

The first question we discuss here, is the one concerning the cause and 
the path of the transport. As a cause we may think of diffusion forces or 
suction pressures, which may give rise to a passive flow of particles and 
liquids. In the research made here on transport in leaves the occurrence 
of suction pressures owing to transpiration in part of the leaf is excluded 
because all experiments were made in a closed box which was quite 
saturated with water vapour, while moreover the free part of the leaf was 
lying on or between moist filterpaper. In their research on the transport of 
asparagine in leaves of Vallisneria OUDMAN and Arisz have shown that 
transpiration in the free part does not cause an increase of transport. Some 
experiments not mentioned here on the influence of transpiration on the 
transport of chlorine have given an entirely analogous result. It is there- 
fore not possible to suck salt through the leaf by a locally stronger 
transpiration. These data, on one side the dependence of the transport on 
plasmatic influences, on the other side the lack of effect from suction- 
pressures in the free leaf length caused by transpiration, show that a 
transport from cell to cell of chlorine no more than of asparagine through 
the cell walls takes place to any considerable degree. | 

The cell wall transport found by some investigators (STRUGGER and 
ROUSCHAL) was no free diffusion, but a streaming under influence of strong 
suction pressures and occurred only over a short distance. We therefore 
conclude that the transport of chlorine must take place in the plasm of the 
living cells. The cell wall must be passed during the uptake in the epidermis 
cells and in the transition from cell to cell, unless it may be brought about 
by plasmatic connections from cell to cell. As this transport goes across 
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the cell wall over a slight distance this is in no way contrary to the 
experience mentioned above that diffusion through a wall in longitudinal 
direction is of no consequence. 

No doubt the processes of transport and uptake must take place in the 
protoplasm. The difficulty lies in the fact that the permeability of the 
surface layers is insufficiently known. There are data in literature which 
indicate that the tonoplast is less permeable to ions than the outer layer. 


aa wal/ 


Fig. 3. The scheme represents the two parts of the leaf, the contactzone and the free 
part by two cells A and B. In scheme I the outer boundary of the protoplasm is imper- 
meable for Cl ions, and the tonoplast permeable. An active mechanism for the introduct- 
ion of ions must be situated in the outer layer of the plasm. By plasmatic connections 
between the two cells the substances invade cell B. Scheme II represents the condition 
that the outer layer of the plasm gives passage to Cl ions. The tonoplast is here imper- 
meable and the accumulating mechanism must be situated in the plasmatic layers bordering 
the vacuole. 7 active processes — diffusion. 


This problem was discussed at length in a publication: Contribution to a 
theory on the absorption of salts by the plant and their transport in paren- 
chymatic tissue, (Arisz 1945). It was pointed out there that in roots a 
salt transport through the plasm of epidermis and cortex cells to the xylem 
may occur without passing the vacuoles and that various data show 
(HOFLER, WIERSUM) that some ions can follow plasmatic tracts very well 
on their way from medium to xylem. The recent results of various American 
and English investigators (ia. HOAGLAND and BENNETT CLARK), which 
were not at my disposal at the time, also point in the direction that the 
external layer of the protoplasm does not check the ions. In the above 


27 


publication I suggested to use by the side of intrability, ie. the permeating 
of a substance through the outer boundary layer or plasmalemma, the 
term of transmeability to indicate the passing of both plasmalemma and 
tonoplast as occurs in deplasmolysis experiments. Its consequence is that 
the above tissue permeability of the root only indicates intrability of the 
plasm, whereas deplasmolysis experiments show the transmeating of a 
substance. It is then the permeability of the tonoplast that renders a passive 
penetration of substances from the plasm into the vacuole possible. This 
conception forms the basis of our further discussions. 

If the Vallisneria leaf piece used in the transport experiments, for 
convenience sake is represented by two cells: cell A representing the 
contactzone, and cell B representing the free part of the leaf, it has been 
shown that when A absorbs chlorine ions, they penetrate into B as well, 
especially when B is exposed to light (cf. fig. 3). 

There is no loss of chlorine ions which have been absorbed in A, on a 
change of external solution, e.g. on transmission to destilled water, even 
if the tissue is brought into an anaerobic medium. Seeing that during the 
uptake the osmotic value of the cell sap increases, we are justified in 
assuming that the absorbed Cl ions are for the greater part present in the 
cell sap in a free condition. Their concentration can considerably surpass 
that of the liquid from which they have been taken. We conclude from 
this that the accumulation of chlorine in the vacuole is an irreversible 
process. A transport in only one direction must take place through the 
membranes and the plasm. The active accumulation mechanism is capable 
of taking the ions through the enclosing layer. It also appears from these 
data that the condition of impermeability of one or more of the boundary 
layers is stable and does not depend on a process that is kept up at the 
expense of energy. In that case as soon as this active process should be 
checked by withdrawal of oxygen it would pass into a loss of the sub- 
stance first absorbed. The impermeability is also preserved for some time 
in an anaerobic condition. Only through injury of the plasm the state of 
impermeability is discontinued and exosmosis takes place. 

It is incontestable that this accumulation mechanism lies in the pro- 
toplasm, but concerning the permeability of the boundary surfaces no 
conclusion can be drawn from this as yet. 

Three cases may be distinguished: 


System I. The outer boundary surface or plasmalemma is impermeable 
to chlorine ions, but the tonoplast allows them to pass. 


System II. The outer boundary surface is permeable to chlorine ions, 
but the tonoplast does not allow them to pass. 


System III, Both boundary surfaces are impermeable to chlorine ions. 
These must be transferred by special mechanisms from the medium to the 
plasm and thence to the vacuole. 
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The first conception of the permeability of the boundary surfaces is 
usually accepted. It must then be assumed that the accumulation mechanism 
transfers the ions from the outer solution across the outer boundary surface 
to the plasm and that thence they pass unimpeded into the vacuole. At the 
expense of energy the chlorine ions are as it were, pumped into the cyto- 
plasm and the vacuole. 

We have now to consider, how in the scheme of fig. 3 I when cell A 
has absorbed chlorine ions in this way these ions can be given up to cell B 
in spite of the impermeability of the plasmalemma. Cell B might do this 
either actively by means of a mechanism that at the boundary surface of 
the two cells withdraws the ions from cell A, or the chlorine ions already 
accumulated in the plasm of cell A might be transferred by diffusion along 
plasmatic strands in the partition wall into the protoplasm of cell B. The 
first possibility seems very unlikely, as it cannot be seen how through the 
two impermeable plasmalemmas of the adjoining cells, the ions could be 
pumped from cell A into cell B. Moreover in the partition wall no Cl ions 
will be present, as exosmosis of Cl ions does not take place. We therefore 
arrive at the hypothesis that with impermeability of the outer boundary 
surfaces cell B can only absorb chlorine, if the plasm of cell A is connected 
with that of B, so that ions can pass from A to B without their being 
obliged to pass the outer surface layers. MUNCH’s hypothesis, viz. that the 
plasm of adjoining cells is connected by plasmodesmata satisfies this 
condition. The experiments made in 1944, could for the greater part be 
accounted for in this way. There was only a difficulty concerning the 
explanation of the result mentioned in II § 3 sub 5, that the transport from 
the contactzone, which was not exposed itself, was greater to the free part 
if this was exposed than if it was in the dark. For if exposure of the free 
part affects the uptake by this leaf length, it proves that not the uptake 
of the contact zone determines how much chlorine gets into the free part, 
but the active processes in the free part itself. This was the reason why 
the whole process was again investigated extensively in a second series of 
experiments, the result of which has been communicated above. 

In the first place it was found in the second series of experiments that 
wounding affects the transport, a result that is not compatible with a 
passive transport through the cell-walls. In the second place it appeared 
that, in experiments in which the influence of the woundstimulus after a 
24 hours’stay in destilled water had largely disappeared, in the free part 
an active uptake can take place, which may be greater than the one in the 
contact zone (II Fig. 1 D). In the simplified scheme this means that cell B 
itself absorbs actively. If A is in the dark and B exposed, the uptake in B 
is greater than in A which absorbs direct from the medium. As we have 
already discussed, the ions absorbed by B must have passed through 
cell A. Such an active uptake by cell B from cell A can hardly be imagined, 
if the plasmalemma does not allow chlorine ions to pass. It might be 
supposed that a transfer along the protoplasm of cell A is not necessary 
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at all and the chlorine ions can get into B through the cell wall. The 
objections against this conception we have already discussed. Neither can 
it be realized how such a transport in cell walls could be checked by the 
wound stimulus. 

There is a third phenomenon that is hard to be accounted for in this 
way. This is the phenomenon discussed in § 5, that the absorption by 
cell B, which must take place through the plasm of cell A need not occur 
at the expense of what is accumulated in A. If the accumulation took 
place at the outer boundary surface of cell A this would be inexplicable. 

Finally we may consider what happens, if a leaf after having absorbed 
chlorine, e.g. with an exposure as represented in fig. 1 B (contactzone in 
the light, free part in the dark), is put in destilled water. The uptake from 
the medium is then finished and only a redistribution of the chlorine 
between the different parts of the leaf can occur. If there are plasmatic 
communications between the plasm of the cells of the contactzone and 
those of the free part, we can expect according to scheme I a redistribution 
by diffusion of chlorine from cells with higher to those with lower chlorine 
concentration, as the chlorine which is accumulated in the vacuoles can 
pass through the permeable tonoplast to the protoplasm. This problem has 
been investigated, but a considerable redistribution could not be shown. 
A small decrease of the amount of chlorine in the contactzone may be 
present after 12 hours, but if it is significant, it can be caused as well by 
a slight exosmosis. This proves that a free transfer of chlorine accumulated 
in the vacuoles of the contactzone to the adjacent cells is impossible. 

All these data show that both the system I and III (see p. 27) in which 
an impermeability of the plasmalemma and a permeability of the tonoplast 
to ions is assumed, are unacceptable. The plasmalemma must allow the ions 
to pass and the tonoplast must be impermeable. This leads us to accepting 
system II (fig. 3 II). In this the plasmalemma is permeable, the transport 
of chlorine takes place in the cytoplasm and the accumulation is brought 
about by a mechanism in the plasm adjoining the vacuole. Now the tono- 
plast is impermeable to chlorine ions. In this system we have to deal with 
a secretion of chlorine from the protoplasm into the vacuole. This system 
can account for all the results obtained, and we shall call this conception 
the vacuole secretion theory. Seeing that now the outer layer of the plasm 
passes chlorine ions they can get into the plasm. The accumulation 
mechanism which must lie in the cytoplasm, surrounding the tonoplast, 
takes the ions from the plasm through the tonoplast into the vacuole. A 
loss by the vacuole cannot be shown as long as the plasm is in a normal 
condition. It may be imagined that a loss takes place, but it must occur so 
slowly that it makes the impression that this layer does not pass the ions 
from the vacuole to the remaining cytoplasm. In abnormal conditions at 
too high or too low a pH, there is a marked loss of chlorine ions, which ooze 
from the cells to the medium. If the supply of chlorine ions in the plasm 
is great, the secretion into the vacuole in the cells of the contactzone will 
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occur without the transfer of ions in the plasm towards the free zone 
being influenced by it. In that case the plasm of a leaf zone not in direct 
touch with the medium can be supplied with chlorine, which is thereupon 
secreted into the vacuoles of the cells of this zone. 

Because in the light secretion is stronger than in the dark, the case 
may arise, as we saw in fig. 1D that the exposed free part of the leaf 
absorbs more chlorine than the darkened contactzone. The secretion of 
ions into the vacuoles of those parts of the leaf which are not in direct 
touch with the external solution, is added to that of the contactzone, so 
that it is comprehensible that a greater leaflength can absorb more Cl 
than a shorter one, though the contact zone is equally long in both cases. 
As soon, however, as the supply through the plasm is slighter, the uptake 
of the free part will take place more or less at the expense of what is 
absorbed by the contactzone. In this case there is a rivalry for the ions 
supplied by the plasm. 

From the experiments it appeared that both uptake and transport are 
retarded by wounding. The experiments of table 8 do make the impression 
that after a 16 hours’preliminary treatment in water the accumulative 
capacity has become fairly normal, notwithstanding the fact that the 
second and third zones absorb less than after a 24 hours’preliminary treat- 
ment. This must be based on the fact that the transport in the cytoplasm 
has not yet quite recovered by that time. Also the varying results con- 
cerning the strength of the transport in leaf lengths which have been 
entirely exposed in which case the absorption in the contactzone may be 
very great, but the transport very slight, make the impression that the 
accumulation, i.e. the secretion into the vacuole and the transport in ‘the 
cytoplasm are separate processes in which the accumulation may be strong 
without a proportionally strong transport attending it. This gives a 
foundation to the hypothesis that transport is a protoplasmatic process, 
which is particularly sensitive to disturbing influences. 

Finally the question remains to be discussed how exposure affects 
accumulation and transport. Seeing the influence of exposure is also very 
marked in experiments in which the transport is slight, it may be considered 
an established fact that exposure affects the accumulation process. The 
influence of exposure during the preliminary treatment on the subsequent 
absorption is theoretically of great importance, but difficult to analyze, 
as long as the mechanism of accumulation or secretion is unknown. This 
phenomenon, however, which is independent of the presence of carbonic 
acid and therefore of carbonic acid assimilation, shows, that accumulation 
is connected with the presence of substances in the plasm which are formed 
in the light (cf. I p. 12 and 13). May be a further analysis will furnish 
data on the nature of the accumulation process. Interesting are in this 
respect the researches of BENNETT CLARK. 

About the way in which the ions are transported in the plasm we must 
refer to previous publications in which we have developed the theory of 
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transport by binding to plasmatic particles to explain the transport in the 
tentacles of Drosera and to the discussion in the publication of 1945 
quoted above (cf. WIERSUM 1947). It was then pointed out that two 
possibilities will have to be considered, viz., either the chlorine ions move 
bound to plasmatic-particles or independent of their movements. A clear 
connection with the visible protoplasmic streaming could not be demon- 
strated. The visible strong protoplasmic streaming occurring as a result 
of wounding appears not to go together with an intensive transport. Only 
after a prolonged stay in destilled water in which the plasm has seemingly 
settled down, the transport capacity is recovered. In leaf lengths which 
absorbed chlorine from a salt solution Miss M. HEIKENS did not observe 
plasmic streaming. Also on this subject a further research will have to 
throw light. 

After all it is surprising that through this research on the influence of 
light on the process of uptake and transport in Vallisneria we have arrived 
at a corroboration of the conception we had formed on the permeability 
of the protoplasm and its boundary surfaces in 1945 on the ground of data 
in literature. 

The first series of experiments of 1944 gave a different, seemingly 
simpler interpretation (Arisz 1946). A continuation of these experiments, 
however, has rendered it possible to prove conclusively for the leaf cells 
of Vallisneria that we have to deal with a secretion of substances from 
the plasm into the vacuole and not with an accumulation through the 
outer layers of the protoplasm from the medium into plasm and vacuole. 

As in a previous publication the literature was already extensively 
discussed, we shall not go into this again. 


Summary of the theoretical part. 

The chief theoretical result of this research is that we have succeeded 
in analyzing the osmotic system present in the cells of Vallisneria. The 
ions permeate through the outer layer of the plasm into the cytoplasm. 
Here there exists an accumulation mechanism that takes the ions from 
the plasm to the vacuole. So the principle of the active uptake of chlorine 
by Vallisneria is the secretion of the chlorine by the protoplasmic layers 
into the vacuole. This conception may be called the vacuole secretion 
theory. 

In the vacuole the ions are present in a free condition and cause a 
considerable rise in osmotic value. Jons present in the vacuole can only 
diffuse outwardly in a demonstrable quantity, when the plasm is injured. 
The movement of ions in the plasm is inhibited by the influence of 
wounding. This indicates an active assistance of the cytoplasm in the 
transport. A connection with the visible protoplasmic streaming could not 
be demonstrated. 

A summary of the experimental data may be found in Proc. L, Part I on 
p. 1032 and Part II on pp. 1240 and 1245. 


Botanical Laboratory University of Groningen. 


52 


LITERATURE. 


Arisz, W. H., Absorption and transport by the tentacles of Drosera capensis. I. Active 
transport of asparagine in the parenchyma cells of the tentacles. Proc. Ned. 
Akad. v. Wetensch., Amsterdam, 45 (1942). 
Il. The activation of the transport of different substances by oxygen. Proc. 
Ned. Akad. v. Wetensch., Amsterdam, 45 (1942). 
III. De absorptie van aminozuren en zouten door binding aan het plasma. 
Verslagen Ned. Akad. v. Wetensch., Amsterdam, Afd. Natuurkunde 53 (1944). 
IV, Gelijktijdige absorptie van verschillende stoffen. Verslagen Ned. Akad. 
v. Wetensch., Amsterdam, Afd. Natuurkunde 53 (1944). 
Het actief en passief opnemen van stoffen door Vallisneria, Verslagen Ned. 
Akad. v. Wetensch., Amsterdam, Afd. Natuurkunde 52 (1943). 
Contribution to a theory on the absorption of salts by the plant and their 
transport in parenchymatous tissue. Proc. Kon. Ned. Akad. v. Wetensch., 
Amsterdam, 48 (1945). 
and P. J. VAN Dijk, The value of plasmolytic methods for the demonstration 
of the active asparagine intake by Vallisneria leaves. Proc. Kon. Ned. Akad. 
v. Wetensch., Amsterdam, 42 (1939). 
and J. OUDMAN, On the transport of introduced nitrogenous substances in the 
leaves of Vallisneria spiralis. Proc. Kon, Akad. v. Wetensch., Amsterdam, 40 
(1937). 
, and J, OUDMAN, Effect of decreased oxygen pressure on absorption and 
transport of asparagine and caffeine in Vallisneria leaves. Chronica Bot., 4 
(1938). 
, and J. OUDMAN, Absorption and transport of asparagine in leaves of Val- 
lisneria. Proc. Kon. Ned. Akad. v. Wetens., Amsterdam, 41 (1938). 
BENNET-CLARK, T. A, and D, BEXON, Water relations of plant cells. II The respira- 
tion of plasmolysed tissues. The New Phytologist 42 (1943). 
GESSNER, Fr., Die Nahrstoffaufnahme der Submersen. Ber. D. Bot. Ges. 51 (1933). 
HOAGLAND, D. R., Lectures on the inorganic nutrition of plants. Prather lectures at 
Harvard University. Chronica Botanica Co. (1944). 
» and A. A. DAvis, Further experiments on the absorption of ions by plants, 
including observations on the effect of light. The Journ. of Gen. Phys. 6 
(1924). 
» ————, The intake and accumulation of electrolytes by plant cells. Pro- 
toplasma 6 (1929). 
» P,. L. HIBBARD and A. R. DAvis, The influence of light, temperature and 
other conditions on the ability of Nitella cells to concentrate halogens ia the 
cell sap, The Journ. of Gen. Phys., 10 (1927). 
HOFLER, K., Kappenplasmolyse und Ionen antagonismus. Protoplasma 33 (1939), 
» Salzquellung des Protoplasmas und Ionenantagonismus. Ber. D. Bot. Ges. 58 
(1940). 
INGOLD, C. T., The effect of light on the absorption of salts by Elodea Canadensis. 
New Phytologist, 35 (1936). 
JARVENKYLA, Y,. T., Uber den Einfluss des Lichtes auf die Permeabilitat pflanzlicher 
Protoplasten. Annales Bot. Soc. Zoologicae-Botanicae Fennicae. Vanamo. 
T.9 no. 3 (1937). 
PHILLIS, E. and T. G. MASON, On the effects of light and of oxygen on the uptake of 
sugar by the foliage leaf. Ann, of Bot. N.S. I (1937). 
ROUSCHAL, E. und S, STRUGGER, Der fluoreszensoptisch—histochemische Nachweis der 


Kutikularen Sekretion und des Salzweges im Mesophyll. Ber. D. Bot. Ges. 58 
(1940). 


33 


STEWARD, F. C., Mineral nutrition of plants. Ann. Rev. Biochem. 4 (935% 
» Salt accumulation by plants. The role of growth and metabolism. Trans. Fara- 


day Soc. 196, 33 (1937). 
WIERSuM, L. K., Een methode van doorstrooming der houtvaten in de wortel in verband 
met het stoftransport in radiale richting. Versl. Ned. Akad. v, Wetensch., 


Amsterdam, Afd. Natuurkunde, 53 (1944). 
, Transfer of solutes across the young root. Dissertation Groningen (1947). 


Rec. trav. bot. Néerl. in press. 


Anatomy. — Margoid differentiation of the tuberculum dentis. (Second 
Communication.) By Tu. E. DE JoNGE. (Communicated by Prof. 


M. W. WOERDEMAN.) 


(Communicated at the meeting of December 20, 1947.) 


When describing at the time in the Proceedings of this Academy (1) 
and afterwards also elsewhere (II and III) the margoid differentiation of 
the tuberculum dentis in the incisors, we regarded as the essential feature 
of this deviation from the standard, ‘‘that an independent manifestation of 
the deuteromere is accompanied by the development of a ridge, effecting a 
continuous connection between vestibular surface and tuberculum dentis. 
The most noteworthy fact however is an — apparently consecutive — 
from basally to incisally gradually increasing crook of the vestibular crown- 
surface, at the very place where this surface is passing into the connective 
ridge resp. tuberculum. The fact, that this crook is the more strongly marked 
as the connective ridge, too, has the more developed, must be more than 
a coincidence. 

The most marked instance we may see in Fig. 21): in both incisors the 
angle is sol acute as to make the vestibular surface appear to be divided 
into two parts — besides, such a prominency of connective ridge resp. 
tuberculum, that the latter has simply specialized into margo incisalis: this 
way of development it is, which may be expressed by the description 
“margoid development” 2). In view of the conclusion of our speculations 
on this subject both cuspids, originating from the same upper jaw, for 
which we are indebted to our colleague H. Bos, give us reason to claim 
the attention once more for this subject. 

It is easily to be understood that their strongly developed tuberculum 
dentis — different from the case of the incisors — does not quite extend 
to the level of the margo incisalis, when taking into consideration the 
praedominant character of the labial crown-cusp of the canine. Never- 
theless it shows the manifest characteristics of a margoid differentiation 
in both cuspids. 

As in the case of the incisors it has not grown into an element of a 
clearly outlined individuality: remaining linked up, as far as its cusp, with 
the dorsal surface of the labial half of the crown, it has — in the same way 
as in praecanine dental elements — materially modified the original con- 
struction-pattern of the crown. Its lingual zone is divided into two clearly 
separated halves, of which only the mesial one does present a labio-lingual 
connective ridge or marginal crest. The convexity of the labial crown- 


1) Fig. 1 in this communication, 
2) Lic. pag. 590—591 [english translation (III) ]. 
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surface, which is so characteristic of the cuspids, has entirely got lost, to 
be replaced by a concavity. This concavity, which does not+constitute an 
essential, but a merely gradual difference with the crook of the crown of 
the incisors, is undoubtedly related to the much more massive structure 
of the cuspids. 

The distal crown-surface, being almost smooth and but slightly differ- 
entiated, which presents in both elements a close resemblance to a labial 
surface of normal configuration, constitutes a striking contrast. It is there- 
fore to be understood, that one might feel inclined, at first glance, to 
determine it as a labial crown-surface! And only on the basis of some more 
subtle details of structure, of which we will mention here the course of 
the so called “enamel line” (junction of crown and root) it was possible 
to establish a differential diagnosis. 


* * 
* 


So far the descriptive-anatomical details of our two cases. Their unusual 
rarity did not constitute the main motive of this description, but in this 
connection it may not pass by undiscussed. For, what we already observed 
at the time in respect of the gemination of the canine (IV) holds equally 
good for the latter’s deviation from normal shape mutatis mutandis: ‘‘even 
“when not looking closely into the matter it becomes apparent that the 
“data, we may find in literature as regards the phenomenon of more 
“cuspids breaking through, are unusually scarce — no matter whether a 
“gemination of the canine is concerned or supernumerary cuspids. This 
“should not come to us as too great a surprise: from morphotic point of view 
“the canine unquestionably represents the most fixed element in human 
“denture: anomalies of its shape occur even more rarely than those of the 
“medial incisor or first molar” 3). 

And interpretation of their anomalies proved not to be possible until the 
incisors, owing to their much more numerous transition forms had opened 
a way for us. 

We will wind up these contemplations by two conclusions: firstly that 
in our former communication on this subject we have revealed the character, 
which is universal to a certain extent, of this anomaly of the incisors, 
“which proves to realize almost all theoretical developmental potencies. 
For our material shows that in its development it is not limited to the 
upper jaw, but also presents itself in the lower jaw. Furthermore not only 
in the permanent dentition but in the deciduous dentition as well. Finally 
however — and this is exceedingly noteworthy — in both dentitions more- 
over in superfluous dental elements’ 4). 

We will admit at once that the present publication is exclusively 
pertaining to the cuspids of the permanent dentition. In our opinion, 


3) Lic. pag. 679 (IV). 
2a xe. pag. 591) (Lt). 
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however it is an ascertained fact that, in principle, the margoid develop- 
mental potency of the lingual crown-tubercle extends to all dental elements 
that may receive consideration in this respect, consequently to the canines 
as well! 

Our second conclusion reaches further: all morphologic variations of the 
incisors that are known so far we may find — be it as anomalies of form, 
that occur considerably more rarely — in the cuspids as well. 


Samenvatting: 


Beschrijving en afbeelding van twee cuspidati, bij welke de margoide 
differentiatie van hun tuberculum dentis het universeele karakter dezer 
vormanomalie — immers manifestatie bij alle daarvoor in aanmerking 
komende gebitselementen, derhalve bij medialen incisivus, bij lateralen 
incisivus en bij den cuspidatus — in het licht stelde. 


Résumé: 

Description et illustration de deux cuspides, chez lesquelles la différen- 
tiation margoide de leur tuberculum dentis démontre le caractére universel 
de cette anomalie morphologique. En effet cette manifestation se rencontre 
dans tous les éléments dentaires, qui entrent en ligne de compte dans ce 
domaine, ainsi l'incisive médiane, l’incisive latérale et le cuspide. 


Zusammenfassung: 


Beschreibung und Abbildung zweier cuspidati, bei denen die margoide 
Differenzierung ihres tuberculum dentis den universellen Charakter dieser 
Formanomalie — Manifestation bei allen in Frage kommenden Gebiss- 
elementen, folglich beim medialen incisivus, lateralen incisivus und 
cuspidatus — bestatigt. 


Summary. 


Description and illustration of two canines, in which the margoid 
differentiation of their cusp revealed the universal character of this 
anomaly — manifestation occurs in all dental elements, that deserve 
consideration in this respect, thus in medial incisor, lateral incisor and in 
the cuspid. 
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Physics. — Titration of adsorbed acids. By H. J. C. TENDELOO, A. E. 
Mans and Miss G. DE HooGu. (Communicated by Prof. J. M. 
BIJVOET.) 


(Communicated at the meeting of December 20, 1947.) 


In the extensive literature on adsorption researches have been published 
which show that the adsorbent, the subphase, has some influence on the 
properties of the adsorbed substance. 

DE BoeER ') f.e. described changes of the absorption of light of adsorbed 
substances. This happens to be the case when iodine and caesium are 
adsorbed on the surface of calciumfluoride. The absorption of light is 
changed most markedly on those spots where the adsorption is strongest. 

From the researches of LANGMUIR and many others on the spreading 
of molecules upon a surface of water it is known that the molecules are 
orientated, proofing that the adsorption forces influence one side of the 
molecules more than an other side. 

Though much attention has been paid to the adsorption from solutions of 
acids, bases and salts by activated coal, and though titration curves of 
colloidal systems, including suspensions of clays and soils have been 
studied many times, only few researches are known which try to answer 
the question whether the physico-chemical properties of adsorbed molecules 
differ from those in solution: 

The hydrolytic adsorption of a salt is for example a phenomenon like 
that. On adding to a solution of a neutral salt some activated coal the 
solution becomes alkaline. 

VERWEY and KruyT 2) titrated well dialised sols of silveriodide. They 
wrote: ,,Die potentiometrische Titrationskurve hat aber keinesfalls die 
Form einer Titration starke Saure-starke Base, sondern zeigt eine starke 
Pufferung”’. 

We determined titration curves of organic and inorganic acids without 
and with the addition of activated coal. The coal, Noritpowder, was 
purified according to MILLER 3). The pH of a suspension of 1 gram of the 
purified product in 100 ml distilled water was 7.2—7.3. 

A glass-electrode and a Cambridge valve-potentiometer have been used 
for the measurements of the pH. A microburet was used for the base, the 
concentration of which being high compared with the concentration of the 
acid; therefore changes of the volume could be neglected. Every, titration 
was repeated at least twice. 

From many results we give for the moment only those obtained with 
picric-acid and maleic-acid. Fig. 1 gives the titration curves of picric-acid 


1) J. H. DE BOER, Electron emission and adsorption phenomena. Cambridge (1935). 
2) E. J. W. VERWEY and H, R. KruyT, Z. physik. Chem, 167, 149 (1933). 
3) EE, J. MILLER, J. Amer. Chem. Soc. 30, 1031 (1926). 
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without and with the addition of different amounts of activated coal, as 
indicated. In fig. 2 the buffercapacities of the systems without and with 
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Fig. 1. Titration of 100 ml picric-acid 0,00788 N. 
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the addition of 1 gram activated coal in 100 ml of the solution are 
represented, ; 

Fig. 3 and 4 give the results with maleic acid. In this case 2 gram of 
activated coal have been added to 100 ml of the solution. In general 
comparable results are obtained with other acids. By adding the adsorbent 
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Fig. 3. Titration of 100 ml maleic-acid 0,0201 N. 
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changes take place in the titration curves of strong acids, resulting in 
curves which are comparable with titration curves of weak acids. 


Summary. 


From the titration curves of strong acids with a strong base, activated 
coal being added, it follows that by the addition of the adsorbent the 
titration curves become comparable with those of weak acids. In the system 
containing coal there is a marked buffercapacity, a result which may be of 
value for biological problems. 
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Mathematics, — Extension of PEARSON’s Probability Distributions to two 
Variables. II]. By M. J. VAN UvEN. (Communicated by Prof. W. 
VAN DER WOUDE.) 


(Communicated at the meeting of October 25, 1947.) 


D 
Type IIb) G=A,B,,H=B,2, p=K,)'e ®A,\“B,’. 
Putting A; = ag + ayx = kX, By = bo '+ boy = koY (ky > 0, kg > 0), 
a; — #4, + 1, ag = wo + 1, we can transform g into 
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In order to make the jth moments finite, ag <—a,—j is required. 


Type IIb is the combination: PEARSON III for X with PEARSON V for Y. 

If m= 0, finite moments are only obtained by introducing artificial 
limits. 
Type Hla) G=H= goo + 2go1x + 2gooy + giix? + 2gioxy + gooy?, 
gi KaG. 

For simplicity we shift the origin to the centre of the conic G = 0, 
writing 


GE=k+g9ux+ 2gnxyt+gnyH=k+g(xy),. - + (33) 


42 


by which 
Joor Gor YJo2 
A=|l91 gu» Gi2| =k 
920» G21 922 
As G must be positive, we can, at first sight, distinguish 3 cases: 


Jiu» G12 
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a) k>Oand g(x, y) positive definite, G=k+g,k<G<om; 
p) k>0 ,, g(x, y) negative definite, G = k—g* (g* pos. def.), O<G< k; 
vy) k<0O ,, g(x, y) positive definite, G = —k* +g (k*>0),0<G<om. 


Clearly in case y) an artificial limit for G is necessary. So there remain 
the cases a) and f). 

Taking the elliptic ring between g = 2 andg = 2+ dQ as area element 
Ky wv 
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In case a) (k <G< cm) the exponent a must be negative, say —a’*; 
then 


Ca 1 
Ke 2 Toco | (35). 
wT 
In case 8) (0<(°G<k) a must be positive; Ky here becomes 
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Further 
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ie. the “mean point” coincides with the centre of the ellipses g = Q. 
For the 2nd and 4th moments we find in case a) 
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The 3rd moments m3.0, m2.1, m1,2, m0.3 are all zero: hence also 
pet 52 StL27> $93—9.. . . .. (38) tax 


In the case (f), where G = k—g* (g* = 9, 1*x2+2915*xy + goo*y?) 
and a> 0, we get 


kgo2* t mii —kgi2" m2 —= kgiy 
2 (a+1) Aog 2 (a+ 1) Ago’ 2 (a+ 1) Ago (32) maa 


(Aoo = 911 922 —912”); 


m0 — 


ee A 
Y eee 1—y?= = Spee ot te. 5s (32’)maa 
V9i1 922 G11 G2 


m*° = m2! = m2 = m3—0; 


3 k2 *2 
m* 922 


~ 4(a@+1)(a+2) AQ?’ 


* = 3k? gis" 22" ae ae kK? (gir 922 +2912) (36) 
4 (a+ 1)(a+2) A)?’ ~~ 4(a+ 1) (a +2) Ago?’ [lla 3 


po Rs — 3k gis" gir" ee 3k? gy"? 
: 4 (a+ 1)(¢+ 2) Aoo’ 4 (a+ 1) (a+ 2) Ago’ 


S70 Sol Gis 663) (88 lnea 


E40 E31 E22 E33 Eo4 1 
3 37 142 37 3 apa * Ome 


Case a) is analogous to PEARSON’s symmetrical type TV (ELDERTON’s 
type VII), case 8) to PEARSON’s type II (symm. type I). 

The cases in which G is parabolic (Ag9 = 0) or hyperbolic (Ap g <0) 
are left out of consideration, because G then has to be bounded artificially. 
Type IIlba). G=H—=AC, A and C real, »y = K,A"C%, 

Both for A and C, hence also for X and Y, artificial limits are wanted. 
Type Illbf). G = H —=—AC, A and C complex, 


F Soren Bn + EX FE 


ee a eR i PE y= SuPer del 
git 911} Aoo 


Here we choose as standard form 
G = X2—27 XY + Y2. (72<1), 
so 


Joo = Joi = 9o2 — O, Git. 92 —?- Gua—l. Aoo = 1—y?, a A AF 


a 


This gives 


log p= 5 log (X?—2y XY + Y?) + pete arc tan ranee + log Ky’, 
—y 


or 
Pr Pot VP X—y Y 


p= Ky (X7—27 A YY) ee yvi-y . . (30)nn¢ 


Putting 2 OAP = ow, y = cosa, < COP = 6, we have 


CP BP—BC_X—Ycosw_ X—yY Pog 8 
Yyi—y? 


tan d= == ——, or 9=arctan 


OCe4OG Y sito yp sVap te 


G is positive definite; its natural limits are 0 and ©, Since arctan is 
always finite, G must get an artificial limit. 


X=0 
esl. yyyY-X-0 
H/\ 
o _o = 
Oo XA yee 
fig.2 fig.4 


Apart from this, we have to do with an extension of PEARSON’s type 
IV, and, for pp + yp; = 0, of PEARSON’s symmetrical type IV (= ELDER- 
TON VII). 

D 
Type llc). G=SH=A2, p= Kye AA“. 


Applying the general affine transformation 
Aerag ax aeGie ik, D 2-dg + dijx--day — aky, 
we arrive at 
25 
ga Kk,’ e xe, 


Here Y must be provided with an artificial lower limit, say Ya —c. 


Then 


Ret cht2 he 


Ko" = T=) (Grlx-o= 0. (Helv. — Kye *, 


Pa a RE 
foav=Kv 2. =, 
whence : 
Zan A > X+cA 
C= 0 We ao ) at 
2 1 AC p+2 pee ae 2 . 


This case can serve as an illustration of the general theory 


(2, = Wo’ + @, x 
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ype viele Gra AGC) HC, og se Kye 4), Ay: Cee 

If = mat): = > 0, we can, by putting A, = ap + ayx = kX (k>0), 
a, — #4, +1, ag = wg + 1, transform into 
hemes (YA) (0 X00, X= Yd, a, >0, a0). BO), 


Here we have 


es ee re ete, 2 be oltre ee SL 
1 

Ky = 

° ~~ L*(a,) L'(as) 

Re =n ens m4 =.0¢ bits telen ix (3 2)rva 

aa 3) ee ee Pe / 

y= a, +a;’ | Y mck a: pet oe ae evel ans, (32’)iva 


Further we find 


Rae 45. ee ee S12 — 2 Vay ; So3 = Z hae (38)iva 
ya Va, + a; ay + 3 Va, + a; 
E40 F312 BOt Bus 2B 6 
= CSA Se = (37)iva 


ot SEY Sar ee ee Bg 2 a, a.) ld 3a, a, 


D 
TeV G—AZAH—A, o=Ki,e MAM. 
Pottag Ay = ap + ax = kX (k>0);<and y — DY + ¢, we can, by 
a suitable choice of k, b and c, transform into 


1 
pane Xn (X>1) 2. . BOhvs 
Here G = X2, P=, X — Y,R = (uw, + 2) X—Y, H= X, Q= 1—X, 
= 1—X,. 
/ i+! 
bed VS ah se [Holy — Ko X"*,, whence 27 =—1—X. 
3 a 


Xo Ket 

From 1 =f dw sa oT 
X must have an artificial lower limit. 

pe VG a HC, po = Ky erty C%, 


By the general affine transformation 


dX follows, that, for uw, +1<—1, 


Rik det = KX OS 6h Pex oy = Y, 


@ passes into 
Steet ey me, oo  (30)¥ 


So Y needs an artificial limit. 
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Evpes Vine G =H Mg Kye. 5 
Y= woo + 2Wox + 2Po2y + Wx? + 2y12 xy + Wr y?. 


This is the normal binary distribution; it can be standardized to 
yi—/? —(X®2y XV + ¥%) 
ee y ore = Pra te (30) v1 
7 


From the preceding its appears, that only the types I, Ila, I1b, Hla, 
IVa and V can be considered as probability (density) functions in a 
proper sense. 

Occasionally we applied a general affine transformation in order 
to show directly the necessity of artificial limits. We must, however, 
bear in mind, that by such a transformation the dependency (correlation) 
between the variables has altered. If between X and Y there is 
no correlation, it will, as a rule, really exist between x and y. Let e.g. 
x=aX+bY+c, y=a’X+b/Y+c’; then t.=atx+bty, ty=a’txt+Db’ty; 
SO (tx ty) =aa’ (tx?) + (ab’ + ’b) (tx ty) + bb’ Cty”). Although <tx ty) 
may be zero, (fx ty) will, in general, be different from zero. Only by 
an ‘orthogonal transformation’’ (for which aa’ (tx*) + bb’ <ty?) =0) 
an independent set X, Y corresponds to a likewise independent set x,y. 


§ 4. Connections between the probability distributions. Position of the 
theoretical mean and of the maximum (minimum). The parabolic curve of 
the probability surface. 

A. Between several types of the above probability distributions there 
exists a close connection, in this sense, that the types Ilb, [Va and V 
can be considered as particular (limiting) cases of type Ila, the type VI 
of type Illa, the types IIc and V of type IIIb. 

Type Ila): G=A,C,H=B.C, o,,=K,’ A,\“B,C%, 

1. Putting in. ya: 


D ; 
C= e; (B—- 2} M2=by — hy . ~ - (39)n>m 
we get 


a eee | De ess 
Lim ona = EEO 03; A,” Bo (1 >.) = K,” A,=B'e »= om. 


3? b3 B, 
d 
In D we may drop the term dyy = 5, (Bo—bo), since the constant term 
2 


da of seer be incorporated into log K,’’. So we may safel do a 
b, B, G No . yi rely pu 2 == 


and denote D by D,. 
2. Putting in oy: 


_ A , 
Bo — Qo el A, = Ay ao dy y, . . . (39)na>tva 


2 
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we obtain 


Ap \ #s 
Lim Pla — ee n Ko" @2" | is | A,“ C# = 


Ha @ 
EE ind es Gt ee ra cs 
=a Ky e A, A,“ C#s a Ky e ho e Ay A,“ C4 —- Ko e Ay Ay” Crs SREY. 


3. Putting in gy,: 
C= e;' (A: Sal My = My’ — By © © (39)tVa-+Ive 
we arrive at 


D \4 ye, 
: sei = / = _ Se ay 
Lim Y1va— Lim Re bs Hs e—Azy A,” t a, A, al a Ay PNA pee Prvb- 


Hs? @ uz? @ 


D can be reduced to Dg. 
4. Putting in oy,: 


A, = 2; Cant oi — eo(1 73], 
Ms Pa (39)nta>v 


M3 = b— by — ps, A, SHAQ +A x, AHA’ +Azy, 
we obtain 
A My Al ‘od 
Lim yr, = Lim K,’ 0; 92% CY” (1 41) (1 =) oa 
ue Uo aol 2 
Ho? @ Ha? @ 


— K;”* Cr e 4-42 = eS e770—40! eX —A2y Cr —_ Vga emi xX—Aoy CH Ors 


So the types Ilb, IVa, IVb and V appear to be limiting cases of 


type Ila. 
Type Illa). G=H= k—¢’*, ? tag — KoG#. 
Putting in gmag: 


a ay er 2 a (39) mae vi 


we obtain 


W\ 
eee eho ba ee hy Oo" own, 


prow 


Type Iba). G= H=AC (A and C real), gmp. = KoA” Cm. 
1% Putting in Pillba* 


D 

Oia (A— a o fy = ban» (39) ba te 
3 

we get 


Ty \° _D 
Lim gio. = ies Ky 03 A” (1 _ >| aay AM eo A == pine: 


Ha? © 
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2. Putting in ymoa : 


A=e(1—<), 1, = A= ee eee 
i 


we get 

A fiat 
Lim gmo« = Lim Kyo," ( Al Cea 
by? o by 0 My 


= Ke eo eax Ct = Kye a Ge Pv. 


In this way the types IIIc and V are obtained as limiting cases of 
type Ill ba. 

Representing J (as it were after a projective transformation) by a finite 
line J, we obtain the following schematic situation: 

Type 1: y, has as limiting points x1, x, and x3 (= ©), gp has yj, yo 
and yz (= ©), of which either 2 or 3 can coincide. With the following 
types the lines are denoted by the symbols of their equations, the points of 

AB CT 


434° 


intersection by pairs of numbers, corresponding to 


2,3 1,2=1,3 2,4 23,4 


fig.s 


fig.7 
see also next page. 
In IIb, the line D = 0, determined by C = 03 ean ,is a ray of 
fs 


the bushel, to which By and C belong, and passes, therefore, through the 
point 23; if dz — 0, D, passes also through the point 14; etc. 


In V (from III ba) the line A = 0, determined by A= 0, { 1——}, 
is parallel to A = 0, hence a ray of the bushel to which A and J eae it 
passes, therefore, through the point 14; etc. 

B. Position of the mean point. 
The (theoretical) mean “point” x, y is (see 6)) determined from 


An Vor ~ %*o 
R=/[Gol dy, S=f[Hol;* dx. 


In those cases, where » has a natural boundary, and where the exponents 
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ui (resp. the parameters ai = wi + 1) have admissible values, we have 
ao “~ ™~N 
R=0, S=0. The theoretical mean point x, y is then determined by 
“~ —N “SN “N 
Peete tay =. 0, Sy + S4x Say = 0, 
When this point is chosen as origin, ie. if we use the co-ordinates 


a “~ 
t, — x—-x, to = y—y, we must have ry = 0, so — 0, or, since 


0G 0H 
ax =29n +2guxt2gi2y, Oy = 2ho + 2hy2x + 2hg2y, 


Feo Par 20a, — 4; So = det 2hoo = 0 
(see (4)). So, if the numerator functions P and Q are 


P = —2go1 + Pix + poy, Q=—2hoa + qixtqey, - . (40) 


“N “~~ 
this points to x = 0, y= 0. 


se V( froma) Tree 
SAI GC 
Az aS Ne 


fig to Bi fig.10g 


i pre 


y V(from mI ba) 


1m he 
C 
1,3 
I 
A Acl 
figes flg.13 fig 
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C. Position of the maximum (minimum) of 9. 


For the co-ordinates of the maximum (minimum) we have 
— 0, O00 a 


Often the forms R and S can be derived from P and Q by replacing the 
exponents yi by the parameters ai = su + 1. So, in general, the projection 
of the maximum (minimum) on the xy-plane does not coincide with the 
mean point. Only in the cases Illa oS =0, =) , Ib fA Ss 
C= 0), IIIc (A =0, D=0) and VI these points coincide. 


D. The parabolic curve of the probability surface is projected on 
the xy-plane into that curve of which the equation is 


Oe) Oe O20 eye 
ae ee 05. oe, See 
liyper lee oi(~ ime (Y) 
Putting 
/ dy, a d’, , dy, oe do, 
PE ds Fe dict 9 ae ae hg 
we have 


@ = Pi” 2" =a Pi P2 . é 
Vimar 


With the projection of the maximum (minimum) of , (resp. Yo) as 
origin, PEARSON’s differential equation becomes: 


forx; “=~ — = = 
71 G, Jo+t291* +91 a 
i, 
fory; 2 == y ; 
P2 H, hoo + 2 Ao2 y + hy y? 
This gives 
Pi ee Voom Wins Uae. P2 hoo —(h22 — 1) y? 
P) G, ; P2 H, 
and 


we 
P= G,?H,? Hg hao—-g11—h2) Oe y?—hoo (911-1) x*—Jog (h22-1) y? + Joo hoo } . 


So the parabolic curve is determined by 


Fr = (911 ho2-gi1—hp2) x? yhoo (911-1) x*—go0(h22—1) y? + goo hoo = 0. (43); 
Clearly the projection of the parabolic curve on the xy-plane is a 
biquadratic curve symmetrical with respect to the x-axis as well as to 


the y-axis; so the origin is its centre. Hence the centre of F, = 0 coincides 
with the projection of the maximum (minimum). 
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Here we have the two-dimensional extension of the property of 
PEARSON's curves, that the projection of the maximum (minimum) on the 
x-axis lies midway between the projections of the inflexion points. 


Y= 0 ones nehy— 0s a ters, 
gal 
the abscissae of the inflexion points of 1; 


oO gives in Fy = 0: y= + eS Aoo 
hy 
the abscissae of the inflexion points of qo. 


If both w, and gy are of PEARSON’s type III (c.q. VII = normal) we 

have gi; = 0 and hgo = 0, in which case F; = 0 is reduced to 
a2 Pe y? 
—goo —hoo 

representing a symmetrically situated central conic. 
erie. ts AC = BC, (na — Ko A,“B{“C, 

Here we have P— wc, A, + pya;C, Q = pgcoBo + feb.C. 

Putting for brevity 


6,; =43¢,7A,?+ py, a,?C?, 6), =43¢,c, A, Bz, 9022 = m3 c2? Ba? + 2 b,? C?, 


== 


65, Brod 
6,,,9 eae 
— Es an ; T= 2 6,,,Q, P : 
12° 922 0, 0,Q 
we find 
g? 
Di ABC O- IT}: 


Elaborating 9 — II we find 9 — IJ = C?Fy, ,, where 
Fy = 2 3 (Ha + M31) Bp? cy? Ay? + 2, fe Ms ay Bz Cy C2 Ay B,— 
— fy Bs (My + o3—1) a)? cp? By?—2py fy Mg a; 5? cy Ay C— (43)na 
—2 hy fz Mz a,” bz cp By C—py fz (ty + y—1) a? B2? C?. 
So the parabolic curve is projected on the xy-plane into the conic 


Fra = ()) 


By 
7 ,, (u + pu + u;—l)a b,c (ugcyA + uya,C) = 
nee 2'Hy 2 3 1 1 : (44) na 
= —2 py (uy + Me + H3—1) a, 2? CP, \ 
Ze = —2py (uy + a + a1) a12bgrnQ, 0. «ww ee (45) 


the centre of the conic Fy, = 0 appears to coincide with the projection 
of the maximum (minimum). Here we meet with the same centre-property 
as we found with type I. . 


BZ 


Clearly this centre-theorem also holds for the types IIb, 1Va, IVb, 
being particular cases of ILa. As to type V, Fy is a constant; so there 
is no (finite) parabolic curve. 


2 2 4 2 
For the discriminant A(F) = sade 3 al oF 


Ox On. Ox Oy 
we obtain 
A (Fra) = 4441 2 M3 (41 + be + Ms) (4 + a + M31)? ay* bate? co”. (46)ira 

So the nature of the conic depends on the product 

Py My bs (Hy EF fg + Ms) = (1-1) (2-1) (23-1) (4) + 22 + 23—3). 

Type Illa. G =H indecomposable, p = KpG*,G =k + g(x, y), resp. 
Gea kg" (2.91) 

Here we find 


D = 4 Ky? w? G2 Agog }(2u—1) G—(2u—2) kk}. (42)ma 


So the parabolic curve is projected into the ellipse (2u—1) G—(2u—2)k—0, 
or 


k 


cP Sai eer (4 >—1), resp. g’= j 1). + (43)ma 


2u—1 


Already on account of the symmetry it is obvious that the centre of the 
ellipse coincides with the projection of the maximum (minimum). The 


parabolic curve itself is also an ellipse, lying in the plane py = Ky ( i k| ; 


In case f) it is real for «> + 3. 

As type VI is a particular case of type IIa, it has a similar parabolic 
curve; this is the ellipse Y = 4, lying in the plane py = K,’e-}. 
Type IIlba. G=H=AC (A and C real), gype = KoA” C%, 


Here we find @ = aT Corts where 


Fine = fy Ms (Wy + M3—1) (a, c.—azrc)?. . . (43) « 


As Fina is a constant, in general different from zero, there will be no 
finite parabolic curve. The same holds for the types IIIc and V. 


Mathematics. — Bericht iiber die verschiedenen Methoden zur Lésung 
eines Systems linearer Gleichungen mit reellen Koeffizienten. IV. 
By E. BoDEwic. (Communicated by Prof. J. G. VAN DER CORPUT.) 


(Communicated at the meeting of September 27, 1947.) 
IV. Unbestimmte Liésungen. 
Ein guadratisch-konvergentes Iterations- 
vertahren 2ur Bildwiig von %=1, 


Wir wollen zunachst den Begriff der Iteration genauer fassen. 


Definition. Soll aus gewissen Gréssen die Grosse X berechnet werden 
und ist x9 ein Naherungswert von X, so heisst die Funktion F(x) eine 
Iterationsfunktion zur Berechnung von X, wenn fiir alle x9 innerhalb eines 
gewissen Bereiches der Wert F(x 9) naher an X liegt als xo es tut, d.h. 
falls fiir alle A innerhalb einer gewissen Umgebung von 0 


F(X+h)=X+h,: |h,|Zlh|. . . . (IV,1) 

Insbesondere folgt daher 
OLX ee X sete savia Jht qoute We Bate. (EZ) 
Der Begriff lasst sich aber noch ausbauen. Man entwickle namlich in 


eine Reihe: 
PLA pena PX) te hd (XX) ae BAP A) SS a 
also, wenn F’(X) +0 und h geniigend klein ist, wegen (2): 
Fix sh) a EX) thE XS XS AP (XX) 
Bedingung (1) ist also erfiillt, wenn | F’(X)| <1. Dann wird hy ~ h F’(X), 
also ha ~ h[F’(X)]". Das Verfahren konvergiert daher in der Tat gegen 
X, wenn es unendlich oft angewandt wird, und die Abweichungen hn von 


X sind proportional zur ersten Abweichung h. Die Konvergenz heisst 
linear. Allgemein definiert man 


Definition. Ist 
PAA Po ON) == pase Pe) (XC) S0,. jedoch FiM)(X) pe 0, 
so heisst F(x) eine Iterationsfunktion (zur Berechnung von X) vom 


Grade n. 


Das auf F(x) aufgebaute Iterationsverfahren 


eat Las ett ae 0, 1, oe. 
liefert eine Folge xo, x1, Xo, ..., welche — wenn sie iiberhaupt konvergiert, 
d.h. wenn h = X —xp absolut genommen klein genug ist — im Grade n 
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gegen X konvergiert. Zur Konvergenz ist notwendig, dass h so ,,gewahlt” 


ist, dass 


4 [htt Flo (X)| <1. Ne ee isi 


1 we 
Es ist dann der Fehler von x, gleich hy = PT] h"F(")(X). Allgemein ist 
jeder Fehler proportional zur n-ten Potenz des vorhergehenden (mit dem 


Proportionalitatsfaktor = F()(X)), also auf etwa n mal so viele Dezi- 
n 


malen genau wie jener. 
Diese Definition lasst sich leicht ausdehnen auf eine Folge von Matrizen: 


Definition. Die Matrizenfolge 
Ro Rp Re, ... mit dem Grenzwert K 
heisst konvergent im Grade n, falls fiir die Fehlermatrizen i = R—Ri 
die Beziehung gilt 
Siete is WO baa ait (el ee eee oe ee 
eine feste Funktion von §{ ist. Noch etwas allgemeiner kann man die 
Beziehung (4) ersetzen durch 
MN itl == It (Mt i)" Vee Ret Far ote (IV, 4a) 


wo IN und MN feste Funktionen von KR sind. 


Nach diesen Vorbereitungen suchen wir fiir die Berechnung von 
R = Y%-1 ein Iterationsverfahren vom Grade n. Dies entwickeln wir aus 
einem entsprechenden Verfahren zur Bildung der Reziproken a-1 von 
einer gewOhnlichen Zahl a. Denn auch eine Zahl lasst sich ja als Matrix 
auffassen. Freilich diirfen in dem Verfahren fiir a-1 nur solche Opera- 
tionen bei der Ableitung vorkommen, welche auch bei Matrizen Giiltigkeit 
haben. Die Iterationsfunktion F(x) muss daher z.B. ein Polynom sein. Wir 
haben somit ein Polynom F(x) zu suchen derart, dass 

AGA ant )\ie=ca=s 

Bee EA (asl) 0 firs se nel 

C. F")(a-1) = ¢ 40, wobei | h*-ic| <nl 


Aus C, folgt nun F(")(x) = c+ f(x), wo f(a-1) = 0. Am einfachsten 
setzt man offenbar f(x) = 0. Dann wird wegen B und A: 


F(x) = < (x—a-1)" + 9-1 
n} 


Dies ist die gesuchte Funktion. Am besten spezialisiert man sie so, dass 
das absolute Glied verschwindet: 


Thee oe By ous 
(==1) elas = 0, 
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Dann wird 
D. Fidax(n—(3)2+(5)2— scot), WO gaa ax, 


und 


Damit die Iteration konvergiert, muss nach C: h<a-1, oder, da 
gee a A: 


Da. Ohio se Plas 


Hinterher sieht man, dass man D auch einfacher hatte erhalten kénnen, 
denn da die Iteration vom Grade n sein soll, so muss jeder Fehler pro- 
portional der n-ten Potenz des vorhergehenden sein, d.h. es muss 
x; —a-1 = C(x—a-1)" sein, was wiederum auf D fihrt. 

Der Anfangswert xo kann also in dem groben Intervall Da liegen, und 
wie man sieht, ist das Intervall unabhangig von n. Es liegt daher nahe, 
den einfachsten Fall n = 2 gesondert zu betrachten. Er liefert die quadra- 
tische Iteration: 


ey; F (x) = x (2 — ax). 

Wir haben also nur zwei Multiplikationen und eine Subtraktion auszu- 
fahren. 

Um nun D’ mit D zu vergleichen, denken wir uns D’ k-mal angewendet. 
Man bekommt dann eine Iteration vom Grade 2‘. Dazu sind notwendig 
2k Multiplikationen und k Subtraktionen, welch letzterere man aber, da sie 
von der Zahl 2 aus geschehen, wegen ihrer Einfachheit ausser Betracht 
lassen kann. Die Iteration D erfordert aber fiir n = 2*:n—1 Subtrak- 
tionen und, wenn man nach dem Hornerschen Schema rechnet, n = 2* 
Multiplikationen. Dies ist erheblich mehr als bei der k-maligen Anwendung 
von D’, welche ja genau so stark ist. Somit haben wir: 


Ergebnis. Die ékonomischste Iteration ist die quadratische. 


Alle vorstehenden Betrachtungen gelten nun auch fiir Matrizen, denn 
wir haben keine anderen Operationen benutzt als die auch bei Matrizen 
zulassigen. 

Damit haben wir zur Berechnung von Rt = Y-1 das Verfahren: 


Die Matrizenfolge Ko, Ky, 
Rio HR(R)H—Ri(2BE—UAR), . . . . (IV.5) 


konvergiert quadratisch gegen Ji = 2-1, wenn sie iiberhaupt konvergiert. 
In der Tat, wenn Ri— KR, so folgt aus (5), dass R = R (2ZE—ANR) 
also 2E—YU KR — E, daher R = A-1. 
Wem diese Ableitung von (5) aus A—D’ nicht sicher genug erscheint, 
kann auch direkt die Beziehung (4a) verifizieren. Aus (5) folgt namlich: 


WR = 2WKR, — AR, UR = 2 AR; —(AR,). 
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Wegen Ki = R—-Vi Rigi RF URE, und AR, —A(R—Fi) = 
= E—U%; folgt hieraus weiter: 
WU (R—FKi41) = 2 (E—UF) —(E—U Fi) oder 
E—Y wit = 2E—2UAFi—E aa 2U Fi —(AGi?, also 
UW Fits = (VW Fi)?. ee Cree arp ee 
D.h. (4a) ist erfillt mit % = UW, M— BE 
Der Prozess F(x) = x(2—ax) zur Berechnung von a! [asst sich 
iibrigens nicht nur auf Matrizen anwenden, sondern auf jeden linearen 
Operator, falls die Potenzreihen-Entwicklung iiberhaupt konvergiert, also 
zur Lésung der Funktionalgleichung 


(IV, 6) 


y (x) — dp (x) =f (x), wo > linear ist und 
(Ii+o+¢°+ 9? +...) f(x) 
eine konvergente Reihe ist. Es ist dann oben a= 1— ¢ zu setzen. So 
lassen sich auf diese Weise die VOLTERRAschen Integralgleichungen lésen. 
Der Prozess (5) zur iterativen Berechnung von 2{-1 wurde zuerst von 
G. ScHuLz (Lit. 10) angegeben. Die Ableitung, die er gab, ist von der 
unsrigen verschieden und weniger allgemein. Auch kommen bei SCHULZ 
zwei Additionen vor, davon eine wesentliche, bei uns nur eine. Auch lasst 
sich die Formel von SCHULZ nicht allgemeiner auffassen, wie es bei uns 


der Fall ist. 


Die Konvergenzbedingungen. 


Andererseits konnen wir uns zur Ableitung der Konvergenzbedingungen 
des Prozesses (5) nicht der Formel IVa bedienen, da nicht einzusehen ist, 
wie man sie verallgemeinern kénnte. Vielmehr muss hier fiir jeden linearen 
Operator die Untersuchung gesondert gefiihrt werden. Wir leiten in 


unserem Falle nach dem Vorgange von SCHULZ zunachst aus (6) die 
Relation ab: 


Ue (Nel co ek rn he ee eet 
Damit nun die {tz einen Grenzwert haben, ist notwendig und hinreichend 
dass die Fehlermatrizen x gegen die Nullmatrix gehen, also wegen 
det 54 0 auch die Y& %}x gegen O gehen. Nun konvergiert aber eine Folge 
von Matrizen dann und nur dann gegen ©, wenn ihre charakteristischen 
Wurzeln alle gegen 0 gehen. Nach (6a) sind diese aber die Potenzen 


der Wurzeln von %&o. Zur Konvergenz ist daher notwendig und hin- 
reichend, dass fiir die Wurzeln J; von 


det (U Yo —AE) = 0 gilt: |4:| <1, 
oder fiir die Wurzeln « = 1— von 
det (22) —E)=O0 muss sein: | uw; |=] 1—a4| <1. 


Satz. Zur Konvergenz von (5) ist notwendig und hinreichend, dass 
Ro so gewahlt wird, dass alle Wurzeln von YM Ro innerhalb des um den 
Punkt + 1 mit dem Radius 1 beschriebenen Kreises liegen. 
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Da diese Bedingungen in der Praxis fast nie festzustellen sind, be- 
schrankt sich SCHULZ auf hinreichende Bedingungen. Mit Hilfe von (6a) 
bekommt er die einfache hinreichende Bedingung: Es muss nM <1 sein, 
wo M das absolut genommen grésste Element von  %o = E—% Ro ist. 

Eine andere hinreichende Bedingung hatten wir in (III, 8) kennen 
gelernt: Die Folge 3, $2, $3, ..., wo $= W&%o, konvergiert nach 9, 
d.h. das Verfahren (5) konvergiert, wenn YS piel: 


Ergebnis. Das Verfahren (5) konvergiert quadratisch gegen 
R= A-1, falls Ro gewisse Bedingungen erfiillt, namlich entweder 
1, 2nM<i, 

wo M das absolut grésste Element von § = E—YA Ro ist oder 


as Spt Sh 
wo pik die Elemente von § sind. 


V. Bestandig konvergente Iterationsverfahren. 


Es gibt zwei Iterationsverfahren, die dadurch interessant sind, dass sie 
bestandig konvergieren, d.h. nicht nur bei beliebiger Anfangs-Naherung, 
sondern auch bei beliebigen Gleichungssystemen. Das sind die Verfahren 
von KACZMARZ und von CIMMINO. Beide gehen von geometrischen Ueber- 
legungen aus und deuten jede der Gleichungen als eine Ebene im 
n-dimensionalen Raum. 


Das Verfahren von KACZMARZ. 

KACZMARZ (Lit. 6) projiziert einen beliebigen Punkt Py des n-dimen- 
sionalen Raumes senkrecht auf die erste Ebene E,, den Fusspunkt P, 
senkrecht auf die zweite Ebene, usw. Pn liegt wieder auf F;, Pa41 wieder 
auf Ey usw. Offenbar werden die Abstande der Fusspunkte vom Schnitt- 
punkt S der Ebenen stets kleiner und konvergieren nach Null, so dass die 
Fusspunkte selber gegen S konvergieren. Denn der Abstand jedes Fuss- 
punktes von S ist die Hypotenuse in einem rechtwinkligen Dreieck, worin 
eine Kathete der Abstand des nachsten Fusspunktes von S ist. 

Auf die rechnerische Durchfiihrung verzichten wir, da das Verfahren 
wegen seiner langsamen Konvergenz praktisch nicht anwendbar ist. Es 
zeigt sich, dass das Verfahren konvergiert, wenn jede Gleichung des 
Systems durch Multiplikation mit einer Zahl so normiert wird, dass die 
Quadratsumme ihrer Koeffizienten kleiner als 2 wird: 


Bene am 2, koel,...,n 


Ergebnis. 1. Das Verfahren konvergiert zu langsam, um prak- 
tisch anwendbar zu sein. ; 

2. Die Konvergenz wird besser, wenn die Gleichungen so kom- 
biniert werden, dass sie nahezu orthogonal sind. Denn dann stehen 
die zugeordneten Ebenen gleichfalls fast senkrecht aufeinander. 

3. Dies ist teilweise schon der Fall, wenn die Diagonalkoeffizien- 
ten iiberwiegen. 
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4, Die Rechnungen werden nicht einfacher, wenn das Gleichungs- 
system symmetrisch ist. 


Das Verfahren von CIMMINO. 


Einen noch interessanteren Weg hat Cimino (Lit. 4) eingeschlagen. 
Er spiegelt einen beliebigen Punkt Py an jeder Ebene des Systems, 
bekommt dadurch n neue Punkte P,,...,Pn. Alle n +1 Punkte liegen 
offenbar auf einer Kugel, deren Zentrum der Schnittpunkt S der n Ebenen 
ist. Er denkt sich dann die n Punkte P;,...,Pn mit positiven Massen 
m,,...,™mn belegt, und bestimmt den Schwerpunkt P»’ dieses Massen- 
systems. Dieser muss stets in das Innere der Kugel fallen, hat somit von S 
einen kleineren Abstand als der Ausgangspunkt Py. — Nunmehr wird mit 
P) das gleiche Verfahren wiederholt, man bekommt den Schwerpunkt 
P, usw. 


Das Verfahren konvergiert stets. Es wiirde sogar noch besser kon- 
vergieren, wenn man jedesmal auch den Punkt P™ in das betreffende 
Massensystem einbezége. 

Das Verfahren konvergiert aber sogar, wenn die n Gleichungen nicht 
voneinander unabhangig sind, und zwar konvergiert es dann gegen einen 
der unendlich vielen Lésungswerte. Ja, sogar, wenn die Gleichungen ein- 
ander widersprechen, konvergiert der Prozess! 

Aus dieser unter allen Umstanden stattfindenden Konvergenz darf man 
aber nicht schliessen, dass die Konvergenz rasch ist. Das Gegenteil ist 
der Fall, da die Spiegelpunkte stets auf derselben Seite des Schnittpunktes 
S liegen. Besser wiirde die Konvergenz wiederum, wenn man durch lineare 
Kombination der Gleichungen die Diagonalkoeffizienten verstarken wiirde, 
da dann die Ebenen sich der paarweisen Orthogonalitaét nahern. Aber 
auch dann ist die Zahl der Rechenoperationen enorm. Denn der Spiegel- 
punkt von r = (x1,..., xn) in bezug auf die Ebene 


n 


» AnkXk Th 
k=1 


hat die Koordinaten 
2! ani Xi—Th 
Xk = X~—Zanr =) hs], is ons 
Ahi 
Jeder Spiegelpunkt kostet also 3n + 1 Multiplikationen und 3n—1 Addi- 
tionen, alle n Punkte also 3n2 + n Multipl. und 3n2—n Additionen. Die 
Bestimmung des Schwerpunktes demnach, wenn man alle mi = 1 wahlt, 


insgesamt 3n2 + 2n Multiplikationen und 4n2—2n Additionen. 


Uebrigens kann man das Verfahren von KACZMARZ leicht aus demjenigen 
von CIMMINO erhalten. Man bilde namlich nicht den Schwerpunkt des 
Systems der Punkte P,,..., Pn (oder der Punkte Po, Py, ..., Pa), sondern 
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zunachst das der beiden Punkte Pp», P; (mit denselben Massen), dann 
bekommt man den Fusspunkt des Lotes von Pp aus auf die erste Ebene 
wie bei KACZMARZ. Dann bilde man den Spiegelpunkt des Fusspunktes in 
bezug auf die zweite Ebene und danach den Schwerpunkt der beiden 
Punkte usw. Da der Fusspunkt des Lotes stets naher an an S liegt als der 
Ausgangspunkt, so sieht man, dass das Verfahren von KACZMARZ schneller 
konvergiert als das von CIMMINO. Wir haben somit als 


Ergebnis. 1. Das Verfahren von CIMMINO erfordert fiir die Bil- 
dung jedes Schwerpunktes 3n2 + 2n Multiplikationen und 4n2—2n 
Additionen. 

2. Das Verfahren konvergiert besser, wenn man durch Kombi- 
nation der Gleichungen die Diagonalkoeffizienten verstarkt. 


3. Seine Konvergenz ist langsamer als die des Verfahrens von 
KACZMARZ. 


4. Die Rechnungen werden nicht einfacher, wenn das Gleichungs- 
system symmetrisch ist. 


Kritik der bisherigen Iterationsmethoden. 


1. Verglichen mit den direkten Methoden haben die Iterationsmethoden 
den grossen Nachteil, dass sie fast stets zu langsam konvergieren. Dadurch 
wird die Anzahl der Rechenoperationen zu gross. 


2. Hine Ausnahme machen nur die Falle, worin die Zeilen der Matrix 
des Systems paarweise beinahe orthogonal sind. Also z.B. wenn die 
Diagonalkoeffizienten sehr stark iiberwiegen. 


3. Bei keiner der bisherigen Methoden vereinfacht sich der Lésungs- 
gang, wenn die Gleichungen symmetrisch sind, wahrend bei den direkten 
Methoden in solchen Fallen nur etwa die Halfte der sonstigen Arbeit 
notwendig ist. 


4. Bei den meisten Gleichungen konvergieren die Iterationsverfahren 
uberhaupt nicht, und es wurde bisher keine Methode angegeben, um ein 
beliebiges System z.B. auf ein solches mit iiberwiegender Diagonale zu 
bringen. Der Kunstgriff von CESARI geniigt nur in Fallen, wo die Kon- 
vergenz beinahe erreicht ist. 


5. Der Lésungsprozess ist meistens uniibersichtlich und oft nicht einmal 
so weit durchgearbeitet, dass er in ein Schema gebracht ist. So wird viel 
Zeit und Arbeit aufgewandt. In andern Fallen ist das Schema ziemlich 
speziell und etwas verwickelt (wie z.B. das von Morris bei der Methode 
von SEIDEL), so dass, wenn man nicht regelmassig damit zu tun hat, man 
sich stets wieder vorher dariiber informieren muss. 


VI. Ein neues Iterationsverfahren. 


Wir entwickeln daher im Folgenden ein neues Iterationsverfahren, 
welches die vorstehend beschriebenen Nachteile 1., 3., 5 vermeidet und 
nichts anderes benutzt als die gewohnliche Multiplikation der Matrizen. 
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Prinzip der Methode. Wir bringen das System % x = r durch Division 
mit den Diagonalkoeffizienten aii auf die Form 
Bxr= 3, wo bi = 1. 

Dann lautet die formale Lésung r = 8-18. Die Reziproke von % bilden 


wir aber nicht wie bisher, sondern ziehen aus 8 die Diagonalelemente 
heraus, d.h. wir setzen 


B= Foo Seer Seviea 
Dann kénnen wir 8-1 formal ahnlich entwickeln wie wenn € eine Zahl c 
ware, cb. (l—c)-1 = 1+ 64 ee a ee 


SI=—(FE—OI=E+64+C+4+C67+... . . (VI,2) 


Wahrend aber bei den Zahlen die Konvergenzbedingung lautet: |c|< 1, 
muss sie hier besonders festgestellt werden. Sie lautet ganz ahnlich: dass 
alle Wurzeln von € absolut genommen kleiner als 1 sein miissen. Dies 
folgt aus einem Satze von FROBENIUS (Lit. 5). Wir fassen namlich E—€ 
auf als Wert der charakteristischen Matrix 2E—€ fiir 4 = 1. Dann ist 
nach FROBENIUS die Reihe 


(2E—@)-1 = Ei-1 + €1-2 + 24-34... 


konvergent, wenn 2 absolut grésser ist als die absolut grdésste Wurzel 
von ©. Die Entwicklung (2) konvergiert demnach, wenn die Wurzeln von 
€ absolut kleiner sind als 1. — Nun ist aber jede Wurzel der beliebigen 
Matrix © absolut genommen kleiner als die Summe der absoluten Betrage 
jeder Spalte, also 


¢ fae dea si ee ee 


n 
| 2 |max == max 2) Cik 


Ferner ist eine zweite Abschatzung: 


[4 Imax S max | cre] + VEL cie a ee aE 
ixtk 


Da bei uns cii = 0 ist, so konvergiert die Reihe (2), wenn entweder 
Max 2 1 Cfete. ke Soo le van eee eee 
oder . 
PSG OT. aoc, et ol 


Erste Art des Verfahrens. Suchen wir eine bestimmte Lésung, so 
brauchen wir nicht die Reziproke 8-1 selber, sondern nur das Produkt 
B-1 yr, m.a.w. wir brauchen nicht die Potenzen €2, €3,... selber, sondern 
ihr Produkt mit dem Vektor r. Dies ist eine grosse Rechenersparnis. Denn 
die Potenz €5 = €-€4 als Produkt der n-reihigen Matrix € mit der 
soeben vorher gerechneten n-reihigen Matrix €4 erfordert n3 Multipli- 
kationen und n’—n? Additionen. Geht man also bis zur Potenz €*, so hat 
man fiir die Reihe EF + © + €2+...+ ©! = Gaya: (k—1)n3 Multipli- 
kationen und (n3—n?) (k—1) + (k—1)n2 = (k—1)n8 Additionen. Die 
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Multiplikation Gx41 x erfordert nochmals n2 Multiplikationen und n2—n 
Additionen. 

Berechnet man aber die Reihe r+ €r+... + Cv, so kostet sie nur 
kn2 Multiplikationen und (k + 1) (n2—n) Additionen. 

Wir haben daher das erste Verfahren: 


1. Man bilde die Vektorenfolge 
Y= E, p’=63, r”,..., ©, wo wet = Cp 
Dann ist ¥) = 7’ + yx” + ... + x eine Naherungslésung des Systems 
(E—@)r = 8. 
2. Sie erfordert kn? Multiplikationen und (k + 1) (n2—n) Additionen. 


3. Ist M der grésste absolute Betrag aller Elemente von ©, so ist der 
Fehler der Naherung in jeder Komponente: 


M 
| 1 — XP | ag (PL ee be 


Zweite Art des Verfahrens. Wir kénnen aber noch einen andern Weg 
einschlagen, der nicht nur zur Berechnung einer unbestimmten, sondern 
oft auch einer bestimmten Lésung besser ist als der erste. Man berechnet 
namlich nicht alle Potenzen €, 2, €3,..., sondern nur die aufeinander 
folgenden Quadrate: €2, €4,€8, €16, ..., wo z.B. €16 = (€8)2. Dann ist 
mit obiger Abkirzung z.B. 
S,—£+6404+6+...4W=(E4+ 640+) (14+64=6,4+ 6,6, 


Ahnlich @,;, = Gg + Gg €8 usw. Man kann also eine stets gréssere Zahl 
von Potenzen in einer einzigen Operation addieren, namlich nacheinander 
2, 4, 8, 16, ... Glieder. Jede Potenzierung erfordert n3 Multiplikationen 
und n3—n? Additionen. 


Das zweite Verfahren verlauft also wie folgt: 
1. Man bilde durch sukzessives Quadrieren die i Potenzen 
G?, Gt, C8,..., G7, 
Darauf bilde man von ©, = E + € ausgehend: G,, Sg, Gig, ..., Gait 
mittels der Beziehungen: 
S,—S,+ S, &, 6,=—6,4+ 6, Ct,. ind al 41 oe ol ar el 6! 
Dann erhalt man eine Naherungslésung mittels 
Keith) — Syi41 8. 
2. Die Berechnung von ©,!/+! erfordert 2in3 Multiplikationen und 
i(2n3—n2) Additionen, die Berechnung von X2'*1) nochmals n2 Multi- 


plikationen und n2—n Additionen. 


3. Ist N der grésste absolute Betrag aller Elemente von S2'und C der- 
jenige aller Elemente von G,!t! , so sind alle Elemente des Produktes 
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absolut genommen kleiner als nNS. Daher ist der Fehler in der Praxis 
|xj—X2"*| <n?N?S(|s,|+..-+]5n]). 

Man kann das zweite Verfahren auch aus dem oben abgeleiteten 
quadratisch-konvergenten Iterationsverfahren von SCHULZ zur Bildung 
von 9-1 = (E—€)-1 bekommen. Setzen wir namlich R, = E+ ©, so 
wird 2 R, — E—€? und somit 

R= KR, (2BE—-UR)—R, (E+ M=—=£+4+C64074 0H 
Nehmen wir zur vollstandigen Induktion an, dass 2 Ri = E—G2', so wird 
R= R(2E—-AR)N\=MN ($+ C)=—=R, + K, C%, 
also wie in unserm zweiten Verfahren, nur dass Ri anstelle von Gi steht. 


Gleichzeitig bestatigt man leicht, dass die vollstandige Induktion die Vor- 
aussetzung bestatigt. 


Ein drittes Verfahren, das aber nur eine bestimmte Lésung liefert, be- 
steht in einer Kombination der beiden obigen. Man bildet namlich nicht 
wie im zweiten Verfahren die Produkte Go €?, G4 €4,G, C$, ..., sondern 
ahnlich wie im ersten Verfahren die Operationen von €2/ am Vektor 8. 


Wir bekommen somit: 
1. Man bilde durch sukzessives Quadrieren die i Potenzen 
G2, C4, G8... O% | 
Darauf bilde man, von &’ = § + © 8 ausgehend die i Vektoren 
Heh) — KO + CO XH) fir k= 2", wo m=—1,2,...,74. 


Dann ist ¥2'*” eine Naherungslésung des Systems (E—€)r = 8. 


2. Die Berechnung von ¥?'*" erfordert i (n3 + n2) + n2 Multiplika- 
tionen und i (n3 + n2—n) + 2n2—n Additionen. 


3. Ist N der grésste absolute Betrag aller Elemente von ©2', und K 


derjenige aller Elemente von X@'*”, so ist der Fehler der Naherung ge- 
geben durch 


| ej — Xe ne NA 
Ergebnis. 1. Die hier beschriebenen Verfahren sind iibersicht- 
licher und eleganter als alle andern Iterationsverfahren. Auch ist 


ihre Durchfithrung bei symmetrischen Systemen wesentlich verein- 
facht und kostet nur etwa die Halfte der Operationen. 


2. Das dritte (kombinierte) Verfahren ist zur Berechnung einer 
bestimmten Lésung besser als das zweite, denn es erfordert nur 
etwa halb so viel Operationen wie dieses. 


3. Zur Berechnung der Naherung ¥@'*” ist das dritte Ver- 
fahren besser oder schlechter als das erste, je nachdem i(n'+ 1) 
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kleiner oder grésser als 2'+1 ist. Die folgende Tabelle gibt eine 
Uebersicht iiber die zu jedem i gehdrigen kritischen Wert von n, 
oberhalb dessen das dritte Verfahren schlechter ist als das erste. 


Pee ot 8S 6 7 8 9 
Mee te hy te 20) 35) 463-9113 
ever ty oe 64 125° 256" 512: 1024 


Liegt etwa ein System mit 50 Unbekannten vor, so ist bis zu 7 Ite- 
rationen das dritte Verfahren schlechter als das erste, erst von der 
achten Iteration an wird es umgekehrt. 


4. Man kann das zweite Iterationsverfahren (wie iibrigens auch 
die meisten andern Iterationsverfahren) iterativ benutzen. D.h. 
wenn man eine Naherungslésung X‘*) = @x 8 gefunden hat, so setze 
man sie in das Gleichungssystem ein, bestimme den Fehlervektor 
BS X*) —g —=t und bestimme von dem System By = t die Nahe- 
rungslésung )*) = @«t. Dann ist y= X) + Y") eine bessere 
Lésung. Sie kommt etwa iiberein mit der Lésung X(2") = G2x 8, hat 
aber vor letzterem Weg den Vorteil der Kontrolle durch Einsetzen. 


Beschleunigung der Konvergenz der Iterationsverfahren. 


Ein Masz fiir die Schnelligkeit der Konvergenz aller Iterationsver- 
fahren wird durch die Ungleichungen (5) und (6) gegeben. Je kleiner 
die linken Seiten dort sind, umso besser konvergieren nicht nur die dort 
beschriebenen Iterationsverfahren, sondern auch alle anderen, denn umso 
mehr iiberwiegen die Diagonalkoeffizienten, d.h. umso ,,senkrechter’’ stehen 
die n Gleichungsebenen aufeinander. 

Man kann nun durch gewisse Kunstgriffe jene linken Seiten, d.h. die 
ausserhalb der Diagonalen liegenden Koeffizienten der Gleichungsmatrix 
verkleinern. Dazu gibt es bisher drei Methoden, von denen nur die erste 
bisher ver6ffentlicht und angewandt wurde. 


I. Die Methode von CESARI erwahnten wir schon oben. 
Il. Der Kunstgriff von VAN DER CORPUT. 


Das System $ x = § soll in ein anderes mit denselben Diagonalelemen- 
ten transformiert werden. Die einfachste solche Transformation ist 
BBD-1, wo D eine Diagonalmatrix mit den Elementen dj,...,dna ist. 
In der Tat bedeutet die vordere Multiplikation D %, dass die Zeilen von B 
mit den Elementen von D multipliziert werden, und zwar die i-te Zeile 
mit d;, wahrend die hintere Multiplikation 6 D bedeutet, dass die Spalten 
von 8 mit den Elementen von ® multipliziert werden, und zwar die i-te 
Spalte mit d;. Fiithrt man daher sowohl die vordere Multiplikation mit D 
als die hintere mit D-1 aus, so bleiben die Diagonalelemente unverandert, 
und die Matrix 


oe = dj; 
B—DBD-' hat die Elemente bix =k bik. 
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Man lést also anstatt des Systems By — $ das neue: 
By=D3, wo B=DBD". 
Dann wird 
i ®-1 hp. 

Die Elemente von D wird man jetzt so wahlen, dass die linken Seiten 
der Ungleichungen (5), (6) kleiner werden. Man kann also einen be- 
stimmten Koeffizienten aix in einen wesentlich kleineren Koeffizienten aix 
transformieren, indem man d; viel kleiner als dx wahlt. Dann wird aller- 
dings der spiegelbildliche Koeffizient ax: in einen wesentlich grésseren 
Koeffizienten ax; iiberfiihrt, da er ja durch Multiplikation mit der Rezi- 
proken von di/dx entsteht. Diese Vergrésserung ist aber ohne Einfluss, 
auf die Ungleichungen (5), (6), wenn ax: sehr klein ist. 

Man wird also die Transformation dann mit Erfolg anwenden, wenn 
gewisse Koeffizienten relativ ungiinstig zu ihren symmetrischen Koeffi- 
zienten sind. Durch Division der ersteren und Multiplikation der letzteren 
wird dann die maximale Spaltensumme verkleinert. 

Eine solche Operation erfordert, wenn © wirklich aus n ungleichen 
Zahlen + 1 besteht, 2n(n—1) Multiplikationen, die freilich sehr einfach 
sind. 


Mathematics. — Reciprocal properties of elastic waves in anisotropic media. 
By E. J. Post-(Radio Laboratorium P.T.T. Den Haag.) (Com- 
municated by Prof. J. A. SCHOUTEN.) 


(Communicated at the meeting of December 20, 1947.) 


Introduction. 


In a publication of B. vAN DijL1) the thickness vibrations of three 
mutually perpendicular cuts of a quartz, named X, AC and BC cut, were 
discussed. It was shown that two transverse waves could be detected in 
the X cut, with propagation velocities equal to those of the transverse 
waves in an AC and BC cut which have a displacement in the x direction. 
In particular it was emphasized that on the other hand the displacement 
vectors of both transverse X cut waves are parallel to the thickness direct- 
ions of AC and BC cut respectively. 

This case investigated by VAN DIJL implies the existence of directions 
allowing an interchange between displacement-~ and wavefront-vector. If 
one of them is the direction of propagation of the elastic wave, the other 
is the direction of the corresponding vector of displacement and vice versa. 
As in general this interchange is not allowed, directions which are 
distinguished by this peculiarity may be called reciprocal. 

The present paper is intended to give an analysis on general lines of 
reciprocal conditions. 

It is to be noted that we confine ourselves to elastic properties. For 
instance, two resonator plates similar in elastic behaviour may be quite 
different from a piezo-electric point of view. 

The wave propagation is considered to take place in a homogeneous, 
non absorbing anisotropic medium. 

The notations are according to customary conventions of tensor 
analysis 2). The fundamental tensor is accepted to be positive definite and 
orthogonal coordinates are used only. 


Dynamical equations and reciprocity. 
The equations of motion for an anisotropic medium as specified, 
neglecting body forces are, 
en ee ey 


def. Q yk 
| ee 
paaucery. age Te) ) A(T) 


def. 0 
Ade cl 


o = density, T/* = stress tensor, u* = displacement vector. 


o Of u*¥ = 0, Tit 


1) B. VAN DIL, the application of Ricci-calculus to the solution of vibration equations 
of piezo-electric quartz, Physica III, 5, (1936), p. 317. 

2) J. A. SCHOUTEN und D, J. STRUIK, Ejinfithrung in die neueren Methoden der 
Differentialgeometrie I, Groningen (1935). 
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The symmetry nature of an anisotropic medium is explained by the 
transformation properties of the tensor components cVkL postulating a 
linear dependence between stress- and strain tensor. 


Til clikl gp) 4c, pee ee 


def. 


St = Om Uy = § (Og uw! + 07 0*) « “el vet eee aes (3) 
while 


ciikl — cjikl— ciilk—¢klij, , , . , . . (4) 


The relations (3) are independent of the symmetry properties of the 
medium. Substituting (2) in (1) making use of (3) and (4) yields three 
simultaneous partial differential wave equations. 

Of afc G70] i". ode oe 

According to H. A. LorENTzZ3)4) this equation may be satisfied 
approximately by a wave function 


. . . _ def. . 
wba alethe Gt ao] ee ae 
under the restrictions 
Oyu <<a yy Tip Fins 
Oru << y ; Wipe Ve: 
010; a << yr; a; xte Kut X13 
0; 07 a! < yj xed! ; 
Of a <M ye a; Jon 
def. def. 2 
71 = Opte a. dite ees 
def. def. 
ut = OFX 39> Ry S01 OF E: 
def. 
Nit = 0; Ot X; 


The periodical factor e27'* reproduces its value if y increases with unity. 
This corresponds to a displacement of one period T = : in time and one 
v 


wavelength J in space. Hence if n/ is the unit vector perpendicular to the 
wavefront we have 


y= and w=, ES | 


from which we infer as the physical meaning of the inequalities (7): The 
amplitudo and the change of amplitudo, the wavelength and the frequency 


" ae Hie AY tas Ueber die Fortpflanzung yon Wellen und Strahlen in einem 

eliebigen nicht absorbierenden Medium. Abhandlungen iiber theoreti i ipzi 

ee ae g r theoretische Physik, Leipzig, 
4) A. D, FOKKER, Hamilton’s canonical equations for the motion of 


Physica VI, 8, (1939), p. 785, wavegroups, 
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suffer only small changes for displacements in time and space of one 
period and one wavelength. 
Substituting (6) in (5) and splitting up into real and imaginary parts 
we get the relations 
@ Of a! —4 0? 9 a! yp xp = AIK (O; Oy ip —4 me? ie XH)» ~~ (9a) 
Zo xe ded! +o a Op y=clF (x; yr tig + ers) . . . (90) 
If p* is the unit vector in the direction a*, (9a) simplifies in view of (7) 


and (8), to 


le Spe oP ne pe ny F c = dy = propagation velocity. . (10) 


Hence for a given direction of propagation n*, three generally different 
propagation velocities c; 4 = 1, 2, 3, of the wavefront exist, corresponding 
a 


to three mutually orthogonal unit displacement vectors p* of which usually 
A 


no one coincides with the vector n*. 
The vectors p* satisfy the relations 
2 


pep = & Oxy Vad SIRE NAS te the oe ee ANE 


(96) relates the change of amplitudo to the curvature of the phasefront 
z% = constant in space-time. 


To find the direction of the flow of energy for an elastic wave pro- 
pagating in an unlimited anisotropic medium, we start from the expression 
of total elastic energy for a region t, bounded by the closed surface o. 


W=H/ouj;t'dr+4 fc! (0; uj) (0; ux) dt. aes. (11) 
The time derivative is 
W=/o ti; ti! dx + f c!J*! (0; a;) (0, ux) dt = 


12 
=fo i; tidr+f[cli*! 0; (4; 01 ux) dt — f c'J*! a; 0; 01 ux dt. 2) 


Applying the theorem of STOKES to the second integral and rearranging 
we get 


W =/ ti; (0 tt!—c!d*! 0; 0; uz) dt +f clJ*! a; (0, ux) fy do, . (12a) 
fi is the unit vector normal to the surface o. As for small displacements 


; 
es the volume integral over + disappears in virtue of the wave 


Ot 


equations (5). Hence the surface integral denotes the flow of energy 
through the closed surface o and the vector density of the flow of energy 
is seen to be 


Meet ir Opitz. 9). 62, eS (13) 
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For a wave of the form (6) we are only interested in the real component 
of u*. Writing 
ak = itccos 27s 1.) o> Ea eas) 
we have, using (8), 


0; 4; = 04 4; cos 2MY— 2a Hj; Sin oa 


\ cy acral aaa 


Che eS 
0; Up 01 tt cos 227% — > 1 Gy sin 22x 


and in view of (7) this is reduced to 


O,uj — — 227 tj sin 22% 
16 
81 ue = — nce sin ZY ( ) 


Substituting this in (13) and writing a* = Ap", we get for the vector 
of the energy flow 


Pi = 4075 A? ciit! py py ny sin? Zaye. 4 eG 
In a similar way the density of energy is calculated: 
W = 4 0 a; i! + 3 c'*! (9; wi) (01 1x) = 
OF yt Atain? 2” Ay? ijkl ina > (18) 
= 2770 ¥ sin 2ny+t—A cVE'l ns ny pi pe sin aa 


Now . 
co ni nnrpi pesser ee oes eee eee 
which is readily seen if (10) is transvected with pi, remembering p: p' = 1. 
The expression for ¥ is simplified to 
2 == 4 n? ov? At sini 2 y. 2 5) 3 ee 


Hence for the vector of the velocity of the flow of energy we have the 
useful expression 


Pj Lae 
Woy Sep e RiAe + png te Teena S 


It is worthwhile to point out, that (21) confirms the relation between the 
velocity of the energy transport and the wave velocity, familiar from the 
analogous optical phenomenae. The projection of v/ on n/ is the wave 
velocity, since nj; v/ = c in view of (19), 

The biquadric form 


cU' p) pen} ee o Ap ea) ee. Doone ebes (22) 


is called the energy function belonging to two arbitrary directions n‘, p*. 


It is seen from (10) that the energy function has an extreme value for 
variations of p* and fixed n*, 
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Asking for extreme values of E for free variatfons of both unit vectors 
p* and n*, we have the variational equations 


OB 2c nn; ni pe, Opi + 2c!l*' pipynidny=O. . . (23) 
and the accessory conditions 
Reine Use Opp Oe re yh, em (2c) 
This is equivalent to the unconditioned equation 


bE =2 (ck nj pe ni — cnn" Ph nj pent p’) dpit (24) 
+ 2 (c!J*! p; pe ni — ci**! pi nn pe nin’) dn; =0 
Hence E is extreme if 
Bole ein py ni + «Sea Oe. ele) 
Bae perpen. 2 Pe es 2) 


Since (25a) is identical to (10), FE = @c?. 

Two directions satisfying (25a) and (256) are called reciprocal. 

From (21), (25a) and (256) we see that reciprocal directions are 
distinguished by the following properties: 

If either of them is direction of propagation, the other is a corresponding 
direction of displacement. 

The vector of the flow of energy is perpendicular to the wavefront. 

The velocities of the reciprocal waves are equal and have an extreme 
value. 

If n* — p* the direction of n* is selfreciprocal. The n.a.s. conditions for 
selfreciprocity of all directions are that all solutions of nxn* = 1 satisfy 


Ce ny Tipe OO Ne Wars oe os te, (20) 
Using the correlation of subscripts, 11-1, 22 >2, 333, 23-4, 


31 +5, 12-6, in VoiGTs abridged notation this imposes the following 
restrictions on the elastic constants of the medium 


Oy Cag C55 C95 A 2 Cg Cay 2 C55 = Cy F 2 Coe; 
C15 = C16 = Coq = Cy6 = C34 = C35 = 0; » (27) 
C5 + 2 C64 = Cq6 + 2 C45 = C4 + 2 Cog = 0. 


If in addition c45 = Csg = Cg4 — 0 we have the “Green medium” be- 
longing to the rhombic system. In this medium there is in every direction 
a longitudinal wave, while the two transverse waves perpendicular to it 
satisfy FRESNELs equation. 

From (10a), (25a), and (25b) it is seen that conditions for reciprocity 


of a pair of mutual perpendicular directions p* and p* are 
A a 


cls — meh 


yd bigic dite) NSS a ea VE) 
cvs — (0) to # ( ) 


70 


For the selfreciprocity and for the reciprocity of the axes of an ortho- 


gonal frame x, y, z, we have 


selfreciprocal reciprocal 
x3 Cys = C6 = 0 Y, 2; C4p == C43 = C45 = Cy = O 
Yi Cog = Cy —0 2,X¢ Csq == Csi == Cage = Ge ee 
Z} C34 = C35 = 0 x,Y; aii 2 ee 


Here is a table of reciprocities of the crystallografic principal axes 
(crystalclasses according to VOIGT). 


selfreciprocal reciprocal 
briclinie, 17. 2: — — 
Monoclinic, 3, 4, 5: z — 
Rhombic, 6, 7, 8: oe Up Uf y-2y aly ke ee 
Aeiqonall, 9) LO) il: Bo Sa aoe 
A cigonal Vimi2,°13: = — (29) 
Metragonalmin 14, 15,16, 19: Te Wf, 2) 2, Apa 
Tetragonal II, 17, 18, 20: Zz Wat as 
Hexagonal, 21—27: Cae: be @, 2) 2 ea eee 
Cubic, 28—32: ae aes 0, ty. te Ae ag 


The piezo-electric resonator. 


Until now propagation phenomenae in an infinitely extended medium 
have been discussed. For piezo-electric resonators for thickness vibrations 
the finite area is however a cause of many disturbing secondary effects, 
due to overtones of low frequency contour- and flexure modes. 

A rigorous theory about the coupling effects of the subsequent vibrations 
is not available. Nevertheless the mechanical boundary conditions provide 
qualitative means to determine which coupling constants cic (ij4k) are 
principally responsable for the generating of spurious resonances interfering 
with the desired-main resonance. 

Lack, WILLARD and Fair5) produced examples giving experimental 
evidence of these facts for AC and BC cuts of a quartz. 

As already mentioned in the introduction the rectangular frame defined 
by X, AC and BC cuts is distinguished by the fact, that the x axis is self- 
reciprocal while the x, y’ and x, z’ directions are pairewise reciprocal. 

The table of constants for this case of reciprocity is 


Ci Cy: “Cig OR 0 0 
C39 Cag Cay ye «O 


C33 Cxq Ogg 


30 

C4q «(OO 0 ( ) 
Css 0 
C66 


5) F. R. Lack and o. B.S.TJ. 13, (1934), p. 453, 


71 


From the transformation formulae for the tensor components ci/*! and 
the known table of elastic constants for the principal crystallografic axes 
of a quartz it is seen, that for all rotations of the frame of reference about 
the crystallografic x axis, the constants ¢y'5/, cy, Cre, C35, C45, Cargr are 
identically zero. In addition cy5, = c36 = 0. 

The cross-constant cs6 disappears if the rotated coordinate system 


19 ey AE 3 
{9° DYNES PE@ cm? G:90° 


Fig. 1. Stiffness coefficients q = oc?, 
temperature coefficients of stiffness 


es, 1d 
coefficients Tq = , and crossconstant 


Ens 8 
qdT 
C56, Of rotated X and Y cuts. 9 is azimuth- 
and @ is polar angle of the normal to 
the resonator. (Reproduced from W. G. 
CADY, Piezoelectricity, New York, 1946, 


p. 144-145.) : 
(6) 69 8 120 480 
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coincides with the rectangular frame defined by X, AC and BC cuts and 
this is exactly the condition left, which had to be fulfilled in order that the 
reciprocity just mentioned takes place. 

The data of fig. 1, taken from computations of Lack, WILLARD, FAIR 5) 
and BECHMANN 6) illustrates this coincidence. 

Moreover it shows that both transverse waves in the X cut have pro- 
pagation velocities equal to one of the transverse waves of AC and BC 
cuts respectively, while they have extreme values with respect to plates of 
a neighbouring orientation. 

If all three axes of a rectangular frame are selfreciprocal as well as 
mutual reciprocal, the table of constants is 


Cyy Caz C1344 0 0 
C22 «C23 ) Cs 0 


C33 0 0 C36 


31 
C44 0 0 
C55 0 
C66 


For the crystallografic principal axes, mentioning only the piezo-electric 
classes, (31) occurs for the rhombic system (7, 8), the tetragonal system I 
(15, 16, 19) the hexagonal system (22, 23, 25, 26, 27) and the cubic 
system (30, 32). 

Resonatorplates, whose rectangular dimensions are parallel to a frame 
possessing reciprocal properties may be superior to others with regard to 
spurious frequencies. This is however of a limited importance as piezo- 
electric resonators have to comply with many other requirements, as small 
frequency drift with temperature and piezo-electric activity, which may be 
difficult to reconcile with the conditions of reciprocity. 


Summary. 


It is possible to indicate directions, which are distinguished by the fact, 
that if either of them is taken as direction of propagation the other is the 
corresponding direction of displacement. The conditions for this reciprocity 


are derived and their connection to other elastic wave phenomenae is 
emphasized. 


Den Haag, December 17, 1947. 


6) R. BECHMANN, Zeitschrift fiir Technische Physik 12, (1935), p. 525. 


Physiology. — On the importance of the adrenal glands for the survival 
of the rat following hypophysectomy. II. By J. H. GAARENSTROOM 
and S. E. DE JONGH. (From the Pharmacological Laboratory, Leyden 
University, Leyden, Holland. (Communicated by Prof. S. T. Box.) 


(Communicated at the meeting of November 29, 1947.) 


Some time ago one of us!) demonstrated that in hypophysectomized 
animals the adrenal gland is as indispensable as it is in normal animals. 
He then announced his intention to estimate the minimum amount of 
adrenal cortical hormone required to allow hypophysectomized and non- 
hypophysectomized animals to survive following extirpation of the adrenals. 

These experiments were realized but the results could not be interpreted 
and therefore remained unpublished. Communications by SWANN 2) as well 
as by DEANE and GREEP 8) contain views, however, that correspond with 
our experiments. Therefore we will publish them now. 

In a first series of experiments (I) the adrenal gland was removed in four 
groups of about ten rats each, two groups of which had been hypophy- 
sectomized a week before. One hypophysectomized and one normal group 
were given 0.1 mgm of desoxycorticosterone acetate (doca) daily in 0.2 ccm 
of oil; the other two groups received 0.2 ccm of oil without doca. Doca was 
used because it is the pure adrenal cortical hormone that is most easily 
obtained. The dose, that was administered, was selected in view of its 
being approximately the minimum amount that unquestionably prolongs 
the duration of life of adrenalectomized, non-hypophysectomized rats, It 
appears from the table that following treatment with doca a prolongation 
of the survival period did actually occur. At the same time, however, it 
becomes apparent that the animals subjected to both operations did not 
survive longer than those which were adrenalectomized only, although such 
a difference might have been anticipated if the need of adrenal cortical 
hormone were diminished in hypophysectomized rats. 

In a next series of experiments (II) the first one was repeated with one 
modification. It seemed to us that the great number of deaths of hypophy- 
sectomized rats shortly after the extirpation of the adrenal gland might 
have complicated the issue, because these deaths might have to be put down 
to a generally lowered resistance rather than to a lack of adrenal tissue. 
Therefore this time all animals were given a single injection of one milligram 
of doca, immediately following the extirpation of the adrenal gland. 


1) J. H. GAARENSTROOM, Ned. Tijdschr. Geneeskunde 85, 712 (1941); Acta brevia 
neerl. 11, 68 (1941). 

2) H, G. SWANN, Physiol. Reviews. 20, 493 (1940). 

3) HH. W. DEANE and R. O. GREEP, Am, Journ. Anat. 79, 117 (1946), 
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Treatment was continued then in the various groups as it had been in the 
first series. In the table we may see that the results, thus obtained, were not 
different in principle. 

The mean duration of life of both hypophysectomized groups has been 
prolonged to a certain extent; it is not surprising that these very groups 
have profited by the administration of doca following the operation. Again, 
however, the regular administration of 0.1 mgm of doca do not seem to 
have had more effect on hypophysectomized animals than it had on animals 
still possessing a hypophysis. 

The mean figures have but a relative value on account of the great 
spread. In the table the data of the individual animals have been stated 
as well. Some animals, still surviving after nineteen days (test for remnants 
of adrenal gland negative) made it necessary to use the sign of > in the 
mean figures. Nevertheless, the general tendency of the results is obvious 
and certainly not influenced by spread: Administration of 0.1 mgm of 
doca gives a survival time of comparable magnitude in hypophysectomized 
and non-hypophysectomized animals. In our former opinion this result was 


TABLE. 
Normal 
Experimental | Number of | Weight in - Survival time in cays "J 
series rats gm extremes ae of each rat average 
10 102—160 | oil EA Aa ee. 7.5 
: 10, 10 
10 104—158 | doca 9.13; 14,14, 15, "| ig 
15, 16, 16, 18, >19 
10 108—156 | oil **) 4b, Ld Orn Or oes 8.0 
10, 10 
I 11 116—152 | doca *) 2.3.7.9. 11, ind, oe 
13, 18, >19, >19, | 
>19 
Hypophysectomized 
9 95—142 | oil eer ake Dealt Nae! ae te 3.0 
I a5 | 
10 90—152 doca by 12a, G, a0 
714,15 
10 114159 oil **) Re Meee Ls Dea og ae Pe | 42 
I ae 
12 112—172 | doca **) LA eos ees 
LZ. 127138 1 
>19 


*) From the day of the removal of the adrenal glands on, 


a) 


All animals of the second series were gi 


extirpation of the adrenal gland, 


ven 1 mgm of doca immediately after the 
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past comprehension. It would suggest that hypophysectomized animals 
need as much adrenal cortical hormone as intact animals do, whereas 
the size and histologic aspect indicate that the adrenal gland of hypo- 
physectomized animals achieves considerably less, which is more in 
accordance with the surmise that the need of adrenal cortical hormone has 
decreased following hypophysectomy. The possibility of the poorly 
developed adrenal gland of hypophysectomized animals producing, by using 
its utmost exertions, as much hormone as the normal adrenal gland does 
with playful ease, was invalidated by the observation that in hypophy- 
sectomized animals, too, postoperative rests of the adrenal gland may 
succeed in keeping the animals alife 4+). Thus a great discrepancy continued 
to exist which we could not explain, until we heard of the work of SWANN 
and of that of DEANE and GreepP. In view of their experimental results 
these authors hold the view that the production of adrenal cortical steroids, 
comparable with doca (in contradistinction to the supply of the so-called 
11-oxysteroids) is not submitted to the influence of corticotropic hormone, 
and thus is independent of the hypophysis. If the authors mentioned are 
right we have, our experiments being made with doca, combated an equally 
great shortage with the same dose in hypophysectomized animals and in 
intact animals, and thus, in accordance with what may be anticipated in 
such a case, with equal success. As, conversely, our experiments may be 
interpreted as a support for the views of both SWANN and DEANE and 
GREEP, that has been secured by means of quite another method, we 
proceeded to publish our old data. 


Summary. 


1. Small amounts of desoxycorticosterone acetate prolong the life of 
adrenalectomized rats and hypophysectomized-adrenalectomized rats to 
comparable extents. 

2. This result may be linked up with the thesis, published in literature, 
that the production of doca-like cortical steroids takes place independently 
of the hypophysis. 


4) J. H, GAARENSTROOM, ibid, 


Anatomy. — Structural alterations indicated in the development of the 
human cranium. By J. Huizinca. (Communicated by Prof. M. W. 


WOERDEMAN.) 


(Communicated at the meeting of December 20, 1947.) 


In craniometrics, measures and their quotients (indices) are employed to 
analyse size and form, 

Hitherto, the question of the mutual position of those measures has not 
yet been considered. 

Without closer investigation it is not certain that this mutual situation 
should not be of great significance to the description of the form. 

In earlier anthropologic literature, as far as we had it within our reach, 
there occurred no description of structure analysis in the manner it has 
been accomplished recently by DE FROE (1947). 

The results of his investigation concerning the spatial relations of the 
principal skullmeasures justify in every respect a closer study of the 
question arising therefrom, and eventually a similar consideration of the 
classification of other properties. 

DE FROE's statement give no clue as to his method of investigation. 

After consultation we take this working method into closer examination. 


Upon each skull to be examined, small marks are placed, indicating the 
following spots: 

1. glabella; 

2. bregma (as far as it is not yet sufficiently recognisable) ; 

3. lambda (also when the sutures indicate this point distinctly, attention 
should be paid to the possible occurrence of ossa suturata in these sutures, 
which provide'a difficulty in ascertaining the exact position of lambda); 

4. opisthocranion (after determination with callipers); 

5. opisthion; 

6. basion; 

7, euryon, L as well as R (the two points, between which lie the largest 
skullbreadth, are marked after determination with callipers). 

The sagittal circumference of the skull is drawn next, in the supposedly 
wellknown method by means of the perigraph, upon which the position 
of the points 1—6 inclusive are indicated (in our investigation we are 
not concerned with the third point mentioned). 

The horizontal section through the line glabella-opisthocranion is also 
drawn, whereby special notation is made of the position of L and R euryon 
as regards this horizontal circumference. 

This position can be indicated by: 


a, measuring the distance from euryon to the point of the needle of the 
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perigraph (following the skull’s circumference), at the moment when both 
these points are centred on the same vertical line. 

b. marking in a diagram of the horizontal circumference, the section- 
point of both vertical and circumference lines, this being the place where 
the metal needle point is in a perpendicular position under or above the 
euryon. So doing, we project ZL and R euryon upon the horizontal 
circumference. 


The results are shown by the two representations (a and b) in fig. 1. 
Fig. 16 also shows how many mms L and R euryon were found situated 
above (or under) the place of the horizontal section (10 and 22 mm) 


Glab. 


Op-ca. 


a. b. 


Figs i 


Only in exceptional cases one might find this distance ZL and R 
equally large. 

Now we assume the mean value of both these L—R distances to be the 
distance between the line euryon-euryon and the line glabella-opistho- 
cranion crossing each other. 

In fig. 1b the position can be located of the intersection point of the 
projection of euryon-euryon on the plane of the diagram, with the line 
glabella-opisthocranion (90 mm from glabella). : 

Now we can say: the skull breadth (euryon-euryon) crosses the skull- 
length (glabella-opisthocranion) at 90 mm from glabella and 11 mm above 
the horizontal plane through the line glabella-opisthocranion. 


In the concerned publication of DE FRoE we find, among other things, 
a description of point B positions in 200 definitely male, and 90 definitely 
female skulls. 

This position may be studied with regard to the length as well as to the 
height of the skull. 
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As it was meant to be a preliminary orientation, only the varying 
positions of B as regards the length (glabella-opisthocranion) has been 
described. 

Naturally the position of B with regard to the length can vary in 
two ways: 

1. point B can: a. be lying above the length, 

b. coincide with a point on the length, 
c. be lying under the length. 

2. point B can be situated in the course of the length more to the 
front or more to the rear. 

The latter may be studied from the position of the footpoint V of B’s 
projection upon the length. 

In this treatise we will occupy ourselves with the position of footpoint V 
on the length. 

As material for research we had at our disposal the sagittal and 
horizontal sections of: 

1. 200 skulls of adult males, 

2. 90 skulls of adult females, 
as already used in DE FROE’s treatise, while in addition we were able to 
ascertain the circumference diagrams of: 

3. 100 skulls of children. 

The sex of these 100 skulls was unknown, however we managed to 
select a great number of these as being of children aging between 12 and 
16 years, by examining the teeth among other features. . 

4. 7 fetal skulls; sex, age, and process of maceration of these being 
unknown. 

At the same time we had a number of skulls available of children whose 
ages we knew, but not their sex. 

Divide in groups in accordance with age we had: 

5. 32 skulls of children aging from 0 to 6 years. 

6. 20 skulls of children aging from 6 to 11 years. 

All these skulls originated from the collection of the Anatomical- 
Embryological Laboratory of Amsterdam. 

Studying the sagittal sections it appears that there exists a definite 
relation between the afore mentioned footpoint V in connection with the 
two intersectionpoints of the basionbregmaheight and the opisthion- 
bregmaheight with the length. 

The first intersectionpoint (basion-bregma/glabella-opisthocranion) we 
denote as Sj, the second (bregma-opisthion/glabella-opisthocranion) we 
call Sp, 

A frequently occurring mutual arrangement of these three points (V, 
S; and S.) has been represented for instance in fig. la: V lies between the 
two other points. 

Concerning the variability of the position of V with regard to the position 
of S; we can be brief: V is always behind S, (reckoned from the glabella) . 
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V's position as regards Sp varies, however, in three ways: 

1. V lies in front of So, 

2. V coincides with So, 

3. V lies behind So. 

We stress the fact that here the points concerned are mathematical 
constructions. 

It is possible that, for instance, the basion-bregmaheight might indeed 
intersect the length; we doubt however if this would take place in reality. 

All used lines have been represented in the following procedure, as 
actual projections on the medio-sagittal plane (through the length of 
the skull). 

For the achievement of a mathematically exact conception of the 
structural proportions this method is less fitting; the question is, if such 
a conception might be gained in any other way. 

We realise that an investigation such as this contains the possibility 
of loosening the connection with its biological object to no small extend; 
on the other hand, it offers the possibility of indicating as to how the 
biological object might be approached. 

We will return to this question later. 


How many times V will coincide with Sy (see 2 above), is among other 
things dependent on the accuracy of the measurement. 

In our sagittal sections we ascertained the mutual positions correctly 
to a millimetre. 

For example in a diagram in which V is situated either within one 
millimetre in front or behind So, it has been considered to coincide with So. 


If point V, regarding glabella, is found behind So we refer to it in this 
treatise as: skulls with Rearlocation or Rearlocators. 

In the same manner we can distinguish between skulls with: 

Forelocation or Forelocators and Intermediary skulls or Intermediators. 

In the above described groups of skulls these three positions are 
represented as follows: 


Group | n |  Rearlocators Forelocators Intermediators 
1. fetal skulls 7 100 %/o — — 
2. 0 to 6 years 32 79 Op 21 %p = 
3. 6 to 11 years 20 65 %g 35 pg = 
4. 12 to 16 years (+) 100 31 9 61 % 8 /o 
5. adult women 90 * 36 %o 58 %/o 6 9/o 
6. adult men. 200 | 23 9/0 74 3 9 


This table shows: 

1. the frequency of forelocation increases with advancing age; 

2. that, concerning this there is a definite difference between adult 
women and adult men. 
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3. that there is no significant difference between adult women and 

children of about 12 to 16 years of age. 

Considering the magnitude of the percentages classification of rear- 
location and forelocation, the group “adult women” should be placed 
between the 6—11, and the 12—-16 age groups. 

The percentage sequence gives reason to consider the group “adult men”, 
not only regarding fetuses and young children, but also regarding adult 
women, to be a further developed unit, whereby the development is 
directed towards an increasing frequency of forelocation. 

In an earlier publication (1947) we alluded to the probability, (on 
grounds totally independent from the present investigation), that adult 
men compared with adult women might presumably be more individualised, 
thus in a possible course towards individualisation would represent the more 
progressive group. 

Weare inclined to regard the above mentioned as pointing again in this 
direction. 

Rearlocation would be a more primitive, compared with forelocation a 
less developed condition. 

Thus compared with rear-location we find fore-location more frequent 
in adult skulls. 

When beginning with an adult skull, (with already ossified sphenobasilar 
suture), then the above placed table can serve to obtain an indication for 
the sex diagnosis of the skull concerned. 

Suppose the skull in question is one with rearlocation. 

In adult women this type is apparently more frequent (36 %) than in 
the skulls of adult men (23 %). 

Calculating this out at 100 %, the rearlocator appears in the adult female 
skull in 61 % and in the male skull in 39 % of the cases. 

In the same way we calculate as probabilities for forelocation: 44 % 
chance to have an adult female skull, 56 % chance for an adult male skull. 

Fore location (FL) is a more masculine, rearlocation (RL) a more 
feminine and juvenile property. 

Together with other indications for sex determination this percentage 
may contribute to a higher probability of the diagnosis. 

It is not unlikely that the gradual sex difference mentioned, may be 
procured in some other way, perhaps less, but equally probable, more 
convincing. 

Further investigation into the correlation of FL and RL with other 
phenomena may be able to prove this. 

Concerning this we think for instance of certain angular measures, more 
or less dependent on the position of the points described above. This subject 
will be referred to later. 


Where RL resp. FL concerns the position of V behind, resp. in front 
of the intersectionpoint Ss, it is important to consider these two points 
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(Sy, and eventually S,) concerning their behaviour, in both situations, 
regarding the entire line glabella-opisthicranion. 
For instance: will V in FL and RL be found on an average in the same 
place on the said line, and will Sy be situated more to the front in RL? 
As to the study of this and similar questions we may in principle use 
the following supposition: The original situation of the developing skull 
is the rearlocation (fig. 2). 
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The data of the above placed table is pointing in that direction. 

In the course of the development the skull type with FL appears. 

Logically we expect this to occur via the stage of the intermediary skull 
(1.) (V and Sy coincide). ' 

It has been said before that the number of skulls qualified as inter- 
mediators depends, among other things, on the accuracy of the calculations. 

So it is possible that, if we calculated correctly to within one mm, many 
cases have been considered FL or RL, which really might have inter- 
mediators. In that case we find few instances of intermediary skulls, but 
those (see table) in their different groups of sex and age in the sequence 
of magnitude fitting in neatly into our suppositions: from the group of the 
children, via the group of adult women to the group of the adult men, 
in a reducing frequency. 


When we want to change the original situation (RL) into FL, (via I), 
then this can be done as follows: 

1. V advances, while Sy remains in its place. 

2. Ss moves to the rear while V keeps its place. 

3. V advances while So moves to the rear. 
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4, both Ss and V move to the rear, but Sp covers a larger distance 

than V. 

V and So. are both advancing, but V covers a larger distance than So. 

6. Although we do not discuss this point (at least in our publication), it 
is also possible that RL changes into FL by revolving of the line 
glabella-opisthocranion (see fig. 1), whereby the projection of B 
also changes its position. 

7. the mentioned factors 1—6 inclusive, are partially co-operating. 


nN 


It is possible, using the available data, to consider which of the changes 


mentioned may have taken place. 
Of the three largest groups from our material, viz. the 90 female skulls, 
the 200 male and the 100 juvenile skulls, we ascertained: 


1. the distance glabella~V as a percentage of the glabella-opisthocranion 
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(The behaviour of S; in the changing process is not unimportant, as 
S, and S» will accomplish the same directional movements, as a consequence 
of their geometrical connection in our biological object.) 


Female Shulls ? : . 


RL. 


ES 
j SOS 
FES SRK \ 
?, © <> 
© 3 otatenstecere 
SX SEAN 
SC SOO 
SSS OO ND 
eee S Qe SSN 


OOD 
OOOO 


Ft 


83 


Of these three percentage distances the frequency polygons have been 
made for each of the three groups of skulls. 

The particulars to be discussed of a certain frequency distribution 
(concerning V, S; and Sy) are the same in each of the three skullgroups, 
so we can confine ourselves to represent three frequency polygons instead 
of nine. 


I. The frequency polygon of the positions of point V (a percentage 
of the distance glabella-opisthocranion) has been represented in fig. 3 for 
the group of the female skulls (n = 90). 

Considering the positions of V in skulls of this group with existing 
FL resp. RL, it appears that in RL the distance between V and the glabella 
is considerably greater as an average percentage than in forelocators. 

The frequency polygons of the percentages expressing the position of V 
were also drawn in fig. 3 for RL and FL, 

(From these two polygons might be constructed the polygon of the 
material not. yet divided into forelocators and rearlocators, with this 
restriction, that possible intermediators are not taken into the account. 
These are missing in the construction of the polygon of the complete 
number. The number of occurring intermediators at a certain percentage 
(abscis) has been represented by dotted lines above the polygons.) 

The fact that V in the forelocators has moved so much more to the 
front as an average, is an indication that the possibility mentioned above 
under 1, 2, and 3, has been applied here, and certainly not the process 
mentioned under 2 and 4 (further see II). 

The position of V in other groups of skulls (men and children) behaves 
similarly. 


II. The frequency polygon of the positions of Sy (percentages of the 
distance between glabella and opisthocranion) has been represented in 
fig. 4 for the juvenile skullgroup (n = 100). 

Considering the positions of S» in skulls (of this group) with FL, resp. 
RL, it appears that in opposition to what is said of V, in rearlocators the 
distance between So and glabella as an average percentage is smaller, than 
in the forelocators. 

In FL therefore Sy as an average percentage lies more to the rear, on 
the line glabella-opisthocranion, compared with the rearlocator. 

As So in other skullgroups (men and women) behaves similarly, we are 
able to summarize what has been said under I and II among other things, 
as follows: of skulls with FL, point V on an average lies more to the front, 
while point Ss on an average lies more to the rear. This also counts, mutatis 
mutandis, for skulls with RL. 

If there really is the possibility of “becoming a forelocator’, as a 
progressive process of development, then it is most probable that the points 
V and S», are moving in opposite directions: V to the front, and Sy to the 


84 


rear, corresponding with the supposed changing possibilities. (Fig. 2 under 
Seancet,) 


Za 
NS 2. 


3 
5 40 
ie 
039 
1 

8 

6 

5 Sy 

oS 
ERR 
“es 
SS 
4 S505 Menetennte 
rs) 
Sos ©, 
2 SSKKKS 


4 


x 


Oo 2, 
eesececesececececesectetrecenaeeneeateeets 
SeSeeeteceroneneomerteoreeenenenteeeeennr 

SERRE SS OR 


Bregina - Of's thior 


Fig. 4. 


From the manner in which forelocator and rearlocator overlap each other, 
in the figures 3 and 4, it follows, that V's move to the front is striking a 
higher average than the movement of S» to the rear, 


Sg proves to be slightly more stable during the changing process. 


Til. The frequency polygon of positions of S; (in percentages of the 
distance between glabella and opisthocranion) 


fig. 5 for the male skullgroup (n = 200) 
The diagram again shows the 
separately. 


has been represented in 


percentages of forelocators and rearlocators 
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The same phenomenon occurs here as has been shown by Sg (see II.): 


in the rearlocators the distance between S; and glabella is smaller as a 
percentage and as an average than in forelocators, 
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Fig. 4, compared with fig.5 shows that the frequency polygons, indicating 
the positions of S;, belonging to RL and FL, overlap each other almost 
completely (fig. 5), which was not yet the case in So. 

In our supposed “becoming forelocated”, S; moves in the same direction 
as Sy (meaning: to the rear), but not to the same extent, (meaning: less). 

So S; shows a greater stability than Sy, while Sy. in its turn is more stable 
than V during the changing process. 
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As was written above, concerning the gradual sex differences in the 
mutual connections between V and So, there will certainly exist correlations 
between forelocation, rearlocation and other phenomena. 

Here, for instance, we think of the angle: opisthion-bregma-basion, of 
which, after what was said of the unproportional movements of Sy and S; 
in the ‘becoming forelocator” process, it is most probable, that this angle 
will undergo variations in magnitude. 

We are aware of having placed the biological aspect of this problem 
in a secondary position, in our geometrical consideration of the mutual 
arrangement in the sagittal plane. 

A more biological treatment of the considered process of change will be 
possible, however, if the associations with biologically better realized 
phenomena can be ascertained. 


Our further investigation has been based on this conception. 
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Botany. — Studies on the synthesis of growth substances. By J. R. 
ROBORGH and J. B. Tuomas. (Communicated by Prof. V. J. 
KONINGSBERGER. ) 


(Communicated at the meeting of December 20, 1947.) 


I. The action of heteroauxin on the growth of Chlorella vulgaris and 
the influence of light upon the production of growth substances. 


Introduction. 


Until now very little is known about the synthesis of auxin in plants. 
It is generally accepted that growth substances are synthesized in the 
leaves. 

VAN OVERBEEK (1933) demonstrated the influence of light on the pro- 
duction of growth substances in Raphanus cotyledons. 

SMITH (1945) showed in experiments on Parthenium argentatum that 
the leaves even inhibit bud growth, due to their considerable auxin pro- 
duction. 

So we decided to start our experiments by examining the formation of 
auxin in green cells. 

By varying external factors and by studying the simultaneous changes 
in the rate of the production of growth substances it might be possible to 
get some information on their synthesis. 

It is the intention to publish these investigations, carried out by different 
workers, in a series of papers the first one being presented here. 

Since leaves are complicated organs, we looked for more homogeneous 
material. As to this, green algae seemed to be favourable objects. It has 
been demonstrated by various authors that the growth of algae can be 
influenced by growth substances. YIN (1937) stated cell enlargement in 
Chlorella by adding heteroauxin. 

PRATT (1938) observed in concentrations ranging from 0 up to 100 ppm 
an influence (increase) on cell multiplication only. BRANNON and BARTSCH 
(1939) agree with PRATT. 

According to BRANNON and SELL (1945) heteroauxin in a concentration 
of 10 ppm and of 20 ppm causes an increase of the dry weight of 4 and 5 
times respectively. 

If it were true that the increased rate of céll division is caused directly 
by heteroauxin, the reaction of Chlorella on growth substances would be 
principally different from that of higher plants. 

On the other hand YIN observed cell enlargement up to 20 %. Also 
here Chlorella (vulgaris) behaves differently from higher plants. In the 
latter growth substances cause cell elongation (enlargement) up to a 
certain degree (full grown state). In pathological cases only the applicat- 
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ion of growth substances causes enlargement beyond the normal size 


(tumor tissue). 
For a possible explanation of these facts, we refer to the next pages. 


Statement of the problem. 


It seemed of interest to examine whether heteroauxin induces actually a 
direct increase of the cell multiplication. 

This observation might be shammed since one can imagine that the 
action of the growth substance is limited to an increased rate of cell 
enlargement from the young to the adult state. The maturation being 
quicker with more growth substance the cells might be ready to propagate 
within shorter intervals than they do without addition of heteroauxin. In 
this case the increased cell multiplication stated by PRATT c.o. is only a 
secondary effect of the growth substances. These experiments have been 
carried out by the first author. 

The fact of Chlorella being sensitive to the application of growth sub- 
stances suggests that this alga produces auxin. So the second part of this 
paper deals with its auxin production. After stating the latter, the second 
author examined the influence of light on the formation of growth sub- 
stances, 


Experimental part. 


1 On the intluence of Beterouisetn) foam ee 
growth. 


Material. 


A strain of Chlorella vulgaris var. viridis, kindly supplied by the Rocke- 
feller Biophysical Research Group at Utrecht was cultivated in the culture 
medium of Warburg (1919): FeSO4 0,03 g, MgSO4 2,46 g sodium citrate 
1,00 g, KNO3 1,26 g, KH2PO4 1,22 g, glucose 15,00 g, distilled water 
1000 cm3. 

After sterilization, 100 cm3 Erlenmeyer flasks, each provided with 50 cm3 
nutrient solution, were inoculated by introducing 1 cm? of a 14 days old 
stock culture. 

The flasks were placed in a shaking apparatus and were illuminated 
constantly by an incandescent lamp of 70 Watt at a distance of 2 meters, 
The controlled room temperature fluctuated between 26°—27° C. 


Methods. 


The diameters of the cells were determined by producing a micro stop- 
motion picture of a single layer of Chlorella and by measuring their pro- 
jection on a screen. 

To this purpose the slightly modified apparatus after HOEKMAN and 
Loosjes (unpublished) was used. A brief description may follow here. 
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A cuvette is adjusted at the top of an inversely placed microscope. The 
condensor is removed and the cuvette is fixed by means of clamps to the 
lower side (in the normal position) of the microscope table. At the lower 
end of the microscope an ocular with side-piece allows the focussing of 
the object during the experiment. The straight eye-piece throws the image 
through a lightproof connecting tube into a film-camera from which the 
objective is removed. The stop-motion shutter of the camera can be opened 
automatically. 

Since, however, in our experiments a relatively high power magnification 
(= 400 X) was required, we preferred to operate it by hand in order to 
avoid vibrations of the apparatus. The illumination was secured by an 
arc-lamp. 

The cuvette (fig. 1) consists of a glass cylinder (A) closed at its base 
by a brass plate (B), with an opening on which a coverglass (C) is glued. 


Fig. 1. Cuvette for microscopical observation of the cells. 
Explanation see text. 


At the top of the glass cylinder a brass plate (D) is fixed through 
which two brass tubes (E, F) and a glass cuvette (G) are introduced. The 
cuvette is narrowed at its lower end and is glued on the coverglass. A glass 
capillar (H) enables the establishment of a constant level of the nutrient 
solution (K). All parts of the apparatus are glued by means of so-called 
P. B. sealing-lac. The beam of light is focussed by a mirror (L) and, 
after passing the cuvette enters the microscope (M). 

By a flow of water of the temperature wanted through the tubes (£) 
and (F) a well-functioning thermostat is obtained. 

The cuvette was filled in the following way. A part of a culture suspension 
(3 to 34 weeks old in all experiments) was centrifuged twice (5 and 7 
minutes respectively). The clear supernatant fluid was decanted and 
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provided with heteroauxin (from a stock solution). In this way a hetero- 
auxin containing medium, nearly equal to the culture solution, in which 
the cells had grown, was obtained. By means of a micropipette some of the 
culture suspension was sucked up and introduced into the cuvette near to 
the bottom. 

In this way a monocellular layer of Chlorella could be obtained on the 
coverglass. Photographs were taken every hour, the first one 15 minutes 
after introducing the cells into the cuvette. In determining the diameters 
care was taken to avoid selection of the cells to be measured. Starting from 
a cell near the centre of the picture the neighbouring ones were measured 
at random till 100 readings were done. Afterwards we reduced this amount 
to 50, since the mean error proved to increase only slightly. 


Results and discussion. 
The results are produced in fig. 2. All experiments were carried out in 
duplo. 
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Fig. 2, Influence of heteroauxin on the growth of Chlorella. 
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The graphs of the upper row show the variations of the mean diameter 
of cells in the nutrient solution during 12 hours. We conclude the diameter 
to remain constant during a relatively long period. So the ratio of the 
numbers of full-grown cells and of growing ones is constant. However, in 
both graphs with the time the diameter of the cells slightly decreases, 
indicating that the amount of growing cells increases. 

This phenomenon might be explained as follows: 

By inoculating fresh media cell division may be induced by the improved 
conditions in the cell material derived from a stock suspension, so that the 
cells start to divide more or less synchronically. 

In this way minima and maxima of the mean diameter will occur. This 
influence possibly might not yet have vanished completely after 3 weeks. 

The graphs in the second row show the influence of heteroauxin in a 
concentration op 10 ppm. The variation of the mean diameter appears to 
be much smaller as compared to that of the controls. Examination of the 
photographs shows that cell division had almost stopped. 

Considering the influence of heteroauxin in a concentration of 1 ppm 
(third row) a regular fluctuation of the mean diameter is evident. 

A concentration of 0,1 ppm (fourth row) also causes the same 
phenomenon, be it at a slower rate. 

These results may be interpreted in the following way. Heteroauxin in 
a concentration of 1 ppm induces more frequent minima, that means stages 
in which young cells predominate. In this respect we may pay attention to 
the steep slope of the graph in the zone AB indicating an increased 
growth rate. 

At A the concentration of the young organisms is optimal. Under in- 
fluence of heteroauxin the cell enlargement is accelerated and they reach 
their full-grown state (B) earlier. Consequently they become capable to 
divide more quickly — zone BC — than they would have done without 
heteroauxin. 

The increase of cell multiplication observed by various authors therefore 
is only a secondary effect of heteroauxin. 

The same phenomenon is observed in a medium containing heteroauxin 
in a concentration of 0,1 ppm, though in a minor degree. However, in a 
concentration of 10 ppm heteroauxin appears to inhibit growth. This seems 
to be in contradiction to the experiments of BRANNON and SELL. 

We believe that this discrepancy is caused by a different technique. 
BRANNON and SELL determine the dry-weight of cultures after growing 
30 days in a medium to which heteroauxin in a concentration of 10 ppm 
had been added once (at the start of the experiment). We are inclined to 
suppose that the concentration became reduced (either by uptake or 
inactivation) during the course of the experiments in this way passing the 
optimal range. In this respect we might refer to the observations by 
BRANNON and SELL of the fact that during the first days the cultures 
showed a pale green appearance, the colour becoming normal after pro- 
longed cultivation. 
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As mentioned already YIN observed cell enlargement due to the action 
of heteroauxin. This statement might be explained by assuming that YIN 
compared incidentally the diameters corresponding with a minimum of our 
graphs with those occurring at a maximum. 

In preliminary experiments in which we measured the diameters of cells after growing 
during 6 as well as 20 hours in a medium containing heteroauxin (1 ppm as well as 
0.01 ppm) we could state an increase of the mean diameter too, The results obtained by 
our method of photographical recording, however, pointed out that our preliminary data 
suggested a wrong hypothesis. 

Summarizing we conclude that heteroauxin accelerates the normal cell 
enlargement. 

As a consequence of this fact the time interval between two periods of 
cleavage becomes shorter. So the relation between the action of hetero- 
auxin and the rate of cell division is an indirect one. 


(2. The influence of light on the production of 
growth substances. 


Material and methods. 


From the same stock suspension as used in the preceding experiments 
Erlenmeyer flasks containing the mentioned nutrient solution were in- 
oculated. At first we used 100 cm3-flasks, later on 300 cm3-ones filled 
with 30 cm3 and 100 cm3 medium respectively. 

In the earlier experiments the cells were kept suspended by stirring with 
sterile air, later on they were shaken. The cultures were grown at 23° C. 
Before extraction the suspensions were centrifuged. The liquid was 
decanted and 20 cm3 peroxide-free ether was added to the cells. The latter 
were left intact. 

We used the method of extraction, described by OPPENOORTH (1941), 
briefly resumed as follows. 

The cells were extracted during + 5 hours at 2° C, the ether being 
stirred several times. Then, the ether was evaporated to 0,5 cm’. Two 
slices of agar were added, the vessel (a small test tube) was closed and 
kept in the refrigerator over night. Then the ether was evaporated by a 
current of nitrogen. In this way the growth substances were absorbed 
almost quantitatively by the agar. At last each slice of agar was cut into 
12 blocks, which were tested on Avena immediately. 

The cultures were transported in light-proof boxes to the extraction room 
(except for the first 6 experiments), where they were centrifuged in orange 
light. The yield of auxin, however, proved to be the same without this 
precaution, 

The extractions and the Avena tests were carried out by Miss J. Coops, 
to whom we wish to express our gratitude here. 


Results. 


Firstly we examined whether Chlorella produces growth substances 
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indeed. Four 20 cm3-suspensions cultivated in daylight during 3 weeks 
(only in these experiments sugar being omitted from the medium), were 
poured together and treated as indicated above. In two sets the mean 
curvatures amounted to 8.4° and 10.8° + 1.3 respectively (heteroauxin 
in a concentration of 0.05 ppm causing a mean curvature of 13.0°), 

Next we investigated whether growth substances diffuse out of the cells. 
In our liquid media agar blocks were kept immersed over night and then 
tested. Also from solid media (the same nutrient solution with 2 % agar) 
blocks were cut and tested directly. In both cases, however, no curvatures 
were obtained: (Controls 1.6° + 0.3 and 2.3° + 0.5; tests 1.3° + 0.4 and 
Maret (nS) 22> =. 0,3 resp.). 

So we conclude: 

1. Chlorella vulgaris produces growth substances. 

2. There is no diffusion of growth substances from the cells into the 
medium. 


Nature of the growth substances. 


Three additional experiments were done to obtain an impression as to 
what extent the growth substances extracted consist of auxins. This 
procedure runned as follows. 

A culture was extracted as indicated above. The ether was evaporated 
completely and the residue was redissolved in 3 cm test liquid (distilled 
water, acetic acid and KCl, p,, = 4). The solution was divided into 3 equal 
parts. One part (A) was tested on Avena as usual. The second part (B) 
was autoclaved during 30 minutes at 120° C (p,, 4), in order to destruct 
all acid-sensitive growth substances. Then it was tested on Avena. The 
third part (C) was treated in the same way except for the adjustment of 
its p,, to 10.5 in order to destroy all alkali-sensitive growth substances. 

So from (A) we obtained the total amount, from (B) the amount of 
auxins and from (A—B) that of heteroauxin. 

(C) gives a much larger yield of heteroauxin than (A — B), proving that 
a large amount of growth substances is produced or liberated during the 
autoclaving in alkaline medium (D). 

The results, shown in table 1, are expressed in per cent of the total 
amount of growth substances extracted (A). 


TABLE 1. 


, Heteroauxin | Heteroauxin Growth substances 
Auxins, acid-stable | © ojcutated. | alkali-stable | formed during the 


fraction in per cent! i. per cent | fraction in autoclaving at 
B A—B per cent pH 10.5 in per cent 
Cc D 


87 13 200 | 187 


means: 


74 26 124 | 98 
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The growth substances extracted appear to consist of auxins for the 
greater part (about 75 %). The percentage of heteroauxin is amounting to 


about 25. 
We next investigated the effect of light on the auxin production. To 


this purpose the algae were cultivated in the light and in the dark. To all 
cultures sugar was added as mentioned above. Since auxin is inactivated 
by white light in the presence of carotenoids via its lactone (KONINGS- 
BERGER and VERKAAIK (1938); SCHURINGA (1941)), light cultures were 
grown in both white and orange light. 


TABLE 2. 
Growth of Chlorella during 8 days at different light conditions, 


Dryweight in mg. 
Exp. Nr. ; = ee, 
in dark in orange light | in white light 

6 82.8 130.4 183.0 
6a BOR 12a Ne Ife) 
8 76.5 122e1 ZAD 2 
9 eye 6 il 666.7 136.5 
10 BY/(55) 226.7 SALT 
11 (305 13722 396.0*) 
12 59.5 66.0 a 
13 US /ea 298.8 560.0*) 


*) Inaccurate values, 


Table 2 shows the dry-weight of 150 cm3-cultures after growing during 
eight days at the conditions mentioned. The growth in both kinds of light 
cultures appears to be much more intensive as compared to the multi- 
plication in the dark. As to the difference between white light cultures 
and orange light ones, we may remark that both sets of cultures received 
different light energies. No experiments on the effect of the light intensity 
have been done. ~ 

The algae growing faster in light we conclude to a predominance of the 
photosynthesis on the ‘‘dark assimilation” of sugar. 

So, if the production of growth substances is related to photosynthesis 
it is to be expected that the quantity of these substances extracted from 
“light” cultures and from ‘‘dark’’ ones will be different. 

The results obtained are presented in table 3. 

The figures have been obtained in the following way. 

The extracts of growth substances and a series of known concentrations 
of heteroauxin (0, 4 ppm, {5 ppm, zo ppm, 3; ppm) were tested 
simultaneously. The latter values were plotted in a curve. From this graph 
the concentration of heteroauxin inducing the same curvature as caused 
by the extract was determined. This value was divided by the amount of 
mg dry-weight. By comparing the amount of auxin extracted both in the 
dark and in the white light it becomes evident, that the “dark” (d) 
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TABLE 3. 
Growth substances Growth substances 
extracted in equi- extracted in equi- 
valents heteroauxin valents heteroauxin 
Exp. | 0.0001 ppm pro mg dil Exp. |0.0001 ppm pro mg d/ 
Nr. dry weight ’ Nr, dry weight : 
in the | in white in the | in orange 
dark (d) | light (J) dark (d) | light (o) 
la 5 ee oe 6 1.51 0157, 62.6 
1b rea! ae le 7 0.41 0.46 0.9 
2a | 3.99*)| 0.79*)| 5.0*) 8 2.77 1,64 11.7 
2b 4.00*) | 15937). 2 AF) 9 0.41 OR45) 0.9 
3 5.46 : 
a 24.43 4.5 10 0.87 0.83 150) 
3b 3255 ee 11 0.83 1.64 ORS: 
4 17.12 | 4.47 | 3.8 12 2210 2.08 1.0 
5 | 4.79 0. ‘ Ae : 
a 3.14 7 13 1.28 1.C9 he 
5b | 2.05 | 1.5 
6 51 OO la 2e5 
8 | Ae re) a i 
9 0.41 | | a 3) OFZ 
mean: | 2.55 + 0.66 mean: | 1.28+0.22 


*) Cultures slighty infected by bacteria. 


quantity surpasses the “‘light’”’ (1) one. Consequently the quotient d/I is 
higher than 1. 

If, however, we determine this value for cultures in ‘‘dark” and in 
“orange light’, the ratio proves to be nearly 1. 

From these facts we may conclude that, in accordance to KONINGSBERGER 
and VERKAAIK, in white light the growth substances are partly inactivated, 
so d/I is higher than 1. 

We are well aware of the fact that the amount of growth substances 
extracted does not indicate their production. The value obtained shows the 
difference between production and consumption. So we conclude from the 
above that this difference is not markedly affected by photosynthesis. 

Growth, however, is stimulated by light (cf. table 2). Autotrophic 
conditions in addition to sugar seem to be much more favourable with 
respect to cell multiplication than heterotrophic circumstances are. Now, 
the difference between the production of growth substances and their 
consumption remaining constant, the production seems to be accelerated 
too. The question arises whether the relation between production of growth 
substances and light is a direct or an indirect one. It hardly can be 
expected that in the life-cycle of a single cell the auxin yield by extraction 
will remain constant. In the first stages — during cell enlargement — the 
auxin consumption will prevail most probably. The full-grown state being 
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reached either the auxin production might dominate, or production and 
consumption both might be reduced practically to nil. 

So it seemed of interest to consider the data from table 3 in relation to 
the growth activity of the cultures. In this way the ratio d/o might show 
minor fluctuations than they do in table 3 and also minor deviations from 1, 
if the hypothesis on a varying consumption of growth substances were 


right. 


Before starting these considerations we may call attention to the following facts. The 
data of table 3 were obtained in two periods (before and after summer holidays). In the 
first series the results diverge considerably more than they do in the second one (end of 
August till October). All operations being performed in just the same way we are inclined 
to suppose this phenomenon to be due to internal factors in Chlorella. 

So in the following considerations we will deal with the results of the second series 
(Nrs, 8—13) only. Moreover in exp. 10 we used two cultures of “d” and “o” in order to 
obtain more reliable values. The same occurred in exp. 11 for the “d’’ culture. So, in order 
to obtain the dry weight of one culture, the values, given in table 3 must be divided by 2. 
In this way we introduce an error, it is true, but, since the cultures mentioned looked 
practically equal, the error will be negligeable in the calculations to be presented here. 


Since the cultures had been growing during 8 days the dry weight is an 
indication for the rate of growth. As it appears from table 3 the growth 
rate of different cultures of series 2 diverges considerably. Since, as 
indicated above, the conditions were kept constant we attribute this 
phenomenon to unknown internal factors. By comparing now the auxin 
yields from ‘‘d’’ and from “‘o” of cultures showing about the same dry 


weight (so of the same growth rate) the ratio d/o gets the values of 
table 4. 


TABLE 4. 


Growth substances 
extracted in equivalents 
0,0001 ppm heteroauxin d/o 

per mg dryweight 


Dryweight 
in mgr 


O==50 0.87 
0.83 ae = 
mean: 0.85 
50— 100 2510 2.08 
2ett 1.64 133 


mean: 2.43 | mean 1.86 


100—150 1.28 1.09 
1 64 
0.83 Lad 
mean: 1.19 


150—700 0.41 Ov4a5 O59 
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If we combine the data in this way, the values of d/o appear to match 
each other rather well. 

So it seemed of interest to examine the relation between the amount of 
growth substances extracted and the growth rate in a more exact way. 
Further we calculated the number of molecules of growth substances 
extracted from a single cell. In this manner an impression can be formed 
about their production of the mean cell. 

We calculated the number of auxin molecules only. The quantity of 
heteroauxin molecules can be obtained in the same way. Firstly we 
determined the amount of Chlorella cells per 1 mg dry weight (1.3 X 108 
cells). 

Furthermore are known: the number and the volume of the agar slices 
used, the molecular weight of heteroauxin and of both auxins, the relative 
molecular activity of these substances (KOGL (1935) and KOGL and 
KOSTERMANS (1935) ), and the percentage of the auxins of the total amount 
of the growth substances extracted. From these figures a factor could be 
calculated, which, after multiplication with the ‘equivalent values’ (table 
3, exp. 8—13), yielded the number of auxin molecules extracted from a 
single cell. This factor amounted to 25.4. The data are plotted in figure 3. 
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Fig. 3. Relation between growth rate and number of auxin molecules extracted per 
cell. @: “dark” cultures, ©: “‘orange light’. cultures. In drawing the curve the black 
points only have been considered. 


The rate of growth is indicated by the abscissa. Since the dry weights 
concerned are derived from cultures aging 8 days, they are a function of 
the growth rate of the culture. The curve has been drawn through the 
black points (“dark”’ cultures). The open circles show the values obtained 
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from “orange light’ cultures. The scattering of the latter may be caused 
by a sub-optimal illumination of the cells. 

The graph might be interpreted as follows. In slowly growing cultures 
the yield of auxin is low. At increasing growth rate more auxin can be 
extracted. An optimum appears to exist in cultures producing about 75 mg 
dry weight after 8 days. In fast growing cultures the yield of auxin is low 
again. 

Since cell enlargement is due both to the presence of growth substances 
and to the “food factor”, we might conclude from the pre-optimal part 
of the curve that auxin is synthesized physiologically in excess to the 
assimilates constituting the “food factor’. These substances being formed 
up to a sufficient amount, cell enlargement starts to proceed more rapidly. 
Consequently the amount of auxin required for this process will increase. 
So the auxin quantity extracted will decrease. At a growth rate above the 
production of 180 mg dry weight in 8 days, the difference between auxin 
production and auxin consumption appears to be constant. In this range 
10 auxin molecules only can be extracted per cell. 

Considering once more the pre-optimal part of the curve, in which 
auxin consumption appears to be minimal, we conclude to a correlation 
between auxin production and growth rate, the latter being regulated here 
by e.g. the ‘food factor”. The “light” points fitting well in the graph 
(their scattering taken for granted) indicate, that in some illuminated 
cultures which (for an unknown reason) are growing slowly, auxin pro- 
duction is not accelerated as compared to that in “dark’’ cultures. 

From these data we conclude that the auxin production is related to 
assimilation. As to this we refer also to VAN RAALTE (1937) who stated 
the auxin production to increase if glucose is applied. 

Whether the assimilation is of the heterotrophic or of the autotrophic 
type, is of no interest with regard to auxin production. Consequently we 
state light not to be essential in the production of growth substances. 


Summary. 


The influence of heteroauxin on the growth of Chlorella vulgaris var. 
viridis as well as the growth substances production of this alga have been 
studied. The following results have been obtained. 

1. Cell enlargement, analogous to cell elongation in higher plants, is 
stimulated by heteroauxin in a concentration of 1 ppm, 0,1 ppm causing 
the same phenomenon though to a minor degree. 

2. 10 ppm of heteroauxin impedes growth. 

3. In the concentrations studied heteroauxin does not influence cell 
multiplication in a direct way. The divergent results of various authors 
have been discussed. 


4. The alga produces growth substances, which, however, do not 
diffuse into the culture medium, 
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5. About 74 per cent of the growth substances extracted consist of 
auxins. 

6. The difference between the production and the consumption of 
growth substances is influenced by the growth rate. The amount of 
auxins extracted per one cell from a fast growing culture amounts to about 
10 molecules. 

7. Light is not essential in the production of growth substances. 


We owe much to Prof. Dr. V. J. KONINGSBERGER for his interest in these 
investigations and his valuable criticism. 


Botanical Laboratory, Utrecht. 
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Petrology. — On amphibolitic and related rocks from western Celebes and 
the southern Sierra Nevada, California. By C. G. EGELER. (Com- 
municated by Prof. H. A. BROUWER.) 


(Communicated at the meeting of December 20, 1947.) 


In 1946 the writer of the present paper published the results of the 
petrological investigation of the metamorphic rocks, collected in western 
Celebes by the Celebes expedition of 1929 under the leadership of H. A. 
BROUWER!). It was proved that the young, presumably alpine, granodioritic 
intrusions, which are so widely distributed in the western part of the island, 
have given rise to an intensive plutono-metamorphism, which, for an 
important part, was superimposed over an older regional metamorphism ?). 
Special attention was given to the resulting phenomena of polymeta~- 
morphism, especially to those in the micaceous and amphibolitic rock types. 

An interesting paper by DURRELL3) on the metamorphism in the 
southern Sierra Nevada, California — which due to war conditions did not 
reach the author before publication of his study on western Celebes — is 
the main cause for a brief review of the various observations and con- 
clusions made, the more so as in the said Californian area a contact meta- 
morphism, when superposed on dynamothermally metamorphic 4) amphi- 
bolitic rocks, has given rise to rock types closely resembling some of the 
polymetamorphic varieties found in western Celebes 5). At the same time 
some of DURRELL’s results are subjected to a brief discussion, while further 
it is demonstrated that application of the “‘facies principle’ ®) to the 
Californian rocks may lead to a somewhat deviating view on their genesis. 


1) C. G. EGELER, Contribution to the petrology of the metamorphic rocks of western 
Celebes. Thesis, Amsterdam (1946). Also published in: Geological explorations in the 
island of Celebes under the leadership of H. A. BROUWER, Amsterdam, 175—346 (1947). 

?) The term “‘régional metamorphism” is used as defined by A. HARKER, Metamorphism. 
London, 2d. ed., (1939), p. 177. 

3) C. DURRELL, Metamorphism in the southern Sierra Nevada, Northeast of Visalia, 
California. Univ. Cal, Publ., Bull, Dep. Geol. Scs., 25, 1—118 (1940). 

4) The terms “contact metamorphism” and “dynamothermal metamorphism” are both 
used as defined by G, W. TYRRELL, The Principles of Petrology, London, 2d. ed., 
(1929), p. 254—255, 

5) In the Sierra Nevada DURRELL considers both types of metamorphism to have 
occurred during the intrusion of the late-jurassic granitic magmas and here “the super- 
position of the contact metamorphism over the dynamothermal metamorphism is accounted 
for by the upward advance of the magmas during the enlargement of their chambers” 
(C. DURRELL, op. cit, p. 117), thus implying a more or Jess continuous process, In 
western Celebes on the other hand, reasons were found for a sharp discrimination of the 
two main types of metamorphism and to consider both as phases belonging to widely 
separate geological periods. This difference, however, does not appear of serious influence 
on the ultimate result; therefore, comparison between both cases seems justified. 

8) P. ESKOLA, Die metamorphen Gesteine. In: T, F. W. BARTH, C. W. CORRENS and 
P, ESKOLA, Die Entstehung der Gesteine. Berlin, (1939), p. 334—369., 
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In western Celebes normal regiona!-metamorphic amphibolitic rocks may 
be distinguished from polymetamorphic varieties which owe their final habit 
to the plutono-metamorphism, represented here by two subfacies of the 
amphibolite facies, viz. the andalusite-amphibolite and the sillimanite- 
cordierite-amphibolite subfacies 7). 

The regional-metamorphic group contains several rock types meta- 
morphosed in the epidote-amphibolite facies (mainly amphibole-albite- 
epidote-chlorite-schists, epidote-amphibolites and epidioritic rocks) as well 
as a somewhat higher grade type of amphibolites and amphibole-schists, 
believed to be metamorphosed in the staurolite-amphibolite subfacies. 

In the epidote-amphibolitic varieties important changes due to the 
influence of intrusion were nowhere found. This does not imply, however, 
that the possibility was not taken into consideration of some of the poly- 
metamorphic plagioclase-amphibolites and related types not yet having 
attained the plagioclase-amphibolite status previous to the plutonic invasion, 
but ‘that also rocks of the greenschist and epidote-amphibolite type were 
promoted to hornfelsic amphibolites and hornfelsic amphibole-schists under 
influence of intrusions’’ 8), 

More interesting, from a genetical point of view, are the amphibolitic 
varieties containing lime-bearing plagioclase, in other words, those meta~ 
morphosed in the amphibolite facies. These rocks, which often contain a 
considerable amount of pyroxene, as mentioned above, were partly meta- 
morphosed in the staurolite-amphibolite subfacies. In the abundant poly- 
metamorphic varieties, however, this subfacies appears to be replaced by 
one of the plutono-metamorphic amphibolite subfacies. It is clear that in 
rocks of this composition it is often difficult or even impossible to 
distinguish between the mineralogical features due to one subfacies or the 
other, as the association plagioclase-amphibole is critical of the amphibolite 
facies as a whole and consequently occurs in all its subfacies. Whether 
the same holds good for the association plagioclase-amphibole-clinopyroxene 
is doubtful as according to VoGT diopside is not stable in the staurolite- 
amphibolite subfacies 9). It indeed seems likely that the development of 
the pyroxene should be attributed to the metamorphism induced by the 
plutonic intrusions rather than to the regional metamorphism, the more so 
as the mineral is restricted to varieties believed to be polymetamorphic. 
In western Celebes the development in the amphibolitic rocks of either 
amphibole or pyroxene, is considered a function of the original chemical 
composition, for reasons to be discussed at the end of the present paper. 

There are still one or two more mineralogical features, which appear 


7) CC. G. EGELER, op. cit., p. 139 and p. 320 resp. 

8) C. G. EGELER, op. cit. p. 152 and p. 333 resp, It appears that the results of 
DURRELL’s observations in the Sierra Nevada justify this conception. 

9) TH. VOGT, Sulitelmafeltets geologi og petrografi. Norg. Geol. Unders. 121, 
(1927), p. 432— 438. A renewed study of the amphibolitic varieties from western Celebes 
seems to sustain VOGT’s opinion, 
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related to one type of metamorphism or the other. Especially the relatively 
high lime-content of the plagioclase (up to intermediate bytownite and 
occasionally even bytownite-anorthite) in the polymetamorphic types, 
as contrasted with the more intermediate or acid composition of the 
felspars in most regionally metamorphosed varieties, should be mentioned, 
whereas also the predominance of brownish green amphiboles in the 
former and more green or bluish green amphiboles in the latter seems 
worthy of remark. In this connection the occasional occurrence of transit- 
ional types, containing zonary amphibole crystals with bluish green cores 
and more brownish green rims, is also of special interest. 

The replacement of the original regional-metamorphic structure by a 
more hornfels-like kind of structure is much more characteristic than the 
mineralogical changes mentioned above. In fact, all transitions appear to 
be presented from normal amphibolites and amphibole-schists, via more or 
less hornfelsic varieties, to true hornfelses. This leads to the conclusion 
“that the final structural elements are dependent on the grade of plutono- 
metamorphism to which the originally regionally metamorphosed amphibo- 
litic rocks were subjected” 19). 


Now let us discuss the main features of the amphibolitic and related 
types from the southern Sierra Nevada. 

The least intensely metamorphosed varieties occur in the areas most 
remote from the granitic intrusions. Locally — in the Rocky Hill district 
— they are represented by albitic members. Application of the “facies 
principle’ places these rocks in the epidote-amphibolite facies, as may be 
concluded from the association amphibole-epidote-albite occurring in most 
varieties. Elsewhere the dynamothermal metamorphism has given rise to a 
somewhat higher grade type of amphibolitic rocks in which the felspar 
appears never more sodic than calcic oligoclase, these rocks evidently being 
metamorphosed in the amphibolite facies. 

Nearer to the plutonic contacts the average grain size increases and the 
plagioclase becomes richer in anorthite. In the rocks of the Rocky Hill type 
albite makes way for a more intermediate plagioclase (generally andesine), 
while epidote and zoisite disappear. Chlorite, green biotite and calcite, usual 
constituents of the epidote-amphibolitic rocks, disappear too. Hornblende 
becomes rapidly more abundant and the rocks become plagioclase-amphi- 
bolites; in other words, the epidote-amphibolite facies passes into the 
amphibolite facies. In the plagioclase-amphibolites in the rest of the area, 
which were already mentioned above, the felspar becomes more calcic 
(occasionally up to sodic bytownite) while blastophenocrysts of felspar, 
abundant in the lower grade types, often appear granulated 11), 

Still nearer to the intrusive granites the thermal influence becomes really 


10) C. G, EGELER, op. cit., p. 150 and p, 331 resp. 


11) In one place a somewhat divergent type of amphibolite was found to occur, viz. a 
garnet-plagioclase-amphibolite. 
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evident, often resulting in the development of hornfels-structures while 
further a monoclinic pyroxene makes its first appearance. This latter fact 
is of major interest, especially as the mineral appears to be formed at the 
expense of the amphiboles. When much amphibole persists into the contact 
zone the original schistosity of the rocks may be preserved, but when 
pyroxene is developed in a considerable amount this schistosity is lost; the 
final product is a plagioclase-diopside-hornfels in which some hornblende 
is nearly always present. Here it should be mentioned that, in contrast 
with Ceiebes, no indications were found that the composition of the 
amphibole is controlled by the type of the metamorphism. In the Calli- 
fornian rocks the various types of hornblende distinguished occur both in 
contact- and dynamothermally metamorphosed varieties. The plagioclase 
of the contact rocks may be highly calcic (up to calcic bytownite), Amphi- 
bolitic rocks poor in plagioclase are changed to amphibole-hornfelses (with 
diopside never as an important constituent) and, in the highest grades, to 
hornfelses with hornblende, hypersthene and green spinel. 
DURRELL 12) pointed out the difficulty in clearly distinguishing between 
the effects of the contact metamorphism and those of the higher grades 
of dynamothermal metamorphism, the more so as typical hornfels structures 
are not always developed. According to him, the earliest change in the 
plagioclase-amphibolites to be attributed to contact action, is the devel- 
opment of the diopside. With full appreciation, however, for the difficulties 
encountered, this still seems somewhat arbitrary. The development in the 
contact zone of pyroxene at the expense of amphibole, seems to suggest 
that metamorphism here was in the pyroxene-hornfels facies, this meta- 
morphism being superposed over metamorphism in the amphibolite facies. 
Now it has been stated by EskOLA 13), that in contact zones around 
intrusive bodies, the pyroxene-hornfels facies of the inner zone in general 
passes into the amphibolite facies towards the exterior, and there seems 
to be no reason why this case should be an exception. Consequently the 
question arises whether the increase of grain size as well as the increase 
of lime-content of the felspar, observed in the amphibolitic rocks when 
approaching the granitic bodies, should not be attributed to the contact 
metamorphism rather than to an increasing grade of dynamothermal meta- 
morphism, contact metamorphism in a subfacies of the amphibolite facies 
thus being superposed over dynamothermal metamorphism in the epidote- 
amphibolite facies (in the Rocky Hill district) and in a presumably some- 
what divergent dynamothermal subfacies of the amphibolite facies (else- 
where in the area) 14), When answering this question in the affirmative, 


12) Op. cit., p. 70. 

13) P ESKOLA, op, cit., p. 351. 

14) The occasional persistence, directly to the contact, of the so-called higher grade 
dynamothermally metamorphic plagioclase-amphibolites, need not be in contradiction to 
this theory, as the high temperature essential for metamorphism in the pyroxene-hornfels 
facies may not always have been attained. 
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the striking resemblance of some of the rock types from the Sierra Nevada 
to types from western Celebes becomes more clear. 


With this brief treatment of the main features of the amphibolitic rocks 
from the two areas, the subject of the contrasted origin of the pyroxenic 
varieties remains for consideration. We have seen that in the Californian 
area the metamorphism in the inner contact zone has given rise to the 
formation of pyroxene out of amphibole. In general, the mineral appears 
first in the felspar-rich parts of the rocks and in banded types all the 
hornblende in plagioclase-rich bands may be converted to diopside while 
the hornblende in the amphibole-rich bands is still unchanged. In more 
thoroughly recrystallized types, however, a generally porphyroblastic 
pyroxene may also replace the amphibole in the amphibole-rich bands, this 
resulting in the formation of plagioclase-diopside-hornfelses. 

DuRRELL 15) discusses the position of the pyroxene and suggests that, 
instead of a pure diopside, a more magnesian and possibly aluminous 
variety is dealt with, the composition of which might be more or less 
conformable to that of the replaced hornblende. No adequate explanation 
is given for the development of pyroxene in the plagioclase-rich bands 
prior to the amphibole-rich ones, though the fact is pointed out that the 
highly felspathic bands are considered to arize from an admixture of lime 
to tuffaceous sediments and that an excess of lime would permit the 
conversion of hornblende to diopside. Here DURRELL 16) refers to the 
behaviour of the pyroxenes in the diopside-amphibolites from the Orijarvi 
Region in southwestern Finland, which was discussed by ESKOLA 17). 
Indeed ESsKOLA too attributes the occurrence of pyroxene instead of 
amphibole to a variation in the original chemical constitution, i.c. to the 
high total amount of lime in particular bands. It should well be realised, 
however, that these two cases are not analogous, as the pyroxene in the 
diopside-amphibolites from Finland arises from metamorphism in the 
amphibolite facies instead of the pyroxene-hornfels facies, and therefore 
does not originate from conversion of amphibole. In the amphibolite facies, 
when the chemical composition permits, amphibole is always formed, and 
in the Finnish rocks hornblende pseudomorphs after pyroxene were found 
while uralitization of all the diopside could not occur ‘‘since all the available 
magnesia and ferrous iron had been used up to form hornblende” 18). 

The fact that, the same as in Finland, metamorphism in western Celebes 
has been in the amphibolite facies, makes a similar origin of the pyroxene 
in the amphibolitic rock types most likely. Rocks closely resembling those 
described by EsKOLA are indeed abundant 19), They form a well-defined 


SD) Oyen, its, fo, HAO). 
EC eOp, cite prot 
**) P, EskOLA, On the Petrology of the Orijarvi Region in southwestern Finland. 
Bull. Comm. Geol, Finl. 40, (1914), p. 118—120, 

18) P, ESKOLA, op. cit., p. 120. 

#) It should be noted that the pyroxene-bearing amphibolitic rocks from western 
Celebes do not, like most of the Finnish varieties, contain microcline, 
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group of banded schists representing laminated sediments, in analogy 
with the Californian and Finnish varieties, presumably partly of pyroclastic 
origin. The banding is usually caused by the alternation of bands rich in 
plagioclase and pyroxene with bands in which amphibole is the ferro- 
magnesian mineral, or occasionally with felspathic bands containing both 
amphibole and pyroxene. Sometimes also, narrow bands consist almost 
exclusively of amphibole. The banding is again considered to originate 
from variations in the constitution of the successive seams of the original 
sediments. Generally the amphibole and the pyroxene are crystallized in 
separate individuals, though they occasionally appear intergrown. Pseudo- 
morphs of amphibole after pyroxene, like those described from Finland, 
were not found in the rocks investigated. 

In a few divergent types, presumably of igneous origin, the relationship 
between amphibole and pyroxene is not quite clear; in one or two cases 
the pyroxene may indeed be formed at the expense of the other mineral. 
A similar behaviour of pyroxene was noted by GISOLF 2°) in several augite- 
amphibolites from the western part of Central Celebes. Evidently the 
possibility should not be ruled out, that the heat from the plutonic intrusions 
may locally have given rise to a metamorphism in the pyroxene-hornfels 
facies, instead of the metamorphism in the amphibolite facies which 
dominates in western Celebes. 


Summary. 

The strong resemblance between some of the amphibolitic and related 
rocks from the southern Sierra Nevada, California, and varieties from 
western Celebes, is due to the fact that they, in both cases, owe their final 
habit to the superposition of a metamorphism induced by the heat from 
plutonic intrusions on original epidote-amphibolitic or plagioclase-amphi- 
bolitic rocks. In the Californian area, the metamorphism in the inner 
contact zone appears to have been in the pyroxene-hornfels facies. There 
are reasons to assume that farther from the contact this facies passes into 
a contact-metamorphic amphibolite subfacies. Thus, superposition of two 
different types of amphibolitic metamorphism may occur, a common pheno- 
menon in western Celebes, where the metamorphism induced by the intru- 
sions was generally in the amphibolite facies. 

The monoclinic pyroxenes, occurring in amphibolitic rocks from both 
areas, are not of a similar origin. In the Sierra Nevada the pyroxene is 
a product of the metamorphism in the pyroxene-hornfels facies and is 
formed by conversion of amphibole, whereas in western Celebes the mineral 
generally arises from the amphibolitic metamorphism, when the formation 
of amphibole is not possible due to the chemical composition. 


Amsterdam, Geological Institute of the University. 


20) W.F. GISOLF, Petrographie van Midden Celebes. In: E. C. ABENDANON, Geolo- 
gische en geographische doorkruisingen van Midden Celebes, 3, 1017—1382 (1917). 


Therapy. — De behandeling van experimenteele tuberculose met lage 
zuurstofspanning. Door S. G. ONG, L. E, DEN DOOREN DE JONG en 
H. E. ScHoRNAGEL. (Aangeboden door Prof. A. J. KLUYVER.) 


(Communicated at the meeting of November 29, 1947.) 


1. De tuberculosebacterie, Mycobacterium tuberculosis, onderscheidt 
zich van de meeste pathogene bacterién, doordat hij zich niet kan ver- 
menigvuldigen en ademhalen bij afwezigheid van zuurstof. Mycobacterium 
tuberculosis is dus een obligaat aérobe bacterie. 

Novy en SouLe (1925) hebben aangetoond dat de groei en de adem- 
haling van de tuberkelbacterie verminderen naarmate de zuurstofspanning 
daalt. Volgens CorPER, LuRIE en Uye! (1927) groeit de tuberkelbacterie 
in gewone lucht met 21 % zuurstof beter dan in een gasmengsel overeen- 
komend met alveolaire lucht: 15,9 % Ox en 6,4 % COg bij 628 mm Hg. Alle 
concentraties worden in deze mededeeling uitgedrukt in vol. %. In lucht 
met dezelfde samenstelling als in veneus bloed: 5,6 % zuurstof en 7,5 % 
koolzuur, is de groei nog slechter en met 0,1 % zuurstof is er geen groei 
waar te nemen na 6 weken. De tuberkelbacterie is echter nog niet dood, 
met uitzondering van een virulente humane stam. 

Volgens LOEBEL, SCHORR en RICHARDSON (1933) verkrijgt de tuberkel- 
bacterie door anaerobische splitsing van glucose een energie, die minder 
dan 1/o99 is van die, verkregen door oxydatie van glucose in lucht. Door 
de tuberkelbacterie gedurende 3—4 dagen aan stikstof bloot te stellen 
wordt deze gedood. 

De ademhaling van de tuberkelbacterie als functie van de zuurstof- 
concentratie in de lucht is door KEMPNER (1939) onderzocht. De curve 
heeft denzelfden vorm als de bekende dissociatiecurve van haemoglobine. 
Bij een zuurstofconcentratie van 12—14 % heeft de ademhaling bijna de 
maximumsnelheid bereikt. Het respiratorisch quotient CO./Oz blijft prac- 
tisch constant bij alle zuurstofconcentraties en bedraagt gemiddeld 0,75. 

POTTER (1942) toonde aan, dat tuberkelbacterién van humanen, bovinen 
en aviairen oorsprong gedood werden bij aanwezigheid van geringe sporen 
zuurstof, veel vocht en bewaard op een temperatuur van 38° C. Een 
gedeelte van de onderzochte stammen wordt gedood na een verblijf van 
25 dagen, maar na een maand zijn zij alle dood gegaan. 

Het is merkwaardig, dat na deze onderzoekingen en die van DAvID 
(1912), die 35 jaren geleden zijn begonnen, niemand er over dacht om 
tuberculose met lage zuurstofspanning te behandelen. De oorzaak ligt 
waarschijnlijk hierin, dat deze onderzoekingen onopgemerkt zijn en door 
de moeilijke experimenteele techniek, die er aan verbonden is. 

In een voordracht voor het Klinisch Genootschap in Rotterdam (9 No- 
vember 1939) en gepubliceerd in 1940 heeft een onzer (DEN DOOREN DE 
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JONG) gepleit voor een verpleging van tuberculose patiénten in localiteiten 
waarin het zuurstofgehalte van de lucht kunstmatig op 10 % zou worden 
gehouden. 

Onafhankelijk hiervan heeft KEMPNER (1939) in Amerika dezelfde 
meening verkondigd. Hij berekende uit zijn proeven dat de ademhaling 
van de tuberkelbacterie in de longen (14 % zuurstof) en op zeeniveau 
slechts 20 % minder is dan van cultures in normale atmospheer (21 % 
zuurstof), terwij] deze vermindering gelijk is aan 33 tot 58 %o op 3000 m. 
hoogte. 

Een behandeling van tuberculose met lage zuurstofspanning vindt verder 
steun in de volgende proeven. VoRwALD (1937) heeft gevonden dat de 
foetus van caviae veel resistenter zijn tegenover tuberculose dan volwassen 
caviae. De oorzaak ligt hierin, dat het foetaal hartebloed slechts 8,2 % 
zuurstof bevat. Volgens CamppeLt (1931) daalt de zuurstofspanning in 
de weefsels als men dieren langen tijd blootstelt aan een atmospheer met 
lage zuurstofspanning. ‘ 

Proeven, verricht door Davip (1912) waarbij tuberculose dieren ge- 
durende slechts enkele uren per dag aan lage zuurstofspanning werden 
blootgesteld, hebben weinig resultaat opgeleverd. Dezelfde proef door 
Sincer (1929) op tuberculose patiénten herhaald heeft geen resultaat 
opgeleverd. Heel anders is het resultaat, verkregen door RICH en FOLLIS 
(1942), die wij na afloop van onze proeven te weten zijn gekomen. RICH 
en Fotis hebben caviae en konijnen in een afgesloten kist gedaan. De 
dieren bleven daar gedurende 3 4 4 weken bij dezelfde zuurstofspanning. 

Na afloop van dezen tijd werden de behandelde en de contréle dieren 
gedood en met elkaar vergeleken. Het is gebleken, dat de tuberculose- 
afwijkingen in de organen der behandelde dieren minder ernstig waren, 
wanneer zij in een zuurstofatmospheer van niet hooger dan 9 4 10% 


hadden geleefd. 


2. Bij onze proeven worden eerst caviae gebruikt, maar daar deze 
dieren zooveel ruimte innemen, hebben wij daarna witte muizen gebruikt. 
Muizen worden beschouwd als weinig gevoelig voor tuberculose volgens 
de onderzoekingen van Koch en RABINOWITSCH (1907) en STRAUSS 
(1895). Volgens Booguet en NéGre (1921) zijn de verkregen resultaten 
bij muizen zeer ongelijk, welke dosis, virulentie en wijze van inspuiting 
men ook gebruikt. 

Zooals in het algemeen wordt aangenomen, zijn muizen gevoelig voor 
tuberkelbacterién van aviairen en bovinen oorsprong en minder gevoelig 
voor die van humanen oorsprong. Muizen hebben het voordeel, dat zij in 
onze proeven weinig ruimte innemen, dat zij alle longtuberculose vertoonen 
en dat de proef snel verloopt. Indien men muizen van een bepaalden stam 
neemt, zullen de resultaten zeer gelijkwaardig zijn. 

Bij onze proeven gebruiken wij de tuberkelbacterie Vallée, van bovinen 
oorsprong en afkomstig van het Instituut Pasteur te Parijs. De ouderdom 
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der cultures, gekweekt in den voedingsbodem van Léwenstein is 55 dagen 
in de eerste, 19 dagen in de tweede, 22 dagen in de derde en 53 dagen 
in de vierde serie. 

Na vele mislukkingen hebben wij de volgende techniek toegepast. De 
dieren, verkregen door loting, worden geplaatst in een glazen bak van 
42 cm lengte, 26 cm breedte en 23 cm hoogte. De bak wordt van boven 
stevig afgesloten door een plaat van eterniet, die met veeren wordt be- 
vestigd (zie photo 1). Tusschen het deksel en den bak bevindt zich een 
drievoudige laag rubber om een luchtdichte afsluiting te verzekeren. Een 
opening van het deksel is verbonden aan een cylinder, gevuld met lucht 
van een bepaald zuurstofgehalte. In het begin werd het luchtmengsel ver- 
kregen, door bepaalde hoeveelheden stikstof en lucht te mengen. Later is 
gebleken dat dit eenvoudiger te bereiken is. De stikstof uit de vloeibare 
lucht verdampt het eerst, omdat het kookpunt (—196° C.) lager is dan 
dat van zuurstof (—183° C.). Door nu de verdampte stikstof uit de vloei- 
bare lucht weer aan te zuigen en samen te persen met de gewone atmos- 
pherische lucht, verkrijgen wij een mengsel met 9 a 12 % zuurstof. Door 
toevoeging van een geringe hoeveelheid stikstof verkrijgen wij het ge- 
wenschte mengsel1). Het zuurstofgehalte wordt bepaald door absorptie 
aan kopergaas bij aanwezigheid van ammonia. De nauwkeurigheid is onge- 
veer 1 %. De luchttoevoer wordt geregeld door een ventielkraan, zoodanig 
dat de stroomsnelheid ongeveer 10 liter per uur is. De tweede opening van 
het deksel staat in verbinding met de buitenlucht en dient als veiligheids- 
maatregel in geval de luchttoevoer stilstaat. Het deksel wordt tweemaal 
per dag geopend voor de voeding en de weging der muizen, de duur 
hiervan is in totaal ongeveer 5 minuten. 

De behandelde muizen krijgen hetzelfde voedsel als de contréle muizen, 
die in gewone lucht in hetzelfde lokaal worden geplaatst. Het resultaat 
van de proef wordt beoordeeld naar den overlevingsduur, het gewicht, het 
histo-pathologisch onderzoek en het bacteriéngehalte van de organen. 


3. Vergelijking van den overlevingsduur en het gewicht van de behan- 
delde met de contréle dieren. 


Het resultaat van de vier series proeven, die gedaan zijn, vindt men in 
tabel 1 en de figuren 1, 2 en 3. Uit tabel 1 blijkt, dat wanneer men 1 mg. 
tuberkelbacterién inspuit en de dieren behandelt met gemiddeld 12,3 % en 
13,4 % zuurstof, er geen significant verschil is in den gemiddelden over-~ 
levingsduur van de contréle en behandelde muizen. Door minder tuberkel- 
bacterién, 0,5 mg, in te spuiten en door het zuurstofgehalte te verminderen, 
9%, is het ten slotte gelukt in serie IV een significant verschil in den 
gemiddelden overlevingsduur te krijgen. 


1) Wij betuigen hierbij onzen dank aan den Heer E. S. PRINS, chef van de vloeibare 
luchtafdeeling in het Kamerlingh Onnes Laboratorium, voor het vervaardigen van de 
gasmengsels, 
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TABEL 1. 
Resultaat van de behandeling van tuberculose bij muizen met lage zuurstofspanning. 
Hoeveelheid |Gemiddeld , 
intraveneus | | irstof | 8 g a a 
Serie ingespoten = 3 aS © Ts s C t F 
tuberkel- gehalte Lay 2 e 
bacterién | in vol. /o > 
8 ee ee ee ee ee ee a 
Contréle 21,0 a 5 IRAN | Gas | Neel 
I 1 mg 
Behandeld 12,3 5 4 26,2 | 2,49 Se | i wes || GES 
Contréle 2E0 7 6 PPI se | Tass) | PROS) 
I 1 mg 
Behandeld 13,4 6 5 25,2 |11,13 | 44,2 | 0,61 O45 
Contréle 21,0 6 5 39,8 | 27,90 | 70,1 
Il 0,75 mg 
Behandeld 8,5 5 4 PSG | NNO | ZB | ON Se 
Contréle 21,0 6 5 PERSIE | GIDE SEKO 
IV 0,5 mg 
Behandeld 9,0 5 4 Aliiisy | (6,60) 1) NBS IL | Seat 6 


T. gemiddelde overlevingsduur in dagen. s, strooiing. C, variatiecoéfficiént in i = 


= (s/T) X 100. 


Overschrijdingskans van minder dan 0,05. 
Overschrijdingskans 0,01. 


é, excentriciteit. F = s?:5?2, waarbij sj > so. 


a 


Bovendien merken wij op, dat in serie II de verhouding der strooiingen 
van den overlevingsduur der contréle en behandelde muizen een significante 
overschrijdingskans 0,05 geeft. In serie III is deze overschrijdingskans bijna 
bereikt. Dit resultaat wordt verklaard, doordat men zoowel in serie II als 
in serie III telkens een muis vindt, die een groote resistentie vertoont 
tegenover tuberculose (fig. 1 en 2). De berekening volgens COCHRAN en 
Cox (1944), waarbij de storende invloed van de groote strooiing wordt 
uitgeschakeld, geeft eveneens geen significant verschil in den overlevings- 
duur. Ook is dit het geval, wanneer men bij de berekening de resistente 
muizen niet meetelt. 

De variantie-analyse (tabel 2) bevestigt nogmaals het resultaat, ver- 
kregen in tabel 1. Het resultaat van de variantie-analyse kunnen wij als 
volgt resumeeren. 

De gemiddelde overlevingsduur van de behandelde en de contréle muizen 
geeft geen significant verschil. Dit is duidelijk indien men den gemiddelden 
overlevingsduur van de behandelde en contrdéle dieren met elkaar vergelijkt. 
In serie I en III is de gemiddelde overlevingsduur van de contréle dieren 
hooger dan die van de behandelde dieren, terwijl in serie II en IV het 
omgekeerde het geval is. Dit resultaat verklaart waarom de behandeling 
schijnbaar geen invloed heeft. 

Het significant verschil van de strooiingen der toegediende zuurstof- 
concentraties (series) en de interactie: zuurstofconcentratie X behandeling 
vergeleken met die van het residu, stelt ons in staat met elkaar te vergelijken: 
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‘1, den gemiddelden levensduur van de dieren van de verschillende series 
(zuurstofconcentraties) en 2. den gemiddelden levensduur van de behan- 
delde en de contréle dieren in iedere serie (zuurstofconcentratie) afzon- 


derlijk. 
TABEL 2. 


Overlevingsduur in dagen van tuberculose bij muizen behandeld met lage zuurstofspanning. 


Serie I II Ill IV 
- Be- £ Be- A Be- ati a Bhae 
Contr6le Rendeld Contréle handeld Contréle RESP E Contréle Lee ae 
Wel Cyl ie: | 21 13,4 21 CS te pee 
26 22 17 ip 18 20 26 5 i 
27 26 17 16 20 21 26 39 
28 27 19 26 21 28 28 43 
35 28 24 26 38 28 28 44 
28 PDs; 29 52 50 28 50 
27 43 90 36 
28 
Totaal 116 131 157 151 239 147 | bY BA 209 
Gemiddeld 29,0 202 22,4 2572 39,8 29,4 28,7 41,8 


Variantie-analyse 


Factor Som der kwadraten Vrijheidsgraad | Variantie 
Serie 1096,4 3 e655 
Behandeling ey 1 4.5 
Serie >< behandeling 804,4 3 P2668, 1 
Tusschen de muizenklassen 2748,4 5 156.ie7 
Residu 2786,2 31 89,9 
Totaal 7439,9 43 


Het is duidelijk (tabel 2) dat de gemiddelde levensduur van de dieren 
van de derde en vierde serie grooter is dan die van de eerste en tweede 
serie. Het verschil tusschen de gemiddelden van serie I en III of IV is 
significant als het grooter is dan 8,8 dagen en dat tusschen serie II en III 
of IV als het grooter is dan 8,1 dagen. Vergelijkt men nu den gemiddelden 
levensduur van de contréle en behandelde dieren in iedere serie afzonderlijk 
dan vindt men, dat in serie IV (9 % zuurstof) de behandelde dieren ge- 
middeld 13,1 dagen langer hebben geleefd dan de contréle dieren. Het 
verschil tusschen de twee gemiddelden is significant, wanneer het grooter 
is dan 


Pa eae 
One X 2,042 dagen = 11,9 dagen. 


Het verkregen resultaat bevestigt het bovenstaande (tabel 1). Uit deze 
proeven ziet men eveneens den zeer storenden invloed van de verschillende 
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muizenklassen, die bij de berekening van het residu kan worden geélimi- 
neerd. 

De figuren 1, 2 en 3 toonen de gemiddelde gewichten aan van de contréle 
en de behandelde dieren van serie II, III en IV. Het begingewicht wordt 
gelijkgesteld aan 100 %. In deze figuren zijn ook te zien het zuurstofgehalte 
en de duur van de toediening; tevens is ook aangegeven het tijdstip van 
de sterfte der muizen. Men ziet in fig. 1 (serie II) dat de gewichtscurve 


ASH a 20.25 50 «35 40 «45° 50 


Fig. 1. Serie II]. Intraveneuze injectie van 1 mg tuberkelbacterién. T, tijd in dagen. 
[_] Contréle muis. () Behandelde muis. 


van de geinfecteerde en behandelde dieren direct na den eersten dag een 
daling vertoont. Men zou geneigd zijn, deze daling te willen toeschrijven 
aan den nadeeligen invloed van de infectie. Dat dit niet het geval is, blijkt 
uit de figuren 2 (serie III) en 3 (serie IV) waarbij de dieren resp. 8 en 
11 dagen voor de infectie in lucht met lage zuurstofspanning hebben ge- 
leefd en men eveneens een daling van de gewichtscurve constateert. Deze 
gewichtsdaling is dus toe te schrijven aan den invloed van de lage zuurstof- 
spanning. Hierdoor ligt de gewichtscurve van de behandelde dieren lager 
dan die van de contréle dieren. Tegen het einde van de proef snijden beide 
curven elkaar en de gewichtscurve van de behandelde dieren is dan iets 
hooger dan die der contréle dieren. 

Merkwaardig is de invloed van tuberculeuze infectie bij de contrdéle 
dieren. Men ziet in alle proeven eerst een stijging van het gewicht. In fig. 1 


100 Gp Laz = a 
90 }) ee Onn 
wo |X OR - - SH 
a Soxcceccollacey = 
Se as AVA 
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(serie Il) waarbij de dieren 1 mg tuberkelbacterién krijgen, is de gewichts- 


vermeerdering slechts enkele procenten en duurt ongeveer 10 dagen. 
In fig. 2 (serie Ill) waarbij de dieren minder bacterién krijgen, (0,75 mg), 
is de maximale stijging 8 %; de duur der stijging is ongeveer 11 dagen. 


CO ia - 
aie LES SLY LF ae 


Hit a fe 


5 io 15 390 


Fig. 2. Serie III. Intraveneuze injectie van 0,75 mg tuberkelbacterién. 
A Contréle muis. © Behandelde muis, 


In fig. 3 (serie IV) krijgen de dieren nog minder tuberkelbacterién, nl. 
0,5 mg., de maximale stijging is eveneens 8 %. Wij krijgen eerst een daling 
van het gewicht gedurende 9 dagen en daarna een stijging gedurende 
15 dagen. Aan het einde van de proef daalt de gewichtscurve plotseling 
exponentieel en sterven alle dieren. Opgemerkt dient te worden het perio- 


diek karakter van de gewichtscurve der contréle dieren in fig. 2, waarbij 


aan het einde van een periode telkens een of meer dieren sterven. Misschien 
is er een verband te vinden tusschen den groei der tuberkelbacterién of de 
afscheiding van toxische producten in het lichaam en de periodiciteit van 
de gewichtscurve. 

Geheel anders is het verloop van de gewichtscurve der behandelde dieren. 
Men constateert nooit een stijging van het gewicht na de infectie, integen- 
deel, het gewicht daalt voortdurend, behalve in serie IV. In deze serie, 
waar de behandeling een goed resulaat oplevert, blijft het gewicht na een 
snelle daling vrijwel constant gedurende ongeveer een maand. 

Hoe is de stijging van het gewicht der contréle dieren na de infectie te 
verklaren. De groeicurve der tuberkelbacterién, in vitro verkregen door een 
onzer (ONG, 1944) vertoont een latente phase, d.i. een tijdsverloop, waarbij 
geen of zeer geringe deeling plaats vindt. Deze tijd varieert van enkele 
dagen tot 10 a 11 dagen en staat in verband met den ouderdom der ge- 
bruikte cultures bij de overenting. Hoe ouder de gebruikte cultuur is, des 


113 


te langer duurt deze latente phase. Nu is de ouderdom der gebruikte 
cultures in serie If en III resp. 19 en 22 dagen, de gewichtsvermeerdering 
duurt 10 en 11 dagen. In de laatste serie IV is de ouderdom der gebruikte 
cultuur 53 dagen en de gewichtsvermeerdering duurt 15 dagen na een 
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Fig. 3. Serie IV. Intraveneuze injectie van 0,5 mg tuberkelbacterién. 
A, Contréle muis. (©) Behandelde muis. 


voorafgaande daling van 9 dagen. Het maximum wordt bereikt na 5 of 
6 dagen in de series II en III en na 15 dagen in serie IV. Neemt men 
verder aan, dat het einde van de maxima samenvalt met het einde van de 
latente phase, dan komt de berekening vrijwel overeen. Men zou kunnen 
veronderstellen dat gedurende de latente phase, waarbij geen bacterién- 
vermenigvuldiging plaats vindt, stoffen door de bacterién worden uitge- 
scheiden, die stimuleerend werken op den lichaamsgroei. Na de latente phase 
krijgt men den logarithmischen groei van de bacterién, waarbij deze snel 
vermeerderen. Bij deze snelle vermeerdering zouden toxische producten 
worden afgescheiden, die een gewichtsvermindering ten gevolge hebben. 


4, Histo-pathologisch onderzoek van tuberculose op muizen. 


Over histologisch onderzoek bij tuberculose op muizen is weinig of niets 
bekend. De afwijkingen in de verschillende organen hebben een heel ander 
karakter dan bij den mensch. Bij de muizen ontstaat steeds een meer 
septisch beeld. Wanneer zij kort na de intraveneuze infectie overlijden, 
zien wij in de verschillende haarvaten in de longen groote proppen tuberkel- 
bacterién met hier omheen en in alveoli polymorphcellig infiltraat. 


Nye 


Het proces begint interstitueel in den alveolairwand en breidt zich vervolgens 
uit naar de omgevende alveolen. Na ongeveer een week ziet men kleinere 
of grootere necrosehaarden optreden, die lang blijven bestaan. Aan den rand 
hiervan ziet men vervallende cellen en daarbuiten mononucleaire histio- 
cytaire elementen. Eveneens is hier de intra-alveolaire celophooping duidelijk. 
Er is weinig reactie van het praeéxistente weefsel; zoo ziet men vaak bloed- 
vaten temidden van necroses zonder eenige verandering in intima of media. 
In deze kaasachtige-pneumonische haarden komen groote hoeveelheden 
tuberkelbacterién voor, in het necrotische centrum minder dan in het rand- 
gebied (photo 2). Het longweefsel tusschen deze haarden vertoont geen 
specifieke veranderingen, hoogstens is er oedeem en soms een zeer sterke 
hyperaemie. De haarden omvatten in het begin slechts enkele alveolen om 
later met elkaar samen te vloeien. Dan ziet men detritus en tuberkelbacte- 
rién in de bronchi, echter zonder aantasting van het bronchiaal epitheel. 
Bij oudere gevallen ziet men om de grootere bloedvaten compacte celmantels 
optreden van histiocyten; het duidelijkst was dit bij de resistente muis, 
die nog 90 dagen na de besmetting heeft geleefd. Hier ziet men tevens 
groepen groote cellen met excentrische kern en een fijn wolkig of 
vrijwel leeg protoplasmalichaam; de inhoud dezer cellen geeft een positieve 
reactie op vet met Soedan III. Waarschijnlijk zijn deze lipophagen beladen 
met afvalstoffen van de ten gronde gegane tuberkelbacterién, waarvan er 
nog maar weinige aangetroffen worden. 

Groepen epitheloide cellen, welke door STAMATIN en STAMATIN (1939) 
vermeld worden zijn niet te zien. Het verloop van het proces toont bij de 
verschillende muizen duidelijke kwantitatieve verschillen, maar geen kwali- 
tatieve. De gevonden verschillen kunnen worden verklaard door den 
variabelen overlevingsduur en niet door primair andere reactie van het 
proefdier. 

In de lever zijn de veranderingen veel minder sterk. Steeds ziet men 
diffuse zwelling der stercellen en overal kan men groepjes histiocyten, vaak 
vol met tuberkelbacterién waarnemen (photo 3). Deze groepen groote 
histiocyten kan men overal in de acini vinden, hoewel zij vaker periportaal 
liggen dan elders. Necrose in het centrum treedt slechts sporadisch op. Het 
aantal tuberkelbacterién in de lever is kleiner dan dat in de longen bij 
dezelfde dieren. 

In de milt vindt men veel of weinig tuberkelbacterién. De reacties zijn 
zeer verschillend. Soms is er hyperplasie, soms zijn er necroses, soms ook 
veel megakaryocyten en een enkele maal bij oudere gevallen amyloid, dat 
nog al eens perifolliculair is gelegen. 

In de nieren zijn de afwijkingen over het algemeen gering. Een enkele 
maal ziet men een groote necrose-haard vol tuberkelbacterién, vaak ziet 
men niet meer dan enkele groote, tusschen de tubuli gelegen cellen met 
een paar bacterién. Nu en dan kan men in een lus van een glomerulus een 
heele prop tuberkelbacterién aantreffen, terwijl de rest van de glomerulus 
en het omgevende weefsel niet is veranderd. 


Smet cua hoes DOORENSDE JONGven, He EB. SCHOR- 
NAGEL: De behandeling van experimenteele tuberculose met lage 


zuursto}spanning. 


Foto 1. Behandeling van experimenteele tuberculose met lage zuurstofspanning. 


Photo 2, Long, tuberkelbacterién aan randgebied 
van necrosehaard. Kleuring: Ziehl-Nielsen, 


Vergrooting: 1000 x. 


Photo 3. Lever, tuberkelbacterién in groep histiocyten, 
Kleuring: Ziehl-Nielsen. Vergrooting: 1260 x. 
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5. Vergelijking van het histo-pathologisch onderzoek en het bacterién- 
gehalte van de organen van de behandelde met de contréle dieren. 


Om een onpartijdige beoordeeling te verkrijgen worden de organen der 
gestorven dieren naar den patholoog-anatoom (SCHORNAGEL) verzonden 
zonder dat deze weet welke van de dieren behandeld zijn en welke niet. 


TABEL 3. 


Histo-pathologische afwijkingen in de long van behandelde en contréle muizen. 


Serie I II Ill IV 
- Be- a Be- - Be- a Be- 
Contréle oP Contréle handeld Contréle Peadeta Contréle handeld 
Vol. % O,} 21 | 12,3 21 13,4 8,5 21 9 
) 1 3 Zz 2 4 
4 1 i) 3 2 3} 
3 4 4 3 4 2 
4 3 4 3 3) 2 
3 3 4 B 2 2 
4 3 1 3 
4 
Totaal 16 8 25 15 19 13 16 13 
Gemiddeld 4 2 3,6 INS B33 2,6 2h 2,6 
Variantie-analyse 
Factor Som der kwadraten Vrijheidsgraad Variantie 
Serie 1,250 5) 0,417 
Behandeling 7,808 1 7,808 ** 
Serie  behandeling 4,790 3 1,597 
Tusschen de muizenklassen 3,045 4 0,761 
Residu 22,7135 31 0,733 
Totaal 39.628 | 42 


De waardeering van de afwijkingen en de hoeveelheid tuberkelbacterién 
in long en lever wordt uitgedrukt in cijfers varieerende van 0 tot 4. De 
waarde van deze cijfers voor de lever is echter niet gelijk aan die voor 
de long. Men kan dus slechts long met long en lever met lever vergelijken. 
Histologisch laten de afwijkingen in de longen meer variatie zien dan in 
de lever. De tabellen 3, 4, 5 en 6 toonen de resultaten van de variantie- 
analyse. Men kan hieruit concludeeren, dat de behandelde dieren minder 
sterke histo-pathologische afwijkingen in de long en vooral in de lever 
vertoonen. In de long is het verschil tusschen de gemiddelden in iedere 
serie afzonderlijk significant als dit grooter is dan 


a x 2,042 = 11. 
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Men ziet, dat in de eerste 3 series de behandelde dieren significant 
minder histo-pathologische afwijkingen vertoonen dan de contrdle dieren. 


TABEL 4. 


Histo-pathologische afwijkingen in de lever van behandelde en contréle muizen, 


Serie I il I IV 
i Bee ss Be- ” Be- se Be- 
Contréle Read Controle Banded ContrGle peaeieaee Contréle hand 
Vol. % Oz 21 Mil 13,4 8,5 
az 1 5 2 4 2 2 2 
D, 2 4 4 3,5 3 25 155 
3 2 3 1] 3 3 2 1 
3 D 3 2 3 3 2 0,5 
4 5) 3 a o4 1 
4 Sy) 2 Z 
3 
Totaal 10 7 24 16 175 ¥ 20a" e124 
Gemiddeld 2,5 1,8 3,4 2,7 2,9 2,6 2 12 
Variantie-analyse 
Factor | Som der kwadraten Vrijheidsgraad Variantie 
Serie 13,582 a ASAT EES 
Behandeling 4,985 1 Soe hayes 
Serie >< behandeling 0,418 3} 0,139 
Tusschen de muizenklassen 3,489 4 0,872 
Residu 10,724 31 0,346 
Totaal | 33,198 42 | 


*** Overschrijdingskans 0,001. 


In de lever is het verschil tusschen twee gemiddelden in iedere serie 
significant als dit grooter is dan 


/ 7X? x 2082 = 08 


In serie I, II en IV is dit verschil bereikt ten gunste van de behandelde 
dieren. Het bacterién-gehalte van de behandelde en onbehandelde dieren 
vertoont geen verschil in de long, wel is dit het geval in de lever. Hier 
is het verschil tusschen de gemiddelden in iedere serie significant als het 


grooter is dan 
0466 X2 
ie rea = X 2,042 = 0.9. 


Dit significant verschil wordt alleen bereikt in serie IV, waar de be- 
handelde dieren een langer overlevingsduur vertoonen. Men kan uit deze 
resultaten de volgende conclusies trekken. De behandel ling van experi- 
menteele tuberculose bij muizen met lage zuurstofspanning uit zich het eerst 


LADEL oO, 


Hoeveelheid tuberkelbacterién in graden in de long van behandelde en contréle muizen. 
ee, 


Serie I 


I Il 


Contréle Be- 


handeld 


Contréle 


Be- q Be- 
handeld | COtrole| ,andeld 


IV 


- Be- 
Contréle heiela 


Vol. %9 O2 


21 


Totaal 16 16 28 25 20 19 23 18 
Gemiddeld 4 4 4 3,8 3,3 3,8 3,8 3,6 
Variantie-analyse 
Factor | Som der kwadraten | Vrijheidsgraad | Variantie 
Serie 1,284 3 0,428 
Behandeling 0,003 1 0,003 
Serie X behandeling 0,830 3 0,277 
Tusschen de muizenklassen 3,864 4 0,966 ** 
Residu Ailes Bil 
Totaal 13,116 42 
TABEL 6. 
Hoeveelheid tuberkelbacterién in graden in de lever van behandelde en contréle muizen. 
Serie I II il IV 
A Be- 3 Be- 2 Be- 4 Be- 
Contréle tei Contréle tandeld Contréle nandeld Contréle handetd 
Vol. %9 O2 21 12,3 21 1354 
2 Z 2 2. 
2 2 3 2 
2 2 2 2 
3 2 2 1 
| 2 
) 3 
2 
Totaal 9 8 17 12 
Gemiddeld 23 2 Dik Z 
Variantie-analyse 
Factor Som der kwadraten Vrijheidsgraad | Variantie 
Serie 4,588 3) 529% 
Behandeling 1,953 1 iy )ayehes 
Serie  behandeling 1,161 3 0,387 
Tusschen de muizenklassen P25) 4 0,313 
Residu 14,454 31 0,466 
23,407 42 


Totaal 
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in de minder sterke histo-pathologische afwijkingen in de long en vooral 
in de lever der behandelde dieren. 

Is het zuurstofgehalte van het luchtmengsel lager dan 10 %, dan ver- 
toonen de behandelde dieren een langer overlevingsduur en tevens is het 
bacteriéngehalte in de lever minder. 


6. Gevolgtrekkingen. 

Wii hebben gezien, dat bij een zuurstofconcentratie van 9 % een duidelijk 
verschil wordt verkregen in de overlevingsduur, in de histologische afwij- 
kingen en het bacteriéngehalte in de lever der behandelde en contréle 
dieren. Komen deze resultaten overeen met wat men verkrijgt in de berg- 
sanatoria: Davos en Arosa? Zooals men weet daalt de alveolaire zuurstof- 
spanning naarmate men naar een hooger gelegen plaats gaat. Volgens onze 
meening is deze alveolaire zuurstofspanning het kardinale punt van onze 
therapie. Nemen wij als voorbeeld de twee bekende plaatsen voor berg- 
sanatoria: Davos en Arosa. De alveolaire zuurstofspanning voor deze 
plaatsen berekend met behulp van een grafiek van BARCROFT (1925) is 
gelijk aan: Davos, 1600 m hoogte, pO. = 76 mm Hg.; Arosa, 1890 m 
hoogte, p Og = 74 mm Hg. 

Hoeveel is het zuurstofgehalte der ingeademde lucht op zeeniveau om 
een alveolaire zuurstofspanning te verkrijgen gelijk aan 76 of 74 mm Hg? 

Wij zullen deze vraag indirect beantwoorden. Wat is de alveolaire zuur- 
stofspanning bij ademing van een luchtmengsel met bv. 10 % zuurstof. 
Bij ademing van lucht met varieerend zuurstofgehalte blijft de alveolaire 
waterdampspanning constant en is gelijk aan p H2O = 47 mm Hg, zoolang 
de lichaamstemperatuur 37° C. blijft. Daarentegen wordt de alveolaire 
koolzuurspanning, p COs, lager naarmate het zuurstofgehalte afneemt. 
Volgens een schriftelijke mededeeling van Prof. Dr. J. JONGBLOED is de 
gemiddelde alveolaire CO, spanning bij 10 proefpersonen gelijk aan 
p CO, = 31,5 mm Hg bij een luchtmengsel met ongeveer 10% Oxy en 
90 % No en op zeeniveau 2). 

De spanning vam de alveolaire ,,lucht” is nu gelijk aan 760—47 = 713 
mm Hg. Hiervan bestaat 10 % uit Op en COsg en is gelijk aan 71,3 mm Hg. 
De alveolaire zuurstofspanning is nu gelijkk aan pO. = 71,3—31,5 = 
59,8 mm Hg. 

Om de zuurstofconcentratie C van het luchtmengsel op zeeniveau te 
vinden bij een gegeven alveolaire zuurstofspanning p Oy gebruikt men de 
volgende formule, die bij benadering deugdelijk is 

_ o pOgs32 
~ 760—47— 

Berekent men volgens deze formule de zuurstofconcentratie die noodig 
is om een alveolaire zuurstofspanning te verkrijgen gelijk aan 76 mm Hg 
(Davos) of 74 mm Hg (Arosa), dan vindt men 15,2 en 14,9 %. 


100 % Os 


?) Wij danken hierbij Prof. Dr J. JONGBLOED voor deze gegevens en voor de op- 
merkingen bij de berekening van de alveolaire zuurstofspanning,. 
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Er zijn twee factoren, die in het hooggebergte aanwezig zijn en die in 
onze proeven ontbreken, nl. de verminderde barometerdruk en de grootere 
hoeveelheid ultraviolet licht. 

Om de invloed van deze factoren te elimineeren zou men tegelijkertijd 
in Davos (of in Jungfraujoch, 3450 m hoogte en 492 mm Hg barometer- 
druk) en in Leiden een parallelproef moeten doen en wel zoodanig, dat 
men in beide gevallen een gelijke alveolaire zuurstofspanning verkrijgt. 
Men zou dan in Leiden een luchtmengsel met 15,2 of 12,6 % zuurstof 
moeten gebruiken om een alveolaire pO, =76 mm Hg (Davos) of 
58 mm Hg (Jungfraujoch) te verkrijgen. 

Het resultaat van een dergelijke proef zou dan zijn, dat de behandelde 
dieren in Leiden een korteren overlevingsduur en waarschijnlijk grootere 
afwijkingen in de organen hebben dan die in Davos of Jungfraujoch. 

De resultaten van onze proeven met verminderde zuurstofspanning 
vinden steun in de proeven van CAMPBELL (1931). CAMPBELL heeft aan- 
getoond, dat wanneer dieren gedurende langen tijd lucht inademen met 
verminderd zuurstofgehalte, de zuurstofspanning in het weefsel ook daalt. 
Verder geeft de behandeling van dieren met lage zuurstofconcentratie 
dezelfde veranderingen als in het hooggebergte. Door caviae gedurende 
5—7 weken te plaatsen in lucht met verminderd zuurstofgehalte (8,8— 
9.9% bij 760 mm Hg) en overeenkomende met 6000 tot 7000 m hoogte 
verkreeg VANOTTI (1946) bij deze dieren een stijging van de roode bloed- 
lichaampjes van 4 millioen tot 7 en 9 millioen, van het haemoglobinegehalte 
van 13,3—14,5 % tot 18 en 20,3 %. Van het cytochroom in de spier van 
1,8—2,3 mg% tot 5,6—6 mg% en van het ijzergehalte in het serum. De 
stijging van de roode bloedlichaampjes en van het haemoglobinegehalte 
werd reeds door anderen geconstateerd. Men mag dus aannemen, dat het 
resultaat van de hooggebergte behandeling van tuberculose eveneens te 
verkrijgen is op zeehoogte met verminderde zuurstofconcentratie. 

Wij hebben gezien bij onze proeven, dat de afwijkingen in de longen 
grooter zijn dan in de lever en deze weer grooter dan in de nier. Het is 
duidelijk, dat in de alveolen een grootere zuurstofspanning heerscht dan 
in de andere organen, zoodat men in de longen de meeste afwijkingen zal 
krijgen. 

In de organen kunnen de afwijkingen verklaard worden door het verschil 
in zuurstofverbruik van de organen, zooals onderstaande tabel aantoont. 


Bloedtoevoer/100 g/min. Os verbruik/100 g/min. 


Long if ce 

Lever 150 cc 24—5 cc 
Nier 150 cc 2,—6 cc 
Hart 100 cc 4,3—8,5 cc 


Hieruit volgt, dat naarmate een orgaan meer zuurstof verbruikt er 
minder zuurstof beschikbaar is voor den groei van tuberkelbacillen. Boven- 
dien verkrijgt men een anoxemie naarmate het tuberculeus proces in de 
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longen voortschrijdt, zoodat de zuurstoftoevoer in de organen minder 
wordt. Beide factoren zijn gunstig om de afwijkingen in de organen te doen 
verminderen. 

In serie III hebben wij bij 4 behandelde muizen waargenomen, dat 
wanneer de longen sterke afwijkingen vertoonen, de lever minder afwij- 
kingen vertoont en omgekeerd. Dit resultaat pleit voor bovenstaande 
veronderstelling. 

Bovenbeschreven proefnemingen rechtvaardigen de verwachting dat 
verpleging van tuberculosepatiénten in ruimten met sterk verlaagd zuurstof- 
gehalte (ca. 10 %) een therapeutisch effect zal kunnen hebben. Proeven, 
die nu aan den gang zijn, schijnen een reeds ontwikkeld tuberculeus proces 
bij dieren gunstig te beinvloeden als deze daarna in een atmosfeer met 
minder dan 10 % zuurstof worden gebracht. 


Summary. 


1. The histo-pathological lesions in experimental tuberculosis on mice 
kept in low oxygen concentration (9—13 volumes per cent) are markedly 
inhibited, 

2. When the oxygen concentration is maintened below 10 volumes per 
cent not only the time of survival is significantly prolonged but also the 
quantity of tubercle bacilli in the liver is diminished. 
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Zoology. — Effects of hypophysectomy on the male toad (Bufo bufo L.), 
with special reference to Bidder’s organ. By A. P. DE Groot, G. A. 
DE VRIES and J. C. A. MiGHorst. (Zoological Laboratory, Dept. 
of Endocrinology, University of Utrecht.) (Communicated by 
Prof. Cur. P. RAVEN.) 


(Communicated at the meeting of December 20, 1947.) 


As in the toad Bidder’s organ may develop after gonadectomy into a 
functioning ovary (HARMs, 1921, 1923; PoNsE, 1924), it is likely that the 
gonads exercise an inhibiting effect on Bidder’s organ. It is, however, still 
unknown in which way this influence is effected; it may be a direct in- 
fluence, but it is also probable that the gonads act through the pituitary. 
In this connection it is interesting that in Bufo arenarum Houssay and 
LASCANO—GONZALEZ (1931) found an increase in weight of Bidder’s organ, 
following implantation of pituitaries and a decrease after hypophysectomy. 

In 1941 the development and structure of the s.c. corpora lutea pre- 
ovulationis in the ovary of the Bitterling (Rhodeus amarus) were described 
in detail by BRETSCHNEIDER and DUYVENE DE WIT. As the development 
of these preovulation corpora lutea seemed to be influenced by the 
pituitary and very similar structures are found in Bidder’s organ in which 
they were already described by HARMS (1921) and EGGERT (1926), who 
attribute an endocrine function to them, it seemed important to investigate 
the influence of the pituitary on Bidder’s organ by way of hypophysectomy. 


In April 1947 a great number of specimens of Bufo bufo were treated as 
follows: 1. One group was hypophysectomized, 2. another group was 
hypophysectomized and, in addition, castrated, 3. a third group consisting 
of 4 specimens was castrated only. Mortality was high in groups 1 and 2 
and only 14 and 18 specimens respectively could be used, for the present 
investigation. The experimental toads, belonging to the first group, were 
autopsied 19 to 67 days, those of the second group 4 to 29 days, and those 
of the third group 48 to 62 days after having been operated upon. Bidder’s 
organs were studied histologically after fixation in Romeis-solution and 
staining its sections (74 m) with haemalum-eosin. For detailed studies 
of the organs of Bidder the sections with the largest diameter were always 
used. The hypophysectomies were performed by MIGHoRST, the castrations 
by DE Groot. As in groups 2 and 3 no essential changes were observed 
as a result of castration, only the effects of hypophysectomy will be 
related here. 


1. Hypophyseal influence on the skin. 


a. Some days following hypophysectomy the superficial layer of the 
epidermis assumes a dark brown colour; it is cast off in large sheets, 
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showing a normal but paler epidermis underneath; a couple of days later 
moulting is repeated and this occurs afterwards several times though in a 
less degree. GiustT1 and Houssay (1921, 1922, 1923 and 1924) describing 
the same phenomenon in hypophysectomized Bufo marinus (= arenarum), 
found that after removal of the pituitary the superficial layer of the 
epidermis increases enormously in thickness and that sheets of it are cast 
off periodically. Giusti and Houssay (1923, 1924) by whom this 
phenomenon is called hyperkeratosis were unable to prevent it by 
the injection of hypophyseal extracts or by implantation of Bufo-pituitaries; 
but UNGaR (1933) succeeded in preventing it by the injection of extracts 
of bovine anterior pituitary lobes. 

According to GiustT! and Houssay hyperkeratosis appears also after 
puncturing the brain just in front of the pituitary. Ag its pars tuberalis is 
found here, we think it probable that in the toad this part of the pituitary 
plays a role in causing this phenomenon. 

b. After hypophysectomy another effect on the skin is distinct: its 
colour changes from dark green into greenish yellow. This phenomenon, 
also observed in hypophysectomized frogs (Rana esculenta) is caused, 
as TRENDELENBURG (1929) and Houssay and Giusti (1929) have already 
demonstrated, by the absence of the intermediate portion of the pituitary 
and is the result of melanophore contraction. 


2. Effect of hypophysectomy on musculature. 


Hypophysectomized toads are very inert and weak and spasms occur 
frequently. They move with extended legs and body lifted high above 
the ground! As deficiency of the parathyroid results in tetany, the spasms 
observed in hypophysectomized toads might be attributed to the para- 
thyrotrophic hormone being wanting, the existence of which however is 
not yet proved (cf. CAMERON, 1947, p. 100 and 349), 


3. Effect of hypophysectomy on Bidder's organ (cf. table). 

a. Liquefaction of oocytes. In hypophysectomized toads as well as in 
toads deprived of both pituitary and testes, a part of the oocytes of 
Bidder’s organ shows very distinct changes. These relate to the proto- 
plasm, taking the eosin stain poorly, and to their nuclei becoming 
eosinophile. The difference in staining between plasma and nucleus vanishes 
gradually. The nuclear membrane disappears and a distinct lique- 
faction of the oocyte takes place, resulting in the appearance of a 
cavity (fig. 2). During these changes the granulosa may or may not 
increase in size. Liquefaction also occurs in Bidder’s oocytes which are 
generally found in the testes in the testis tubules. It also occurs in a very 
low grade in normal organs of Bidder (fig. 1), but in hypophysectomized 
toads it is already visible in a much higher degree 4 days after the 
operation. 


Strong liquefaction appears only in hypophysectomized toads. Whether 
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liquefaction is due to the absence of the pituitary could be proved by 
injecting hypophysectomized toads with pituitary extracts or by implanta- 
tion of pituitary glands. Then only it would be evident that in the toad 
the pituitary exercises an inhibiting influence on the formation of 


Fig. 1. Section of Bidder’s organ of a normal male toad (Bufo bufo). X 72. 


preovulation corpora lutea. For liquefaction is a degenerative phenomenon 
and these corpora lutea originate from degenerating oocytes. It is likely 
that in hypophysectomized toads this degeneration is so quick or so strong 
that either the oocytes are unable to develop into corpora lutea, or the 
formation of corpora lutea starts only when the degeneration has pro- 
ceeded further than normally. Therefore the liquefaction of the oocytes is 
considered to be a degenerative phenomenon that has proceeded very far. 


| Number of | 9% of corp. | °%o of liquefied | 9/9 of young | %/o of cortical 


oocytes lutea oocytes oocytes tissue content 
controls 174+ 21 | 4.54+1.6| 0540.4] 6.2,+ 1.3] 82.4 + 2.2 
hypophys- 
ectomized| 121 + 13 | 6.6 + 1.9] 20.5 + 3.1] 3.6 +0.9| 70.9 + 3.3 
hyp. + 
castrated Sip ait jhe Tart th ase see ee oct me 0.8.| 73.9 2.0 
castrated 98 + 19 See 18 0 Al 11 9-16. 2. | (604) ee Aad 


Table, showing details of Bidder’s organs of normal and experimental toads. 


b. Decrease of number of oocytes and content of cortical tissue. 


From the table it follows that the number of oocytes decreases consider- 
ably in hypophysectomized and in hypophysectomized and castrated toads, 
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this being the result of liquefaction, As the toads left for castration were 
not as large as those used in the first two groups, the small number of 


Fig. 2, Section of Bidder’s organ of a hypophysectomized male toad (Bufo bufo) with 
many liquefied oocytes (lig, ooc.). X 72. 


oocytes in castrated toads can be ascribed to the small size of their organs 


of Bidder. 


c. Number of preovulation corpora lutea. 


Preovulation corpora lutea are found in Bidder’s organs in normal as 
well as in experimental toads. In all groups (cf. table) their number was 
about equal. Especially in hypophysectomized toads the presence of the 
normal number of corpora lutea is interesting. It is therefore likely that 
in the toad the pituitary does not influence the development of corpora 
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lutea. This opinion is contrary to that of BRETSCHNEIDER and DuyvENt 
DE Wirt (1941), investigating the Bitterling, in which however hypo- 
physectomy was only successful in one case. 

From the above it is concluded that hypophysectomy results in a decrease 
in size of Bidder’s organ, being the consequence of the liquefaction of 
many of its oocytes. It therefore seems that the pituitary maintains the 
size of Bidder’s organ. 


Summary. 


In male hypophysectomized toads, Bufo bufo L., the following effects 
occur. 


1. Skin changes. a. Its colour changes from dark green into greenish 
yellow, this being the result of melanophore contraction. b. Occurrence of 
a distinct hyperkeratosis, resulting in the superficial layer of the epidermis 
being cast off periodically. 

2. The experimental toads suffer from a distinct astheny, accompanied 
by a typical tetany. Hypophysectomized toads move with extended stiff 
legs, their body being lifted high above the ground. This phenomenon can 
possibly be ascribed to the lack of parathyrotrophic hormone. 

3. Bidder’s organ diminishes in size, being mainly caused by lique- 
faction, i.e. an abnormal strong degeneration of the oocytes, a decrease in 
number of oocytes and of the quantity of cortical tissue in the ovary. As 
the number of preovulation corpora lutea is not effected by hypophys- 
ectomy, it is suggested that the formation of these structures is not 
dependent on the pituitary. 


The authors wish to acknowledge their gratitude to prof. G. J. VAN 
OorpT for his helpful criticism and preparation of the manuscript, and to 
Mr. L. H. BRETSCHNEIDER for delineating the figures. 
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Zoology. — Remarks upon the species of the genus Lagenorhynchus, II. 
By W. H. BIERMAN (Haarlem) and E. J. SLIPER (Institute of 
Veterinary Anatomy, State University, Utrecht). (Communicated 
by Prof. G. KREDIET.) 


(Communicated at the meeting of November 29, 1947.) 


IV. Lagenorhynchus albirostris Gray. 

On the 15th of May 1947 at about 9.45 and at about 37° 00’ N.— 12° 
30’ W.., at the level of Cape St. Vincent, about 165 miles off the Portuguese 
coast, we saw a school of five dolphins swimming and leaping around the 
ship. The length of the animals was estimated at 200—250 cm and their 


Fig. 4. Roughly made sketch of a normal and an albinotic specimen of 
Lagenorhynchus albirostris Gray. 


general appearance and colour pattern immediately showed that they were 
representatives of the genus Lagenorhynchus. Although the animals were 
only seen during a comparatively short time it could be established that the 
colour of the beak was dark. The whole dorsal side of the animals was 
black, the ventral side white (fig. 4). On the lateral side two large 
greyish-white patches were seen, which overlapped each other in the region 
of the back fin, the cranial patch lying dorsal of the caudal one. The colour 
pattern of the five animals showed some variation and in one of them the 
dorsal side was almost entirely greyish-white with a number of indistinct 
grey and black stripes and bands extending in a dorso-caudal direction. 
This may have been a case of partial albinismus. 
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Because of their dark beak we thought at first that the animals were 
representatives of the white-sided Dolphin, Lagenorhynchus acutus 
(Gray). None of the pictures of this species (POELMAN, 1864; CoPE, 1876, 
pl. 4; TRUE, 1889, p. 23, fig. 1; TURNER, 1912, pl. 15; FREUND, 1932, fig. 
53; FRASER, 1937, fig. 86; HENTSCHEL, 1937, pl. 5, fig. 38; KELLOGG, 
1940, pl. 16), however, shows a white patch cranial of the dorsal fin. The 
lateral white patch (or two patches; see HARMER, 1927, Nr 1917—5) is 
always situated in the caudal part of the body. There may be some grey 
in the cranio-lateral part of the body but in this case the black band 
between this grey and the caudo-lateral white patch always extends in a 
caudo-ventral and not in a caudo-dorsal direction as in our animals. The 
colour pattern of Lagenorhynchus albirostris is very varied. The animals 
are black above and white below, mostly with a transitionary zone of 
grey on variable level. A different number (1—8) of grey and white 
patches may occur in the dorsal and lateral black, as is shown by the 
figures of LUTKEN (1887; pl. 2), CUNNINGHAM (1876; pl. 64, fig. 1), CLARCK 
(1876; pl. 64, fig. 2), SPARRE SCHNEIDER (1878; pl. 1), VAN OorT (1918), 
FRASER (1937, 1946), VAN BENEDEN (1861; pl. 1, fig. 1) and KELLOGG 
(1940; pl. 16). These patches may also be entirely absent (GRAY, 1846, 
pl. 10, fig. 2; BAUDOUIN, 1931). A very striking characteristic, however, is 
the fact that in the specimens described by VAN BENEDEN (1861: pl. 1, 
fig. 1) and CUNNINGHAM (1876; pl. 64, fig 1) the black band, separating 
the white or grey patches cranial and caudal of the back fin, shows a 
caudo-dorsal direction, just as in our animals. If the great variability of 
this species is taken into account, it may be said that the colour pattern of 
our animals corresponds quite well with that of the dolphins figured by 
CUNNINGHAM (1876) and VAN BENEDEN (1861). 

The fact that we saw a dark instead of a white beak does not prevent 
us from identifying our animals as representatives of the white-beaked 
Dolphin, Lagenorhynchus albirostris Gray. For it is already known from 
the descriptions and figures of VAN OorT (1918), BAUDOUIN (1931) and 
FRASER (1946) that the beak of these animals may show a mottled grey 
or even a dark grey (BAUDOUIN) colour. The length of our animals cor- 
responds quite well with the different statements in literature (150— 
300 cm). 

According to GRAY (1866), ELLIoT (1901), ANTHONY (1928), FREUND 
(1932), FRASER (1937), HENTSCHEL (1937) and KELLOGG (1940) the 
white-beaked Dolphin inhabits the North Atlantic and adjacent waters, 
as the Arctic Ocean, Davis street, Irish sea, North sea, Baltic sea, and the 
English Channel. Animals washed ashore at the coasts of Greenland, 
Norway, Danmark, Holland, the Baltic coasts, Far Or and at the Atlantic 
coast of N. America. After KELLOGG (1940) they are very rarely seen 
south of Labrador. In the European waters the animals become scarcer the 
more South we go. Between 1931 and 1944 only four animals stranded at 
the Dutch coast (VAN DEINSE; 1946), there are a few records from the 
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south coast of England (HARMER, 1927; FRASER, 1934), two records from 
Belgium (Ostende 1851, 1852; VAN BENEDEN, 1861; SLIPPER, 1938) and 
two records from France, viz: at Croix de Vie (near the Isle of Yeu, 
Vendée, about 47° N.) and at the Bay of Morbihan (about 48° N.) 
(BaupouIn, 1931). Lag. acutus shows almost the same geographic dis- 
tribution. Its most southern record from the American coast is Cape Cod 
(about 42° N.). The most southern records from Europe are Skegness 
(Wash Bay), in the sea S.W. of Ireland (HARMER, 1927), Sloe near 
Vlissingen (POELMAN, 1864) and Ostende (VAN BENEDEN, 1889; VAN 
DEINSE, 1931; SLIJPER, 1938). WAN BENEDEN (1861; p. 31) describes a 
skeleton of an animal that might have been caught along the African coast, 
but this is very doubtful. 

The fact that no representatives of Lagenorhynchus are mentioned from 
the coast of France by FISCHER (1879; Bay of Biscay, south of the Loire), 
TTROUESSART (1884; coast of France), GADEAU DE KERVILLE (1888, coast 
of Normandie), BRASIL (1907; Museum of Caen) and GIMENEZ (1922; 
coast of Gascogne) shows that the animal is very rare in this part of the 
Atlantic. No strandings or other records are known from Portugal (DE 
SAEBRA, 1924; THEMIDO, 1929; NoBrE, 1935), Spain (ANONYMusS, 1930), 
Algeria (LOCHE; 1858), Italy (REPETTI; 1924), the Azores (NOBRE; 
1930), Senegal (DE ROCHEBRUNE; 1883) and Cuba (CuNI; 1918). RICHARD 
(1936) gives a detailed enumeration of all Cetacea seen on the cruisades 
of the yacht of H.R.H. Prince Albert I of Monaco from 1885—1929. They 
often sailed in the Mediterranean and in the southern part of the Atlantic 
north of the equator, especially along the Spanish, Portuguese and French 
coasts and at the Azores. But they never observed any representative of 
Lagenorhynchus. 

Thus we may conclude that up to the present Lagenorhynchus albi- 
rostris Gray had not been observed south of 47° N. and that its occurrence 
at 37° N. may be regarded as a new contribution to the knowledge of the 
distribution of this species. 

On the French coast the animal is not as rare as may be concluded from 
the literature, as is shown by the fact that on the 19th of May 1947 at 
about 49° N.-2° W. (on the level of Cherbourg) we saw a school of six 
white-beaked Dolphins that showed very clearly the grey patches on 
their back and sides and the white of their beaks. The next day eight 
animals were seen in the English Channel. 


V. Summary. 


Lagenorhynchus wilsoni Lillie has been observed on April the 14th and 
15th at 48° 59’ S.-6° 36’ E. and 46° 52’ S.—8° 30’ E. in the Atlantic 
sector of the Southern Ocean. Up to the present the animal was only 
known from the Pacific and Australian sector south of 54° S. 

A description is given of a specimen of Lag. obscurus (Gray) from 
Table Bay in the South African Museum, Cape Town. 

9 


130 


Lagenorhynchus albirostris Gray has been observed on May the 15th 
1947 at about 37° 00’ N.—12° 30’ W. far more south than was known 
from the European Atlantic waters. Another school was seen on May the 
19th 1947 at about 49° N.—2° W. and on the next day in the English 
Channel. 

With regard to their colour pattern and some other characteristics a 
comparison has been made between all species of Lagenorhynchus des- 
cribed in literature. The conclusion could be drawn that it is highly 
probable that Lag. obscurus (Gray), fitzroyi (Waterhouse), superciliosus 
(Lesson et Garnot), cruciger (Quoy et Gaim.), wilsoni Lillie and australis 
(Peale) all belong to one and the same species, which in this case should 
bare the name of Lagenorhynchus cruciger (Quoy et Gaim.). The animals 
are black and white, sometimes with some grey and have a very variable 
colour pattern, They are 150—220 cm long, they bear 26—34 teeth in 
every jaw and their vertebral formula is 12—14 Th.; 16—24 L.; 29—33 
C.; total: 70—74. The species is distributed over the whole Southern Ocean 
from about 25° S. up to the border of the pack-ice. 

It is still doubtfull whether Lag. obliquidens Gill from the North Pacific 
belongs to this species or not. Lag. electra Gray certainly represents a 
different species that inhabits the tropical seas north of 10° S. These 
animals are almost completely black; they have 21—25 teeth. The other 
two different species are Lag. albirostris Gray and Lag. acutus (Gray) 
from the North Atlantic. 
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Chemistry. Changes in diameter of gelated coacervate drops of the 
complexcoacervate Gelatin-Gum arabic, resulting from a change in 
the pH, or from neutral salts added to the surrounding medium. II. 
By H. G. BUNGENBERG DE JONG and J. M. F, LANDSMEER. 


(Communicated at the meeting of November 29, 1947.) 


1. Introduction. 


In communication I the swelling-pH curve and the swelling at constant 
pH when salts are added, were studied 1). They lead us to the conclusion 
that in gelating the complexcoacervate, the typical complex relations 
(electrostatic attraction versus water contents) have been retained. The 
complexgel which results after cooling down, distinguishes itself from the 
complexcoacervate by the coherence of the positively charged gelatin to 
a gel structure. 

The changes in diameter studied in communication I, were reversible 
(or approximately so), and this was undoubtedly due to the relatively low 
saltconcentrations used. 

Higher saltconcentrations, however, give irreversible diameter changes 
the cause of which will be studied in this second communication. In doing 
so we will restrict ourselves to study these phenomena for one salt only, 
viz. KCl, at room-temperature (which was during these experiments 
20—23° C). The results obtained allow us to give a more complete picture 
of the nature of the complexgel, the negatively charged complexcomponent 
not partaking in the formation of the gelstructure, but remaining in principle 
mobile and bound to the positively charged gelatin gelstructure by electro- 
statical forces only. 


2. Deviations from a reversible behaviour at higher KCl concentrations. 


As stated in 1. the changes in diameter occurring in smaller saltconcen- 
trations, are reversible, but in greater saltconcentrations deviations from 
reversibility are met with. The character of these deviations may be seen 
from fig. 1, which gives the diameters of a gelated coacervate drop, each 
time at the end of a 5 minutes’ treatment with a very diluted acetate 
buffer of pH 3.7 (black dots) and at the end of 5 minutes’ treatment with 
the same buffer containing 40, 60, 80, 100 and 120 m.aeq. p. L. KCI (white 


dots) 2). 


1) BUNGENBERG DE JONG and J. M. F, LANDSMEER, Rec. trav. chim, Pays Bas 65, 
606 (1946). 

2) For preparation of the gelated complexcoacervate drops and technique of the 
measurements see Communication I, The acetate buffer contains 2 m. aeg. p. L, Na acetate. 
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So the abscissa gives only the number of treatments, but since each 
treatment lasted 5 minutes, it indicates the time as well. The black and 
white dots are connected by lines, which show the successive order of the 
treatments. We see therefore, that the alternate treatments with buffer (B) 
and buffer containing salt (B + S)| was applied five times before we took 
a higher KCI concentration. The drop could not be followed further as 
in indicated in the figure, for it was washed away by the liquid streaming 
through the cuvette. 


Fig. 1. Fig. 2. 


Fig. 1 shows the reversible character of the augmentation in diameters 
in 40 and 60 m.aeq.KCl, the white dots, apart from fluctuations (due to 
errors in the estimation) lying on a horizontal niveau (mean 11.16) the 
same being the case with the black dots at 40 and at 60 m.aeq.p.L. The 
first signs of deviation from strict reversibility are manifest during the 
treatment with 80 m.aeq.p.L. KCl, as the diameters after B treatment 
decrease a little, 

Very conspiceous deviations, however, occur during the treatment with 
100 m.aeqg.p.L. KCl. After each 5 minutes’ contact with the salt solution 
(B +S) the shrinking in buffer (B) becomes less. 

This change of behaviour continues during the treatment with 120 m.aeq. 
p.L. KCl. Though coming from B to B+ S the first time a small swelling 
(13.6 > 14.3) takes place, from now on the character of the diameter 
changes has reversed. 

Instead of shrinking, a swelling takes place when we return from B+ S 
to B (14.3 > 15.8), and a shrinking when going from B'+ S towards B 
(the black dots are now above the white ones). 

This reversal in the type of diameter changes is also present at still 
higher KCl concentrations. See fig. 2, in which the diameter changes of 
another complexcoacervate drop are given, which was exposed during 
20 minutes to B + S containing 120 m.aeq.p.L. KCl. 

The first black dot given in this figure, refers to the diameter at the 
end of this 20 minutes’ period. The period of alternatively treating with 
B+ S or with B was in this experiment 10 min., and in connection with 
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this a fewer number of treatments (only 2) with each salt solution was 
taken. Comparied with figure 1, we see here a continuation of the changes, 
which began in fig. 1 at 100 and 120 m.aeq.p.L. KCI. 


3. Diameter changes in KCl solutions of pH 3.7, preceeded by and 
followed by a determination of the swelling pH curve. 


The method used in 1., in which gelated coacervate drops were suc- 
cessively exposed to different KCl concentrations, is not very suitable for 
studying the irreversible changes. In the following we take therefore for 
every KCl concentration a new object-slide covered with gelated coacervate 
drops from the stock, kept in the refrigerator. 

Further we always stick to the following experimental procedure: 

a. determination of the swelling pH curve, during which experiment 
the drops are successively exposed to diluted acetate buffers for 5 minutes 
(with 2 m.aeq.p.L. Na acetate constant) having the pH values 2.9; 3.1; 
ae 9. Oe te et Ae 6: 

b. then the salt treatment at pH 3.7 follows. To this end the drops 
are first exposed to buffer 5 min. (as above), then 5 min. to buffer + salt, 
and so on alternating B and B+ S and ending with B, till a treatment 
with B + S has been given four times in all; 

c. thirdly follows once more the determination of the swelling pH curve 
as described in a., in which if necessary the series of pH values is extended 
to other values. 

In this experiment three gel-globules adhering to the object-slide, are 
measured which are so chosen that they have different diameters 3) and 
the mean of these 3 values was approximately the same in every experiment 
with different salt concentratiéns. As an example the measurements for 
the case the KCl concentration was 110 m.aeq.p.L. are given in table I. 

Inspecting this table, we recognise in the middle part (alternative 
treatment with B and B+ S) the same points which were discussed in 
section 1. For we see that the values B + S hardly change, whereas the 
values B increase after each salttreatment, apart from a slight decrease in 
the very beginning. 

For each of the four successive salttreatments the diameters B+ S are 
given in the following table II expressed in per cent of the values B (1 > 2; 
3-4; 5-6; 7—8). At the bottom of the table the average of these 
percentage values are given. 

The increase (123 > 128) of the values 100 (B + S)/B, when passing 
from (12) to (3-4) is the result of the small decrease of the B 
values which takes place in the beginning. However, the strong decrease 
(128 > 113-109) of the values 100 (B+ S)/B, when passing from 
(3 > 4) to (5—6) and to (7 8) is the result of the strong increase of 
the B values during the continued salttreatment. 


3) Diameters in Table I and others are given in scale divisions of the objectmicrometer, 
50 divisions = 670 uw. 


TABLE I. 
ae ee ag ee ee SEs ee 
| 
pH Drop 1 Drop 2 Drop 3 
elle = pA a See alae eee 
2.9 31.3 17.0 13.2 
om 27.0 14.5 13.2 
3.4 25,3 13.5 10.8 
3.6 24.8 13.6 10.8 
Ba8 24.9 fase 10.8 
4.0 25.0 14.0 10.9 
4.2 26.0 14.4 11.1 
4.4 28.5 15.8 12.3 
4.6 32.4 17.8 13.9 
B (1) 25.8 13.5 10.4 
B+S (2) 31.0 16.9 13.0 
B (3) 24.9 13.0 10.0 
B-+S (4) 31.0 16.9 13.0 
B (5) 26.2 15.0 12.0 
B+S (6) 30.9 17.0 13.0 
B (7) 26.7 15.9 12.8 
B+S (8) 31.0 iz 13.1 
B (9) 27.5 16.3 13.1 
3.4 33.8 20.0 16.0 
3.6 29.4 17.5 14.0 
3.8 26.0 16.0 i 
4.0 24.2 14.0 | 11.1 
4.2 23.5 13.0 10.3 
4.4 23.6 13.0 10.0 
4.6 24.0 13.0 10.2 
4.8 25.1 13.3 10.5 
5.0 27.0 14.2 11.0 
Ba 28.9 15.0 12.0 
5.4 31.0 16.6 12.8 
TABLE II. 
(ogee 100 22 100=—= | 100 —ES 
(1 2) (3 4) | (5> 6) (7> 8) 
Drop 1 120 125 118 | 116 
Drop 2 125 130 113 | 108 
Drop 3 125 130 108 | 102 
Rvcraae 123 128 113 | 109 


When we now direct our attention to the upper and lower section of 
table I, we see that the minima in the swelling pH curve (in the upper 
section laying somewhere between 3.6 and 3.8) have been considerably 
displaced by the salt treatment (in the lower section the minima lay 
somewhere between pH 4.2 and 4.4). With the aid of the graphical method 
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described in communication I (construction of bisector lines), we find for 
these minima: 


prior to KCI treatment pH = 3.70; 3.66; 3.68 mean pH = 3.68 
after KCl treatment pH = 4.30; 4.48; 4.48 mean pH = 4.39. 


However, for the interpretation of the phenomena described in 1. it will 
not suffice only to state that a salt treatment results in a shifting of the 
swelling pH curve in horizontal direction, i.e. towards higher pH values, 
but we must also take into consideration the simultaneously occurring 
shifting of this curve into the vertical direction. 

To this end all ordinate values were expressed in percents of the ordinate 
value at the minimum of the swelling pH curve before the salt treatment. 

For drop 1 (See table I) the ordinate values are therefore expressed in 
per cent of 24.8, for drop 2 in per cent of 13.5 and for drop 3 in per cent 
of 10.8. This has been done in the next table III. 


TABLE III. 


Ordinate values of the swelling pH curves before and after the treatment with 
110 m. aeq. p. L. KCl, expressed in per cent of this value at the minimum of the curve 
before the salt treatment. 


| Before KCl treatment After KCl treatment 
pH SS Sp Mean Mean 
|Drop 1} Drop 2 | Drop 5; | Drop 1 | Drop 2| Drop 3 
2.9 126 126 122 125 
3.1 109 107 104 107 
3.4 102 100 100 101 136 148 148 144 
3.6 100 100 100 100 119 130 130 126 
3.8 100 102 100 101 105 119 118 114 
4.0 101 104 101 102 98 104 103 102 
4.2 105 107 103 105 95 96 95 95 
4.4 LS 117 114 115 95 96 93 95 
4.6 131 132 129 131 97 96 94 96 
4.8 101 99 97 99 
SP, 109 105 102 105 
52 NZ 111 111 113 
5.4 125 123 119 122 


We see that after the salt treatment the minimum of the swelling pH 
value has not only shifted towards anoher value on the abscissa axis 
(pH 3.68 — 4.39) but to another value of the ordinate (100 > 95) as well. 


In the same way as has been described above for 110 m.aeq.p.L. KCl, 
other series were measured, the KCl concentrations being then 40, 70, 
100 and 140 m.aeq.p.L. KCl. We further added a series with zero KCl 
concentration, i.e. a series in which between the 2 swelling-pH curves, 
only B was lead through the cuvette, and the diameters of the three drops 
chosen were measured nine times with 5 minutes’ intervalls 

The results (already averaged for the three drops) of these series are 
given in table IV. 
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TABLE IV. 

pH of the 100 B+S pH of the 

KCl minimum be- B minimum 

m. aeq, 1. L. before KCl after KCl 

treatment Lege: Ait Borcie ie treatment 

eres Se ee S| ae ae ees ee ee eee ee 
0 37165 99 100 100 100 3.69 
40 3.62 115 HS 115 115 S07. 
70 3.63 119 121 123 122 3.74 
100 3.65 125 126 126 122 4.15 
110 3.68 123 128 113 109 4.42 
140 Sieey/ 129 97 89 85 4.81 
Mean 3.63 
B+S 


Fig. 3 gives the values 100 as function of the salt concentrations 


B 
after the first (1 > 2), second (3 > 4), third (5 6) and fourth (7 — 8) 
salt treatment. 

We see that all concentrations of KCl used, produce a swelling in the 
beginning (1—2), but this swelling is only reversible with sufficiently 


low KCI concentrations (0 and 40 m.aeq.p.L.). Indications of deviations 
from strict reversibily occur already with 70 m.aeq.p.L. KCl, and with 
sufficiently high concentrations (e.g. 140 m.aeq.p.L.) the second salt 
treatment gives already a shrinking instead of a swelling. 

From the displacement of the steep branches of the curves (3 > 4), 
(5—6), (7-8) to the left, we are lead to the conclusion that this 
reversal of the swelling behaviour is not only a function of the height of 
the KCI concentration, but also of the time during which the complexgel 
globules are exposed to a given KCI concentration. (This will be confirmed 
later in section 4). 

Next we direct our attention to the displacement of the swelling pH 
curve. Quite in the same way as was discussed above for the series with 
110 m.aeq.p.L. KCl, all ordinate values are expressed in table V in per cent 
of this value at the minimum of this curve before KCI treatment. 
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Table V is therefore quite analogous to table III, only with this difference 
that the numbers in the columns 3—8 are already the mean values of the 
three drops measured. The values in column 2 are the means of all blanc 
series before the KCl treatment and relate to 6 X 3 = 18 drops, con- 
sequently. 

TABLE V. 


Mean values of the ordinates of the swelling-pH curve before and after treatment with 
KCl solutions, expressed in per cent of the ordinate value of the minimum before 
KC] treatment. 


After treatment with KCl of the indicated 


pH | Before KCl concentrations in m. aeq, p. L. 

treatment 

| 0 40 70 100 110 140 
2.9 124 130 137 137 150 
3.1 106 109 108 116 134 
i. 4 101 102 100 98 112 144 
3.6 | 100 100 98 96 101 126 
oe 101 100 99 96 96 114 
4.0 | 102 102 100 98 93 102 145 
‘ea 106 104 104 99 95 95 136 
4.4 | 115 113 116 105 99 95 111 
4.6 | 127 125 130 117 106 96 103 
4.8 | 127 114 99 102 
5.0 | 125 105 103 
a2 132 113 108 
5.4 141 122 117 
5.6 123 
5.9 130 
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The percentage values of table V are given in fig. 4 as functions of pH. 
The curve corresponding with column 3 has not been embodied in this 
figure as its minimum tract practically coincides with the one of the blanc 
curve of column 2, and we are especially interested in the relative position 
of the curves in the neighbourhood of their minima. 

So we see in this figure that with a treatment during a constant time 
with KCI solutions of increasing concentration, the swelling pH curve is 
displaced from its original position, the more so, as the KCl concentration 
used is higher. 

This displacement contains two components: 

a. a displacement in horizontal direction, as a result of which its 
minimum is displaced towards higher pH values, 

b. a displacement in vertical direction, which takes place at first in a 
downward direction, and afterwards in an upward one. 


(To be continued.) 


Aerodynamics. — On the influence of gravity upon the expansion of a gas. 
I. By J. M. Burcers. (Mededeling no. 53 uit het Laboratorium 
voor Aero- en Hydrodynamica der Technische Hogeschool te Delft.) 


(Communicated at the meeting of January 31, 1948.) 


1. Statement of the problem. — We consider a vertical column of gas, 
which before the instant t — 0 is limited by a horizontal plane wall at its 
upper end, whereas downwards the column extends indefinitely. Lateral 
motion of the gas is prevented (it may be assumed that the gas is enclosed 
in an infinite vertical cylinder with perfectly smooth walls, or that the 
lateral dimensions of the column are infinite). The gas originally is every- 
where at rest. The pressure of the gas has a certain finite value pp at the 
level where it is in contact with the boundary plane; downward the pressure 
rises in consequence of the weight. of the gas, according to the law valid 
for an atmosphere in adiabatic (isentropic) equilibrium. Above the boundary 
plane is vacuum extending towards infinity. 

At the instant t — 0 the boundary plane is suddenly taken away, so that 
the gas can expand. It is asked to find the motion of the gas, taking account 
of its weight. 

The gas shall obey the law p/e = RT (p=pressure; @ = density; 
T = absolute temperature; R = gas constant per unit of mass) and shall 
have constant specific heat cy = R/(k—1); cp = kR/(k—1). In working 
out the equations the case k — 5/, is taken, as this value of k (like the 
value 7/;) makes possible a solution of the principal equations in finite 
terms. The scale of the field depends upon two parameters: cg, the velocity 
of sound in the gas at the level just below the boundary plane in the 
original equilibrium state of the gas (for convenience a will be written for 
3cy), and g, the acceleration of gravity, which is supposed to be indepen- 
dent of the height; the time scale is fixed by a/g, the scale of lengths 
by a2/g. 

Viscosity, heat conduction and radiation are neglected. It is found, 
however, that a shock wave appears in a particular point of the field at the 


instant f = /2-a/g. Within the shock wave viscosity produces a sudden 
rise of entropy. The continuation of the solution beyond this instant is 
extremely difficult and we must restrict to a few indications concerning the 
first stages of the propagation of this shock wave, in which the change 
of entropy still is small. 


2. Equations of motion for the gas. — We take the axis of z vertically 
upwards, z being counted from the upper level of the gas in the original 
equilibrium condition, i.e. from the level in contact with the boundary plane. 
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So long as the changes of state of the elements of volume of the gas are 

adiabatic and isentropic, the state of the gas in every element can be 

characterised by a single variable, for which we take the velocity of sound c. 
The equations of motion can be brought into the form 1): 


S + ege ut 7 d=—g AA Pit eet. wh) 
(first equation: + signs; second equation: — signs), where uw is the velocity 
of motion of an element of volume. 
The gas was assumed to be at rest in the region z<0 for t<0. Both 
equations of the system (1) then reduce to the same form and by inte- 
gration give: 


Be co — (k= 1) 2 ee ee 


From this formula the increase of the temperature, of the pressure and of 
the density of the gas downward from the level z = 0 can be deduced. 
The temperature e.g. is given by T = Ty — (k —1)9z/kR = Ty) —gz/cp, 
which is the well known relation for an atmosphere in isentropic equilibrium. 

After the boundary plane at z = 0 has been taken away we expect that 
the expanding gas will not rise indefinitely (as it does in the case where 
gravity is not operating), but that finally a new state of equilibrium will be 
approached. It can also be expected that for large negative values of z 
the state of the gas will not change very much and that in the limit formula 
(2) will remain valid. Hence if a new equilibrium state should indeed be 
approached (possibly after a period of oscillatory motion), we must expect 
that the column of gas in the final state will not extend beyond an upper 
level determined by c = 0, from which: 


Spm OO ey aa ke a ok ae Oe a ee 
3. Solution of the equations by means of RIEMANN’s method. — We 
introduce a change of variables: 
ta ft Cae eae Ot S| ot me eee, ee 
The equations become transformed into (with k = 5/;): 
(9 om 
Pap ies ©) wre Citic alee lg oe eee sau ecek oe 


Here g no longer appears explicitly: equations (5) are identical with those 
for the expansion of a gas not subjected to gravity. We next introduce: 


Urs wach ose 1. a) i STE) 


from which: 


w= 79+); w= Z(O+n)—gt; c=i(W—n) . . (7) 


1) Compare J. M. BURGERS, Some problems of the motion of interstellar gas clouds, 
these Proceedings 49, 593, eqs. (7), (1946). 
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Equations (5) express that # is constant along a curve of a ¢, t-plane for 
which d{/dt = w+ c; and that » is constant along a curve for which 
dé/dt = w—c. Hence the curves of the ¢,t-plane determined by the 
equations: 


(I) dé/d¢e—=w+c; (II) dt/dx = w—c, 
or in other form by: 
(I) #=constant; (II) 7 =constant, 


are the two sets of characteristics of the system (5). 
As indicated by RIEMANN 2) we take 7 and @ as independent variables, 
describing an 7, #-plane (fig. 1), in which ¢ and 1 will be considered as 


Fig. 1. 7, ®plane. The unit for the scales along both axes is a, 


the dependent variables. The transformation of the equations of motion is 
obtained in the most simple way by observing that the relations just 
mentioned are equivalent to: 


0f/07 =(w + c)-(dt/0n) for constant 3 


0C/d% = (w — c) - (0t/0%) for constant 7 (8) 


2) See B. RIEMANN-H. WEBER, Die partiellen Differentialgleichungen der mathema~- 
tischen Physik (Braunschweig 1901), Bd. 2, p. 499 seqq. 
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Eliminating ¢ by cross differentiation we arrive at: 


a 2 (StS) =o a 
d700 n—d\dn 00 


We further consider the boundaries appearing in the 7, #-plane. One 
boundary is obtained by observing that from f = 0 onward the first wave, 
initiating the expansion, penetrates into the gas in the direction of —z, 
with a velocity of propagation c given by (2). In az, t-diagram (see fig. 2) 


gas possibly 
at rest 


gas 
atrest 


fa 


2 
=-zet-—igt 


(downward ) (upward) 


Fig. 2. z, f-plane. 


the path OC of this wave is determined by dz/dt = —c, from which: 
22> — Pat 1 Fhe ee So a ee 


Inserting (10) into (2) we find that along this path c—=cy +i gt = 
=1(a+gt). As u=—0 along the path of this wave, we have w = gt, 
and we deduce from equations (6): 


== oo (witht O}s Says et kee 


These formulae determine the straight boundary O*C in the 7, #-plane as 
indicated in fig. 1, along which boundary t = (#0 — a)/2g. 

To obtain a second boundary we observe that the first stages of the 
expansion (appearing near z= 0 for ¢ only slightly above 0) will be 
practically the same as in the case where gravity is absent. In that case 3): 


u=ja+32/t; cHta—izft. 
Here the directions z/t — constant represent the characteristics for which 


dz/dt = u—c. In the expanding gas near z — 0 the value of c will at 
most be equal to co = a/3; as on the other hand c cannot decrease below 


3) Compare J. M. BURGERS lc., eqs. (6) at p. 592, changing the sign of c. The 
solution given page 594, eqs. (8), although likewise reverting to that given by eas. (6) 
when f goes to zero, refers to a set of initial conditions differing from those introduced 
in the present problem, 
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zero, the admissible values of z/t are confined between — a/3 and + a. As 
the difference between w and u can be neglected for very small values of 
t, the characteristics 7 — constant must be tangent for t—0O to the 
characteristics z/t = constant of the equations from which g is absent. 
At the same time we find: 


8=wt+3cH=u+3c—a; 
=w—3c=u—3c=>—ta+ 3z/t (<+4a). 
These equations determine the boundary O*A in fig. 1, along which 
boundary t = 0. 
With the aid of the boundary values of t along O*C and O*A it is 
possible to obtain an expression for + valid in the region #=a; 


—a=x7=-+a by means of RIEMANN’s method of integration. The 
auxiliary function v introduced by RIEMANN must satisfy the equation: 


07 v d/ 2 ) ( 2v 
ef | | 
67 Ob a on ) Od \n—9F 
and the supplementary conditions: 
ov_—2v 
on = 4—?b 
np, Op being the coordinates of any point where it is desired to find the 
value of r. The appropriate solution for v is *): 


for t= Bp; oo for 7 = np, 


aah hibaaN oe 
Sp a eae a Patel eh (12) 
P—nP 
4. Continuation. — Making use of RIEMANN’s auxiliary function the 


following expression is obtained for t: 


—a? i—a? } 
SS ee eo ee a SS 
Sey ee haere ant a) 


Having regard to (8) the corresponding expression for ¢ is found to be: 
Pa? (5#—a?  H(i—a?) 28 
g(8—n)(4(G—-y) 2(8-4)? 3 


where the integration constant has been adjusted so that along O*C (i.e. 
for 7 = —a): 6 = (02— 40a + 3a?)/12g, which leads to the value of z 


given by (10). 


c= (14) 


4) See RIEMANN-WEBER [l.c. footnote 7) above], p. 510. — The circumstance that 
a solution of the equations for v can be expressed in finite form if k satisfies the condition 
that (k + 1)/2(k—1) is a whole number, was remarked by G. DARBOUX, Lecons sur la 
théorie des surfaces (Paris 1889), tome II, p. 65. Compare J. HADAMARD, Lecons sur la 
propagation des ondes (Paris 1903), p. 168 and also GOSSOT et LIOUVILLE, Ballistique 
intérieure (Paris 1922), p. 142. ; 
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It is useful to mention the equations: 


2 g (8—n)* (01/8) = 04— 4 Bn +2820? +40n0a?—3a* . . (15a) 
29 (9—n)4 (02/09) = 84 — 4:03 +6821? —400?—277a?+3a* (156) 
The values of 0£/07 and 0£/0% are obtained from these expressions with 
the aid of (8). It follows from (15a) and (156) that the derivatives 07/07 
and 0¢6/07 simultaneously become zero: 
a) along the line O*A where & = a (for all values of 9); 
b) in the points of the curve: 


eal he Le ie Lia, Ca be pe As) 
This curve starts from A (# = a; 4 = a) and ends in F (# = 3a; » = a); 
the minimum value of 7 on this curve is found in the point D ( = 73-a; 
=F y3 -a). 


The derivatives 01/09 and 06/00 simultaneously become zero in the 
points of the curve: 


(63? — 2a?) n?—4(#8 + ba’)n+04*+30t=0.. . (17) 
which starts from A and returns to the same point after having passed 
through D, where # reaches a maximum. The minimum value of 7 on this 
curve is attained in E (9 = ¥2-a;y=3Y2-a). 

The y, 3-plane is also of use in the calculation of the path of an individual 


element of volume of the gas. The motion of such an element is determined 


by: 


dz/dfi=uas-4(0-++y)—of «... : . . « (18) 
from which, making use of (4): 
didi w= 40a) a ee ee 


If the path of an element is represented in the #, 7-plane and di/dy refers 
to the curve thus defined, we have: 


do __ (06/0) + (06/09) (d9/dn) 
dx (dt/09) + (0x/08) (d9/dn) 


Making use of eqs. (8) and of (15a), (156), equations (18a) and (185) 
can be applied to deduce the following differential equation for the sas 
sentation in the #, 7-plane of the path of an element: 


(185) 


di O*—4 Py +20 a? + 407 a?—3at 


dy 0° —405y +6 Oy —40na?—2attaat - * \t9) 
This equation admits the integral: 
4 P—Hn+2¥ ?—2 Py a? + 9(3at—2 72a?) + 3nat=} Sa? (20) 


S being a constant. — From what has been observed in connection with 
(15a), (155) it follows that the curves determined by (16) and (17) mark 


St SEY GL ye 
We further mention that with the aid of (13) the following expression 
for u can be deduced: 


eae aay) (e—n) (21) 
Hence u becomes zero: 
a) along the boundaries O*C (7 = —a) and AB (n= + <a); 


b) in the points of the curve: 


kit let cubs gee Ann eamet 2) 
which has been indicated in fig. 1 by a dotted line. 


5. Provisional interpretation. — Having arrived at a formal solution 
of the equations referring to the 7, 0-plane, we attempt to interprete this 
solution in terms referring to the z, t-plane or ‘physical plane” (see fig. 2). 
It will be found that the correspondence between the two planes is not a 
simple one, as a certain overlapping occurs in the z, t-plane in the region 
corresponding to the neighbourhood of the point A of the 7, #-plane. We 
shall, however, first give attention to that part of the 7, #-plane between 
the lines O*C and AB for which @ is large, as no difficulties are found 
here. 

It has been mentioned that the line O*C corresponds to the first wave 
penetrating downward into the gas and initiating the motion of the con- 
secutive layers. This path has been indicated in fig. 2. 

Along the boundary O*A in the 7, #-plane we have 0 = a,1=0, (= 
In the z, t-plane the single point O (z = 0, t = 0) corresponds to this line. 
The point A itself (# = a, 7 =a) is to be excluded, as the expressions 
(13) and (14) become indeterminate here. 

Along the boundary AB in the 7, #-plane we have y= +a, b><a; 
hence, t,— ti — (0 4-0) /29: 6 (82'+ 400 + 302) /12g, and: 


=(—# +20a+307)/24g=tat—togt? . . . (23) 


This curve likewise has been indicated in fig. 2 (curve A*B starting from 
z = a?/6g = 3co?/2g; t = a/g). : 

The curves OC and A*B are both characteristics, as 4 is constant along 
these curves. Along OC we have u=0, c= 4 (a+ gt) = Vco2—3gz, 
as mentioned before. Making use of (7) and (23) we find that exactly the 
same relations hold along A*B. Now it is a known property of equations 
of the hyperbolic class that along characteristics solutions of different type 
can be joined together. Hence it seems possible to suppose that not only 
the region of the z, t-plane below the parabola OC, but also that above the 
parabola A*B — at least for large values of t — represents a state of rest 
of the gas in which equation (2) will hold. 

We will provisionally assume that for large values of t an asymptotic 
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solution of this type is possible, although the conclusion cannot be accepted 
as final, in consequence of the peculiar conditions of overlapping which are 
found in the neighbourhood of A. 

Development of (13) and (14) for large values of # gives: 


3 heist 7 poet A le oy 
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from which: 
Seta |e ee 7 Zi ane 
pee 1) Jo Sra td) ey ae eh 2) 


249 6 gt 


These formulae show that for large values of # (and thus for large values 
of t) there is a simple and unambiguous correspondence between the 
region of the 7, 8-plane limited by the lines O*C, AB, and the region of 
the z, t-plane limited by the parabolae OC and A*B. 

For large values of # eq. (20) can be approximated by: 


(8—n)P = Sa + 10 3 (na?— 7°), 
from which: 


0=C+n+2n(a?—7n’)/C? . . . . . . (26) 


where C = S'sq. It follows that the curve in the 7, #-plane representing 
the motion of an element of volume of the gas (for shortness we shall call 
such a curve an ‘“‘S-curve’’) starts from @ & C— «a; 7 = —a and arrives 
at 0© C+ a; 7 — +a. From (24) and (25) we deduce that the cor- 
responding actual motion takes place in the interval of time from 
t'= C/2g—a/g until t— C/2g + a/g, and that the change of level is 
small. There is a slight (and slow) up and down motion, in which the 
value of z first rises over an amount of approximately a*/4gC? and then 
almost comes back to the original level, the resulting increase of z (as 
deduced from a closer approximation) amounting to 1% a5/gC3 only. It can 
also be deduced from (21) that for this motion u%— 4(a2— 72) /02, 
so that u changes sign approximately at 7 — 0. Hence the motion of the 
gas, started by the initial wave which travels along the path OC, is brought 
to rest again by a final wave travelling along the path A*B. 


6. Appearance of shock waves. — It has been mentioned that in 
establishing a correspondence between the 7, #-plane and the z, t-plane a 
certain overlapping is encountered. This overlapping becomes evident in 
various ways. In discussing it we conveniently make use of the ¢, t-plane 
instead of the z, t-plane, as this relieves us from the necessity of calculating 
values of 3gt?. As the z, t-plane can be obtained from the ¢, t-plane by a 
shift of every horizontal line over the appropriate distance 3gt? to the left, 
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there is a one to one correspondence between the points of the relevant 
regions of the two planes, and intersections either of characteristics or of 
paths appearing in one plane will have their exact counterpart in the 
other plane. 

We start with a short discussion of the course of the characteristics. 
Referring to eqs. (15a), (15b), (16) and (17) of section 4 and to the 
conclusions derived from them, it will be seen that characteristics of the 
set 7 — constant intersect with the curve AEDA in the 7, J-plane if 


»>472-a. At the point of intersection 07/00 and 0¢/0% simultaneously 
become zero and change sign. This means that in the ¢,t-plane the 
characteristic turns back upon itself and thus presents a cusp5). At the inter- 
section with the upper branch of the curve AEDA a second cusp appears. 
— The characteristics of the set # = constant intersect with the curve 
ADF if &< 3a; in the ¢, t-plane these characteristics then likewise present 
a cusp, in consequence of the simultaneous vanishing of 0t/On and 0¢£/0y. 

More important is a discussion of the curves representing the motion of 
an individual element of volume (a layer) of the gas. The corresponding 
“S-curves” of the 7, 0-plane are given by (20). The S-curves start from 
points of the line O*C; if the starting point is given by ® = 0%; 7 = —a, 
the value of S is found to be S = (#)/a + 1)5— 16, so that S increases 
regularly with #). The smallest possible value of Sis obtained with %) = a, 
giving Sin — 16; the corresponding S-curve is the line O*A in the 7, 0- 
plane. 

If we take a value of S slightly above S,,,, the corresponding S-curve 
will intersect with the lower branch of the curve AEDA. The point of 
intersection gradually moves from A to the left, until it reaches the point FE 


when S has obtained the value #3 V2 = 16,26345. For S > 16,26345 there 
is no intersection with the curve AEDA, although there can be intersection 
with the upper part of the curve ADF of fig. 1. 

For any S-curve with 16 << S < 16,26345 it follows from (17) and (19) 
that di/dn becomes infinite at the point of intersection with the curve AE. 
At the same point 07/d@ and 0£/00 take the value zero and change sign. 
Hence when we proceed along the S-curve the corresponding path in the 
¢, t-plane turns back upon itself, i.e. it presents a cusp (both distance and 
time going back). Such behaviour in reality is impossible. It is to be 
observed that the velocity of the gas, which in the ¢, t-plane is determined 
by w = d¢é/dt, does not become zero at the cusp. 

The vanishing of 01t/O% and 0f/0% means that at the corresponding 
point of the ¢, r-plane the quantity # has an infinite gradient, i.e. presents 
an abrupt change. It appears from formulae (7) that this entails an abrupt 
change in w and inc (there is no abrupt change in 7). Hence we have the 
situation characteristic for a shock wave. 


5) Compare J. HADAMARD, Legons sur la propagation des ondes, p. 187. 


The appearance of shock waves makes the problem considerably more 
difficult, as a shock wave introduces a non-isentropic change of state of 
the gas, so that the state can no longer be described by means of a single 
variable. This takes away the basis of the analysis given in sections 2 — 4, 
and the 7, 0-plane will lose part of its applicability. However, as the gas in 
its original state of rest was in isentropic equilibrium, a part of the dia- 
gram, situated along the boundary O*C, will retain its applicability, even 
for indefinitely increasing values of # and of t. Hence the shock waves 
will delimit certain domains in the 7, }-plane and in the ¢,t-plane (or in 
the z, t-plane), within which the state of the gas no longer can be described 
by means of the value of c alone; these domains are embedded in regions 
to which the original analysis still applies. 

In a continuation of this paper we shall consider the initial stage of the 
first shock wave, which appears to start from the point E. 


(To be continued.) 

Résumé. 

Dans cette communication on considére l'influence de la pesanteur sur 
l’expansion d'un gas parfait, en supposant qu'il y a mouvement seulement 
dans la direction verticale. Dans le cas ot! k = cp/cv = 5/s, les équations 
peuvent étre intégrées complétement par la méthode de RIEMANN; la 
fonction auxiliaire v de RIEMANN s’exprime en termes finies; la position z 
et le temps f caractérisant le mouvement d’un élément de volume sont 
exprimés par des fonctions rationelles de la vitesse méme de l'élément et de 
la vitesse du son dans cet élément. 

Quand on cherche a décrire le mouvement réel d'un élément de volume, 
on trouve des irrégularités dans certaines parties du champ, qui démontrent 
l'apparition des ondes de choc. 


Resumo. 


En ¢i tiu artikolo oni konsideras la influon de la pezo al ekspansio de 
perfekta gaso, supozante ke la gaso movigas en la direkto vertikala. Kiam 
k = cp/cv = 5/3 ekvacioj povas esti integrata per la metodo de RIEMANN; 
la helpfunkcio v de RIEMANN esprimigas en termoj finitaj; la pozicio z kaj 
la tempo ¢ rilataj al movigo de elemento de volumeno esprimigas per 
funkcioj racionalaj de la rapido de la elemento mem kaj de la rapido de la 
sono en la elemento. 

Kiam oni provas priskribi la realan movigon de elemento oni trovas 
neregulajoj en certaj partoj de la kampo, kiuj pruvas la aperon de ondoj 
de skuo. 


Physics. — Analyzing Physiological Tracings I]1). Heart- and Pulse 
records. By A. H. J. M. Tomey and L. Kalser. (Communicated by 
Prof. J. G. VAN DER CORPUT.) 


(Communicated at the meeting of December 20, 1947.) 


Introduction. 


The analyzing method for compound periodical phenomena with com- 
ponents of varying amplitudes indicated by TOMEy has been applied also 
on curves concerning the function of the heart and the phenomena in the 
blood vessels that depend on it. 

On account of our experience with the vowels (Archives Néerlandaises 
de Phonétique Expérimentale, t. 19, 1943) and considering that vowel and 
pulse curves are similar to a certain extent, the application of the method 
described seemed desirable in the latter case too. 

Indeed a remarkable resemblance appears between the qualities of the 
speech sounds and those of the compounds of waves being present in the 
circulatory system. In both cases we find impulses origining from muscular 
energy, forming sequences that show only an approximative regularity: 
starting from the glottis, that lets escape quantities of air, in the first case; 
starting from the heart, that lets escape quantities of blood, in the second 
case. In both cases these impulses are received in a system possessing 
special qualities as to resonance and extinguishing, which makes the pat- 
tern of a fundamental period characteristic for special qualities and con- 
ditions of this system. HERMANN, SCRIPTURE and GARTEN have interpreted 
in this way the phenomena observed in speech sounds. In none of the two 
cases the succeeding impulses induce the origin of a real fundamental tone, 
though the case of the function of the heart, not principally by a smaller 
frequency which falls below the territory of sound, but mainly by being 
more strictly found to physiological processes, shows a major deviation. 
But also in the case of the speech sounds we observe that each fundamental 
period is an event of its own, showing a pattern, only approximatively 
repeated by the adjacent periods. Nevertheless the ear perceives a fun- 
damental tone, as SCHOUTEN has explained in his theory concerning the 
residual tone. 

In the extensive literature concerning heart and pulse curves, we only 
once found an indication of the applying of analysis, namely a communic- 
ation by BROEMSER, who applicated analysis after FOURIER on central and 
peripheral pulse tracings. 

It is true that VON RECKLINGHAUSEN to a certain extent was analyzing 


1) J, Electro-encephalogrammen. Verh. Kon, Ned. Akad. v. Wetensch., Afd. Natuurk, 
Vol. LIII, 1944. : 
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too, considering the pulse wave to be built up out of various elements as: 
a prime wave, a locally reflected wave and other reflected waves giving 
together the ““Gewoge”. The fluctuation of the blood would be caused by 
the latter, during the diastolic period of the heart. In the central vessels 
the “Gewoge” is dominating, whereas towards the periphery a coherent 
reflected wave gets more important as TULLIO had indicated already. The 
“Gewoge” would have an influence on the function of the heart, a back- 
ward coupling, which adds another accordance to those existing between 
the speech sounds and the vascular phenomena, Husson and WEISZ having 
pointed to this phenomenon in the case of speech sounds. VON RECKLING- 
HAUSEN differing from former investigators and from BROEMSER, did not 
consider the pulse to be a compound vibration, but, accepting only positive 
ordinates (which agrees with a remark of HOORWEG), called it a compound 
fluctuation. 

(Many investigators however interprete the form of the pulse curve as 
depending on vibration. HOORWEG, GRASHEY and others explained it by 
the interference of positively and negatively reflected waves. FRANCK and 
TIGERSTEDT supposed that the blood vessels might ahve their own vibra- 
tions, which might explain the rebound in the ascending part of the sphyg- 
mogram, recorded at a centrally situated artery. HOORWEG called the first 
part of the pulse curve, untill the incisura, a consequence of a borced vibra~- 
tion, whereas the second part would be the consequence of a free vibration 
of the vessel. A more active reaction of the arterial wall on the pulse wave 
was admitted by HURTHLE and LEON FREDERICQ. 

For the greater part these theories are combined in the theory which 
BROEMSER and his coworkers composed on the base of their experiments 
on models and animals, 

BROEMSER considers the pulse curve as the result of a coupling of 
damped vibrations, the relation between the duration of the systole 
and the own frequency of the blood cistern determining the output of 
the heart. The latter appeared to show maxima and minima, depending 
on the value of 2 Sc/L being an odd or an even number (S — the duration 
of the systole, c = the velocity of the propagation of the pulse wave, L = 
a certain average length of that part of the arterial system, that functions 
as a blood cistern), In AUuB'’s article we find this simple representation. 
Checking the formula in experiments on animals, 1.4 was found as the 
value probably causing a maximum output (this value varying from 
1.4—2.6 in various animals). 

VAN DE POL conceived the pulse-curve, as well as many other biological 
tracings, as a representation of relaxation phenomena, which prettily well 
agrees with BROEMSER’s views. 

Checking the analyzing method indicated by Tomey by analyzing a 
relaxation curve, it appeared that a slight deviation of the sinusoidal form 
was to be found in the results of the analysis, whereas it is a wellknown 
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fact that analysis after FOURIER gives no indication of a deviation whats- 
oever. Besides no overtones were found which were not present in reality, 
whereas analysis after FOURIER often gives irreal results. 

On account of the indications given especially in recent publications, 
we may take it for granted that in the pulse curve extinguishing vibrations 
may be recognized, which means that analysis after TOMEY is at its place 
here. 

To make it possible to judge the results of the analysis, it seemed im- 
portant to know something about the frequencies of the vibrations, which 
were to be expected. We found only a few indications partly based on 
experiments, partly on theoretical considerations. 

The rapidity of the propagation of the waves has been determined by 
various investigators to vary from 5 to 9 m per sec. 

A great difficulty gives the evaluation of the distance between the 
semilunar valves and those places in the arterial system, where a positive 
reflection by narrowing, or a negative reflection by widening may be 
expected. As to the chances of the origining of standing waves, the 
opinions are divergent. If the maximum distance (between the heart and 
the foot) may be taken to be 150 cm and the minimum distance (between the 
heart and the bifurcation of the aorta) to be 75 cm, reckoning with positive 
and negative reflection, the rapidity of propagation being supposed to be 
6 m, frequencies of 600/300, 600/150, 600/75, —that is of 2,4 and 8 per sec. 
may be expected. It goes without saying that this evaluation is a rough one. 

LUCIANI parting from the duration of the outflow of the blood as deter- 
mined in a tracing by EDGREN to 0.23”, found a vibration frequency of 
1/0.23 = 4.35 and concluded the wave length to be 160 cm. pointing to 
the fact, that this indeed is nearly the distance from the heart to the foot. 
The influence of a resonancy of the blood cistern is not taken into 
account here. 

As mentioned already BROEMSER concluded from his experiments on 
models checked in rabbits, that the optimal condition for the output existed 
if Sc/L — 1.4, as generally would be the case. In the rabbit BROEMSER 


and ROTH accept the value Sheer = 1.4. For human proportions 
this might be about sa = 1.4, which would lead to the frequencies 


600/200 — 3, if negative, 600/100 — 6, if positive reflection takes place. 

Hence we may expect vibrations of a frequency from 2—8 per sec., 
which would mean the second till the eighth harmonic, if we put the fre- 
quency of the pulse to 1 per sec. 

BROEMSER employing analysis after FOURIER as mentioned above, found 
a vibration of 2 per sec. which he called the fundamental tone, whereas 
nothing is said about the relation between this frequency and the period- 
icity of the heart. This certainly seems justified, the periodicity of the 
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heart varying with the duration of the diastole. Nevertheless it seemed 
more attractive to us to consider the frequency of the heart as a sort of 
fundamental vibration. 


Results of the Analysis. 

1. A combination of synchronical periods of pressure curves of both 
ventricles, the aorta, the right atrium and the jugular vein (Handb. d. 
norm. u. pathol. Physiologie Bd. VII) 1). 

Though it is a great disadvantage that only one single period of the 
tracings was given, which made it necessary to consider the curves as 
being strictly periodical, the analysis seemed useful for a general orient- 
ation. 

In the ventricle curves a fundamental wave (of the frequency of the 
total phenomenon) appeared rather strong, whereas it was much less so 
in the aorta curve. It goes without saying that as to the amplitude only 
waves from one tracing may be compared (and perhaps these even not). 
As to phase both ventricle curves are similar, whereas the aorta tracing 
shows a distinct retardation as compared with the former ones. The value 
of this shifting of the phase depends on the physical value of the com- 
ponents found..A wave No 2 (having a frequency of about 2 per sec.) is 
present in the three curves, most so in the aorta tracing. Its phase again 
is similar in both ventricular tracings, whereas it is somewhat retardated 
in the aorta tracing. A wave with a frequency of about 3 appears especially 
in the aorta curve. The phase in the aorta tracing differs much from that 
in the ventricular curves. The vibration time of this element might equal the 
duration of the outflow of the blood. Not 2 but 3 in this case might be the 
frequency given by the heart, whereby it will be necessary to explain 2 
by a proper vibration of the arterial system, which is communicated to 
the ventricles, probably to the contents of the ventricles, 

The analysis of the tracings of the right atrium and of the jugular vein, 
showed that the fundamental vibration was unimportant in the first (and 
judging from its phase probably was transported from the ventricle), 
whereas in the second tracing it was more important, its phase being 
opposite here as compared to the four other curves. Indeed the usual ex- 
planation of the jugular pulse is based on something that only shows 
itself here, namely the traction by the moving basis of the heart during 
the systole. 

The component No 2 in both curves has the same phase, which is 
opposite to that in the arterial curves. It is not known whether a negative 
pressure is to be supposed here as in the fundamental wave. 

The third component is only present in the tracing of the jugular vein 
and coincides with the wave which is ascribed to the influence of the arterial 
pulse. It is obscure however how a difference in phase may exist by which 
the wave in the jugular vein would precede that in the aorta. 
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Fig. la gives one period of the 

pressure curves in the aorta (A), 

the left ventricle (L.V.) and the 

right ventricle (R.V.), with the 

results of an analysis in which 

the phenomena were considered 
to be periodical. 


Fig. 16 gives the tracings of the 
atrium and the jugular vein in 
the same way. 
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2. Apex beat tracing. 


On a tracing of the apex beat recorded by WALLER the analysis might 
be applicated in its real way, though in this example as in most other, the 
number of the heart periods is very limited. The heart tones are indicated 
in the figure (Fig. 2). Though it must be admitted that the mechanical 


Fig. 2 shows a heart beat record published by WALLER, in which the duration 

of the heart sounds has been indicated. The results of the analysis are remarkable, 

most components showing distortion and extinguishing during the diastole, 
whereas the component of about 2!4 per sec. behaves differently. 


cardiogram shows important individual differences and depends to a 
large degree on the conditions under which it is recorded, we have to 
consider its origin as answering the demands for the development of 
extinguishing vibrations: the ballistic stroke of FREDERICQ, the pulling at 
the fibrous elements of the heart and its surroundings, the beat against 
the cartilagineous and fibrous elements of the thoracic wall. EDGREN and 
EDENS explained the apex beat tracing. 

Generally spoken the results of the analysis showed the following facts. 
After the first heart-sound, but especially after the second, most of the 
components are distorted as to amplitude and phase. We feel the neces- 
sity to consider the occlusion of the semilunar valves to be responsible for 
this distortion: a system consisting in coupled cavities containing a liquid 
in which a compound vibration exists, by the occlusion of the valves is 
divided into two departments, the blood at the same time having been obliged 
to move backward to the heart. It seems comprehensible that hereby the 
existing vibrations appear distorted. The fundamental wave too, shows a 
distinct irregularity at the moment indicated, its form deviating from the 


161 


sinusoidal form. Only No 2, a wave of about 214 per sec., forms an ex- 
ception, showing its greatest amplitude on the contrary immediately after 
the occlusion of the semilunar valves, whereas it shows a diminishing 
during the systole. One would feel inclined to think of a relation to the 
dicrotic wave of the pulse curve. As to the other components we only may 
remind of the general causes of vibration mentioned above. As was said 
already most of the components are distorted also after the first heart 
sound, which may be ascribed to the opening of the semilunar valves or to 
the closing of the atrioventricular valves. 

It seemed worth while to check whether there was any component 
present having a frequency between the highest component found (15 per 
sec.) and the lowest element of the heart sounds (about 45 per sec.). To 
this purpose a tracing by EDENS was analyzed in which the mechanical 
conditions of the record did not prevent the presence of higher frequencies. 

It appeared that the region between 15 and 45 per sec. hardly was 
represented. Only a component of about 3714 per sec. was found, which 
probably will belong to the components of the heart sound. In a tracing 
of the left atrium, recorded synchronically and in the same way, Nos 8, 
10, 12 and 16 showed a changing amplitude in such a manner that a coin- 
cidency of the lower frequencies with the heart sounds seemed to exist. 


3. Arterial pulse tracings. 

Two examples of the radial pulse, one recorded by FLINT and one by 
LEwISs, were analyzed. Both had a normal form. 

The results of the analysis agree fully (Fig. 3a and Fig. 4a). Beside a 
fundamental wave, which in both cases is equally strong, a wave of about 
21% per sec. is present. This component by its phase forms the greater 
part of the systolic part of the pulse curve. In the diastolic part a distortion 
sets in: the amplitude diminishes and the phase is distorted. The higher 
components that are present: 614 and 714 per sec. in both cases show 
irregularities at the same moment. This holds not true for the component 
5 per sec., which being only present in FLINT’s tracing, may be more or 
less occasional. 

In the central curves and in the peripheral as well, the component 214 
per sec. is the most important (agreeing with the fundamental wave after 
BROEMSER). An opposition between the central and the peripheral pulse 
seems to exist in the fact, that in the first the impulse occurs at the be- 
ginning of the diastole, whereas in the second it occurs during the systole, 
the explanation being uncertain. TULLIO and VON RECKLINGHAUSEN already 
indicated that the principal wave of the pulse tracing gets more important 
towards the periphery, the importance of the ““Gewoge”’ getting less. We 
may suppose a resonancy proper to the whole vascular system agrees 
with the frequency, but depending on the neighbourhood of the central 
or the peripheral end of the system, the impulse (in both cases origining 
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from a positive reflection) occurs at the beginning of the diastole, or 
during the systolic part of the tracing. 
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Fig. 3a. 
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Fig. 30. 


Fig. 3a gives a few periods of a radial pulse curve and of a venous pulse curve published 

by FLINT. The first curve (a) gave regular results, in which the component 214 was 

distorted during the diastolic part. The great resemblance with Fig. 4a is broken only 
by the presence of a component of 5 per sec. 


Fig. 3b. The venous curve is characterized by a fundamental wave of a relatively large 

amplitude, its phase being approximatively opposite to that in the arterial tracing. Here 

also the component 214 per sec. shows regular distortions, whereas the second period 
shows an almost general extinguishing of the components. 


4, Venous pulse curves. 


Two examples of venous pulse curves were analyzed, belonging to- 
gether with the radial pulse curves described above. (Fig. 3b and fig. 4b). 
Especially in the case of the venous pulse it seems appropriate to employ 
analysis. Not only the height of the tops varies very much, EDENS declaring 


that he could not attach any value to this, but besides there is an un- 
certainty concerning the presence of the two, resp. three waves. If two 
elevations are to be recognized these are called a and c, while they are con- 
sidered to origin from the contraction of the atrium and from that of the 


: 


Fig. 46. 


Fig. 4 gives a few periods of a radial curve (a) and of a jugular curve (b) published 
by LEWIS. The results harmonize with those of Fig. 3. 


ventricle (carotis pulse), but if in bradycardia the diastole has a longer 
duration, often a is preceded by another wave, indicated by s. The waves a 
and s may flow together and may also be taken for each other. Here might » 
be the indication of a resonancy, the number of visible waves being larger 
the more a long diastole gives them the opportunity to appear. 

The analysis in the first place showed a relatively strong fundamental 
wave, having its negative phase during the systole. It seems of some import- 
ance that in three cases (see also Fig. 1) this wave shows itself so 
constantly. Then a wave of 214 per sec. is present, its impulse origining 
during the diastole (vd of the venous pulse curve), whereas an element 
follows, differing from the sinusoidal form, which fills up the further 
part of the period. As in the heart beat tracing the closing of the semilunar 
valves seems to cause the beginning of this wave. 

FLINT’s curve shows besides the frequencies 5, 614, 714, 834 and 10, 
one of 614 having the greatest amplitude. Lewis’ curve shows 5, 644 and 
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714, 5 surpassing 614 in amplitude. In the latter curve a distortion is 
visible in these elements at the beginning of the diastole the explanation as 
given above being applicable also here. The most interesting point of the 
first tracing is an extinction during the whole second pulse wave. 


Conclusions. 


With the aid of the analyzing method of TOMEY some tracings record- 
ed at various places of the heart and the vascular system showed definite 
components. In opposition to what had been found in the vowels, in all 
these cases a wave with the frequency of the phenomenon itself, i.e. the 
heart period, was present. During the analysis of the vowels, but also in 
trials to analyse the electrocardiogram, it appeared that not every period- 
ical or quasi periodical tracing shows to contain a wave of the fundamental 
period of the frequency. Supposing that the components found here have 
a physical value indeed, we have to look for the explanation of this wave. 
It seems natural that in recording the pressure within the ventricles the 
activity of the muscular wall shows itself in this way. In the heart beat 
tracing too, as in the curves of the atrium and the vena jugularis it is 
comprehensible that the effect of the same force shows itself in a similar 
way. The negative phase at the beginning of the venous tracing makes 
this still more probable, as the extension of the venous part of the heart 
by the lowering of the basis of the heart during the systole is a well-known 
fact. It is more difficult to explain the fundamental wave that is found 
in the central and peripheral arterial tracings. Local activities of the 
muscular tissue situated in the arterial wall might be of importance here. 

The simpleness of the fundamental form of the heart curve, only due to 
the activity of the heart muscle goes forth from the examples given by 
Marey and VON FREY, whereas the presence of the blood gives the trac- 
ing a normal shape. (Fig. 5). 

A component of about the double frequency was found in all the cases 
analyzed. This frequency of about 214 per sec. agrees well with the essen- 
tial component of the pulse found by others. Though it may be expected 
in the first place to be present in the arterial part of the vascular system, 
it shows itself also in the records from the heart and the jugular vein. The 
central and the peripheral arterial pulse curves show a difference in so far 
as in the first the largest amplitude is found during the diastole, whereas 
in the second this occurs during the systole. As this element generally is 
supposed to be derived by the vein from the arterial pulse, this explains 
the presence of the same element in the venous curves. That the heart 
beat tracing in some way or another shows a phenomenon present in the 
arterial system does wonder neither. Its presence within the heart might 


be explained by the back coupling of the ‘“Gewoge”, which von RECK- 
LINGHAUSEN showed. 
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A component of about the triple frequency of the fundamental period- 
icity was found only in a few cases. A component of about the fourfold 
frequency, i.e. of about 5 per sec. was found regularly, 


Kaninzhen(26.H.87)  verblutet 


aa 


Kaninchen(2.1.87) Herz ausgeschnitten 


hee 


Hund (2.8.90) Compression derVenen 


Fig. 5 shows by means of the records 
of MAREY and VON FREY that the con- 
traction curve of the empty heart has a 
simple shape, which by a filling of the 
heart with blood changes into the normal 
aspect, which in so far as it deviates 
from the first must be caused by com- 
ponents for which the presence of the 
blood is essential. 


With the exception of the special tracings recorded by EDENS the trac-~ 
ings showed no higher frequency than 15 per sec., and usually the limit 
was found as low as 7 or 8 per sec. This answers fully what might be 
expected. 

The absence of some frequencies and the distortion of the phase occurr- 
ing now and then seem to indicate that the components found are of a 


physical reality. 


Physiology. — The effect of growth hormone in animals with damaged 
pancreatic islets. By J. H. GAARENSTROOM and S. E. DE JONGH. 
(From the Department of Pharmacology, Leyden University, 
Leyden, Holland.) (Communicated by Prof. S. T. Bok.) 


(Communicated at the meeting of November 29, 1947.) 


A relationship between the action of the hypophyseal growth hormone 
and carbohydrate metabolism has been assumed ever since it became 
evident that pituitary extracts, in addition to their ability to promote 
growth, possess “diabetogenic” properties (EVANS e.a. 1932, BAUMAN and 
MarINE, LUCKE, SHIPLEY and LONG). Moreover various attempts to 
separate the two factors failed (COLLIP, BOmMSKOV and SLADOvic). Apart 
from a not very convincing attempt by the latter authors to explain this 
relationship via an action on the thymus no effort to analyse this phe- 
nomenon has been made until F. G. YOUNG published the results of his 
experiments on dogs. He found that an extract, which has an obvious dia~- 
betogenic effect (i.e. detrimental to the pancreatic islets and glycosuria 
provoking) on mature dogs does not exert the same action on immature 
ones. In the latter instead of the expected sugar excretion, a strong increase 
in weight and a corresponding retention of nitrogen is observed. Young 
suggests the possibility that the extracts stimulate the production of insulin 
in the islets, through mediation of which hormone the influence on growth 
of the body might be effected. This is not impossible because an increase 
of the conversion of amino acids to proteins after administration of insulin 
has been demonstrated in both normal and hypophysectomized animals 
(Mirsky, VAN WIERINGEN). Tihe retention of nitrogen after treatment 
with insulin described by Mc Kay e.a. also suggests an increased storage 
of body protein. The damage to the islets caused by the extracts might 
be a consequence of overstimulation resulting in exhaustion and subsequent 
degeneration of the islets cells. The fact that immature dogs are more 
capable of sustaining such a stimulation than mature ones may be due to 
a decrease in resistance of the islets as the animals grow older. 

The opinion that the effect of growth hormone is mediated by the pan- 
creas is also supported by the observations of Mirsky, who found that 
treatment with anterior pituitary extracts resulted in nitrogen retention in 
intact animals but caused an increase in the output of nitrogen in pan- 
createctomized ones. MARX e.a. observed hypoglycemia resulting in con- 
vulsions, after administration of a purified growth hormone preparation to 
fasted hypophysectomized rats. 

On the other hand, however, there are some objections to this explanation 
the most relevant one undoubtedly being the consisted failure of insulin 
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to stimulate growth in spite of the many experiments carried out with this 
substance. Apart from this it is known that a ‘‘diabetogenic’’ effect (in- 
crease of sugar excretion) by pituitary extracts still occurs in animals after 
removal of the pancreas (HoussAY). These arguments may not be con- 
clusive. The possibility exists that growth hormone does not operate or at 
least does not operate exclusively via the production of insulin but with 
the aid of insulin. This supposition is supported by the experiments of 
GAEBLER and ROBINSON who found that a pituitary extract still causes 
nitrogen retention in depancreatized animals if they are given a constant 
amount of insulin. 

In our opinion a comparably simple experiment could elucidate the 
problem concerned, viz. a research into the question whether growth 
hormone still induces growth in hypophysectomized animals without pan- 
creatic islet activity. This question might be regarded as already solved 
because YOUNG observed no weight increase in mature animals following 
the injections of pituitary extracts which damaged the islets. However, in 
our opinion, the adult dog is not the most suitable object for experiments 
in which growth is the criterion. 

In view of the fact that in larger animals pancreatectomy is tolerated 
very badly and hypophysectomy is very difficult and in small animals the 
removal of the pancreas is impossible we used rats in which the islets cells 
were damaged previously by administration of alloxan (DUNN e.a. and 
many others). In rats pituitary extracts cannot be used for this purpose, 
because in these animals such a treatment does not result in damage to 
the islets. The alloxan treatment does not necessarely imply a complete 
elimination of insulin production. However it diminishes the possibility of 
insulin production to such a considerable extent that if this hormone were 
of importance to the action of growth hormone an inhibition of the growth 
promoting effect of the latter substance were to be expected. 


Experimental. - 

All animals were hypophysectomized. Alloxan was injected subcutane- 
ously in a dose of 15—20 mg/kg body weight. This was preceded by 
the administration of 20 ml glycose 20 % by stomach tube to prevent an 
initial fatal hypoglycemia. 

Three series of experiments were performed. In the first series alloxan 
was given immediately following hypophysectomy. However, hypophy- 
sectomized rats, even if their pancreas is badly damaged, excrete little 
sugar (CABELL BAILY 1), GAARENSTROOM); therefore the degree of the 
diabetes could not be evaluated by the rate of sugar excretion. In the 
second and third series alloxan was therefore administered from three to 
six days prior to the hypophysectomy, which enabled us to estimate the 
sugar excretion when the pituitary was still present. Only those animals, 


1) Written statement to the authors. 
12 
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which showed an excretion of more than three grammes of glycose within 
three days, were included in the experiments. 

In each series a group of animals injected with growth hormone (20 U. 
daily) was compared with a second group, which had only be given the 
solvent. In the first series a third group was included treated with growth 
hormone but not with alloxan, A fourth group was killed at the beginning 
of the experiments in order to be used ‘as ‘‘initial controls’, as regards the 
weights of some of the principal organs. 

Body weight was determined at the time of injection of alloxan, at 
hypophysectomy and every third day thereafter. The amount of sugar 
excretion was determined over a three days’ period starting in the first 
series on the day of hypophysectomy and in the two other series three 
days before the operation. 

The experiments were continued during a period of fifteen days fol- 
lowing hypophysectomy in the first two series and of eighteen days in the 
last series. At the end the weight of three organs was determined in the 
first and third series, in order to enable us to compare these values among 
the groups and with the data of the “initial controls”. The organs con- 
cerned were kidney, gastrocnemius muscle and tibia, representing viscera, 
muscles and skeleton resp. Moreover in the first series the length of the 
tail was measured at the onset and at the end of the experiment, which 
may also give an idea of the bone growth. 

Unfortunately the very pure growth hormone preparation Gr. 206, pro- 
vided a long time ago by Dr. DINGEMANSE, could not be used because its 
acitivity proved to have greatly decreased. Instead we received a partially 
purified preparation (1 U. = 0.5 mg) which might have had a slight 
trophic effect on other endocrine glands. 


Results. 


From the graph in which the curves of the average body weights of the 
groups are plotted against time it becomes apparent that in all the three 
series the animals treated with both alloxan and growth hormone gained 
considerably in weight. The increase is of the same magnitude as the one 
in the rats treated with growth hormone only and presents a sharp 
contrast to the loss in weight of the animals which received alloxan but 
no growth hormone. 

The weights of the organs of the animals injected with growth hormone 
also turned out to be much higher than those of the controls (series I and 
III, Table I). Figures were rather subject to spread, but nevertheless the 
differences between treated and non-treated animals were of the same 
order and with exception of the tibia they were proportional to the 
difference in body weight. The different behaviour of the tibia may be 
understood when taking into consideration that the skeleton does not 
become atrophic following ablation of the hypophysis like the soft parts 
do. The differences mentioned above are to be divided into (1) a difference 
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TABLE I. 
ee | Body weight gms. Average paar mgs. 
Series of PE RCRUDCHE ce ea 
erimale kidneys |m. gastro-| tibia 
(2) | cnemii (2) (J) 
alloxan-growth 
9 > 
) | ecient 17 | 207 | 1320 | 2265 | 439 
8 | alloxan | 170 | 139 | 843 | 1474 | 375 
) 5 growth horm. 193 216 not determined 
ae 
tial 
I 8 Ser eleeeae Re | 1306 | 1781 341 
| ' animals 
| Increase as compared with 
| final controls **) wi | 50%o 56%o 54°%o 17%o 
| Increase as compared with | 
wi 
initial controls **) rd 12/0 | 2*%0 29%o 30% 
9 alloxan-growth ; 
7 | hormone | 17d ,} 203 not determined 
5 | alloxan 179 148 not determined 
pars | alloxan-growth | | 57 | 190 | 1188 | 2060 | 469 
| hormone | 
I | 5 | alloxan | 145 | 129 | 750 | 1138 | 285 
Increase as compared with | ; 
: 0 0 0 
final controls | eM | 59%/0 ait wie 


*) The weights of the organs have been determined in only six animals, their body 
weight was 170 at the onset, 202 at the end. 


**) Corrected for a slight difference in the initial weight of the animals. 


arising because growth hormone prevents atrophy and (2) a difference 
resulting from real growth. Only the second factor applies to the tibia. 

In the first series a more correct picture of the actual increase in weight 
of the organs is obtained by comparing the data of the treated animals 
with those of the “‘initials controls’. As might be expected body, gas- 
trocnemius, muscle and tibia proved to grow to about the same extent 
under these conditions. The kidney however behaved exceptionally by 
hardly increasing in weight. This presumably is related to the greater loss 
in weight of the viscera in hypophysectomized animals as compared with 
the other organs, as we have demonstrated before (GAARENSTROOM). This 
loss results from the functional elimination of the thyroid gland caused by 
the hypophysectomy. Treatment with a pituitary extract poor in thyrotropic 
potency is not able to compensate this effect, therefore the general growth 
stimulation is counteracted by the lack of a growth promoting influence on 
the viscera via the thyroid gland. 

The growth of the skeleton also appeared from the tail length of six 
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animals of the first series treated with growth hormone, which increased 
by 5 mm on the average during the experiment. 

The important question how much insulin (if any) the animals still 
had at their disposal cannot be answered completely. The pancreas of some 


ALLOXAN-GROWTH HORMONE 
SS SS SS — ALLOXAN SOLELY 
SIE ERC Ras GROWTH HORMONE SOLELY 


BODY WEIGHT IN GMS. 


3D. 6D. 90D. 120. 15D. 180. 
TIME IN DAYS 


COURSE OF THE AVERAGE BODY WEIGHT OF THE GROUPS IN SERIES I,TANOD. ~ 


of the animals was examined histologically, Extensive damage of the islets 
was found in every case, moreover the number of islets proved to be 
considerably smaller. These phenomena were found irrespective of the 
animals being injected with growth hormone or not. No special staining 
methods were used. 

The use of the extent of the glycosuria as a measure to evaluate the 
severity of the diabetes, met with the difficulty that sugar excretion greatly 
decreases or even completely disappears after hypophysectomy, irrespective 


Lat 


of pancreatic impairment. When alloxan was administered at the day of 
hypophysectomy the majority of the animals did not excrete any sugar, 
so here the criterion certainly could not be used. In the second and third 
series large amounts of sugar were excreted by the animals prior to the 
hypophysectomy. The glycosuria showed a considerable decrease following 
operation but persisted during the first days in most cases and sometimes 
lasted as long as determined. In Table II figures about the glycosuria and the 


TABLE II. 
Weight Excretion of sugar in gms. per three days 
Series eke increase rior to 
animal O/y . ion oo 15—18 
7960 20 9 053 
| 7955 13 9.8 209r OL ome Olez — 
II | 7962 9 14.9 Oesaleass 2) OR ied — 
Ler 957 18 15.8 Oa Om INOL OM eOnS = — 
| 7961 27 i NOON RE ie ea Pcie ee) = 
| 8128 35 20 0.6 = = _ _ —_ 
| 8123 40 4.0 Dione Le = — — — 
Til 8121 34 Ort Hoa Spale eee _ = — ? 
S124! 39 10.0 9E5 43.9 _ _ “= _— 
8119 45 124 NAP LHL ates _ — — ? 


increase in weight of the ten animals (from series II and III) in which 
the excretion was followed throughout the experiment are presented. They 
were all treated with both growth hormone and alloxan. From these it may 
be seen that no correlation exists both between weight increase and 
sugar excretion prior to hypophysectomy and between weight increase and 
persistance of the glycosuria. It is known that the diabetes caused by 
alloxan sometimes shows an amelioration after some weeks, which results 
from a partially restored pancreatic function. It is not impossible that in a 
number of rats such a recovery occurred and might have affected the 
action of the growth hormone. In view of this it is important that in the 
second and third series the increase in weight either was greatest in the 
first days or remained stationary during the experiment as in shown by 
the graph. This means that there is no evidence whatsoever of a greater 
effect in later stages on account of a resumption of insulin production. 
Neither should the initial weight loss as compared with the weight increase 
afterwards be considered as a reflection of a gradually returning insuline 
production, because the same curve was found in the animals not treated 
with alloxan but with growth hormone only. 

We may conclude therefore that under the conditions present in our 
experiments the increase in weight induced by growth hormone is not 
impeded by the lack of insulin caused by alloxan treatment 2). 

2) In the course of our experiments we read a brief communcation of L, L. BENNETT 


and C. H. Li (J. clin. Endocrin. 6, 462, 1946) according to which growth hormone caused 
retention of nitrogen in alloxan pretreated rats, This is in agreement with our results. 
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As mentioned above YOUNG was unable to induce a weight increase in 
adult dogs by treatment with pituitary extracts which damaged the islets. 
On first sight this is in complete contrast with our results. However, apart 
from the possibility that adult animals are not suitable for these experiments 
another fact must be taken into consideration. In our experiments the 
animals were hypophysectomized which means that the lack of insulin is 
not accompanied by the profound disturbance of metabolism, which other- 
wise occurs. This means among other things that the increase in weight 
caused by growth hormone is not hampered by the necessity to replace 
large losses of carbohydrate and consequently will be able to become more 
conspicuous. 


Summary. 


Hypophysectomized, alloxan-treated rats show a considerable increase 
in weight when treated with growth hormone. The weights of the organs 
increase accordingly. The growth is not inferior to that of animals not 
pretreated with alloxan. No correlation between the severity of pancreatic 
inpairment (evaluated as far as possible by the excretion of sugar) and 
the amount of weight increase existed. 

In view of these results we are of the opinion that the effect of growth 


hormone on growth is to a considerable extent independant of the 
cooperation of insulin. 
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Mathematics. — On the Theory of Deduction, Part I. Derivation and its 
Generalizations. By K. R. PoppER. (Communicated by Prof. L. E. J. 
BROUWER.) 


(Communicated at the meeting of November 29, 1947.) 


In sections I and II of this paper, new primitive rules for derivational 
logic will be formulated and proofs will be given of the principal rules 
of derivational logic proposed in three earlier papers1), P,, Ps, and Pz, 
to which the present paper is a sequel. 

In section III, a few concepts of the general theory of derivation will be 
introduced. Some of these will be used in the subsequent sections in which 
certain problems concerning the definitions of classical and intuitionist 
negation will be discussed. 


The notation 
Vas ee ae 8n/b" 


will be used, as in the earlier papers mentioned, to express the assertion: 
“The conclusion b is derivable from the premises aj, ag, ..., an.’ We shall 
call this the “/-notation’’. In addition to this notation, we shall use in the 
present paper another notation to express the same assertion. This new 
notation, viz.: 


“D (b, ay... .4 an)” 


will be called the “D-notation”’. 
We shall here use the D-notation as our fundamental notation; that is 
to say, we shall take 


OT tase ee Aol 


as our fundamental undefined concept, and we shall assume that the 
/-notation has been introduced with the help of the definition 2): 


(D/) Ba, ++ +s An/ 84.4 D (ayy #4 An) 


1) The following three papers by the author will be referred to: P} = New Foundat- 
ions for Logic (MIND, vol. LVI, 1947, No. 223, pp. 193—235); see also the “Additions 
and Corrections” to this paper, forthcoming in MIND, vol. LVII, No. 225, 1948, and 
note 1 to P3. — P2 = Logic without Assumptions (Aristot. Soc. Proceedings, 1947, pp. 
251—292). — P3 = Functional Logic without Axioms or Primitive Rules of Inference 
(Kon. Ned. Akademie van Wetenschappen, Proceedings of the section of Sciences, 
vol. L, 1947, pp. 1214—1224). In its general approach, terminology, and symbolism, the 
present paper is based on these earlier papers. 

2) As in Py and Ps, “<>” abbreviates the metalinguistic use of “if and only if”. 
Similarly, “—"; “&"; and ‘“V” abbreviate “if-then”; ‘and’; and “or-or both”, respectively. 


Whe} 


The use of the D-notation has the following advantages. First, it 

gives rise to a generalisation by suggesting that 

1) (aye as) a 
may be meaningful for n = 1; and we shall indeed find (in section II) 
that 

“D (a)” 

turns out to be equivalent to “+a”, i.e., to ‘a is demonstrable” (as defined 
in the earlier papers). Secondly, the D-notation assimilates our meta- 
linguistic symbolism still more closely to that of HILBERT and BERNAYS. 
It makes it more obvious that ““D(a,,...,an)" is an n-termed predicate of 
our metalanguage; also that it is our only 3) undefined predicate, since the 
class of statements (including statement functions) can be defined as the 
domain of the relation D(a,, ..., an). Ultimately, the D-notation throws some 
light upon the function of the primitive rules which characterize the relation 
D(aj,,...,an), or upon the function of those secondary rules which take 
the place of the primitive rules if we employ, as in Ps, the method of 
laying down Basic Definitions. For in the D-notation, it becomes clear that 
the main function of these rules is to relate n-termed deducibility to 2- 
termed and n+ r-termed deducibility (including, more especially, n + 1- 
termed deducibility, in the case of BI. 1-2; cp. also D 3.4). 

In P,, two methods of laying down primitive rules were distinguished, 
called “Basis I” and ‘‘Basis II’, respectively. In the present section, a set 
forming a Basis I will be discussed, and in section II, a rule which 
(together with two definitions) suffices for Basis II. 

The set of primitive rules for Basis I consists of the following two 
rules 4), BI. 1 and BI. 2. (It is assumed, for all rules written in the D- 
notation, that 1 =n and 1 =r.) 


(BI. 1) D (a), a) «+ D (ay, a2, a). 
(BI. 2)  D/(ay,...,an) <> (@n41)... (an¢r)(D (antrs 2+ An) > Danser, «<1 82))- 


We shall first sketch the derivation of the most important rules belonging 
to the earlier sets. 


Putting n = 2 and r = 1, we obtain from BI. 2: 


(let) _ Da, b) <> (\) (Dc, a, 6) + D(c, b)), 

and from this, by substitution and BI. 1: 

(12) D (a, a); 

(1. 3) D(a, a, a) (by 1.2; BI. 1). 


3) Our undefined symbol ay) a (cp. Pi, Po, Ps) is not, of course, a predicate, but a 
function whose values are statements (including statement functions) and whose arguments 
are a statement and two individual variables. But this symbol will not be used in the 
present paper (except in footnote 11, below). 

4) In the present paper (in contradistinction to the earlier ones) I use the quantifiers 


“(a)” and “(Ea)” as abbreviations of the metalinguistic phrases ‘‘for every a’’ and “there 
exists at least one a such that’, 
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Furthermore, we obtain from BI. 2 alone 
(1. 4) D (ay, oe ae an)> (D (ansri ay, tee ,&n) =>) Diaws tee > a). 

Except for the proof of 
(1.5) D (a) «+ (b) D (a, b) 
which we shall give in section II, in order to establish the equivalence of 
“D(a)” and “+a (as defined in the earlier papers), we shall give the 
following derivations in the /-notation, and we shall base them exclusively 


upon 1.2’, 1.3’ and 1.4’, ie., upon 1.2, 1.3 and 1.4 expressed in the 
/-notation. 


(1. 2’) a/a 
(1. 3’) a,aja 
(1. 4’) Bete, Sa tO Aer an) C—> age, ss ac): 


Our contention is that 1.2’ to 1.4’ are equivalent to the Basis I as 
characterized in the earlier papers. 
We obtain, for n = 1 andn+r—=m: 


(1. 41) eee tite (le 23ers tea) 
and therefore 

(1. 411) aco, an/an; (1.41) 
(1. 412) Diaiiees paaan: (1. 411) 
(1. 42) Breyer ren aan (Lally Lea 1251847) 
which can also be written 

(1. 42’) or Dae) an/ai (1 sr= nn), 

and which yields, more especially, 

(1. 421) Pairs Fan D: 

We further obtain 

(1. 43) Breve es Pane Gade 2 05 (1. 421; 1. 4’) 
(1. 44’) Bee dy Bete Oe hae BplD: (1. 43) 
(1. 45’) Gipeass Ball Biss One ri D: (1. 43; 1. 44’) 
From 1.4’ and 1.44’ we also obtain: 

(1. 46’) Ayre ea (DAG ae) pani Cr Gy) 90) 1 Ani C): 


Rule 1.46’ may be called the “principle of the redundant first premise’; it 
can be formulated in words: “If the first premise of an inference is deriv- 
able from the remaining premises, then its omission does not invalidate 
the inference.” For clearly, 1.46’ is the same as 


(1. 46’’) aise) apla, > layrae , Gal OP Gs, 2s 1 An/ D), 
or in our D-notation: 


(13460°7) fay. ©, an) 2D (D, 2,,...., an) > D (5, az... Gn). 
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Now 1.2’, 1.44’, 1.45’ form, together with the principle I have called 5) 
“generalized transitivity principle”, that is to say, with 1.47 
(1. 47) (aaa) C7 & cies G as, Bieta anlbm) > (bis505P mie Bi ees ane) 


a set of rules which constitutes a form of Basis I. 

Our contention is that, in the presence of 1.44’ and 1.45’, the generalized 
transitivity principle 1.47 can be derived from 1.46’. 

The proof of our contention will be given in the /-notation. 

We first obtain, from 1.44’ and 1.45’ 


(1. 48) Bivens Onley o, GntOine ee Danes 


In the presence of this principle, we only need 1.45’ for our proof; for 
we need only to prove 


(1549) (ay icc ABO; Oe5 Ayyese9. Gal Om) (Gigs 7 Ams Doro» sD mje Biya gea 
in order to obtain 1.47, since, clearly, 1.47 can be obtained by 1.48 from 
1.49. We now sketch the proof of 1.49 which makes use of 1.45’ only 
(apart, of course, of 1.46’). 
We observe that 1.46’ may be written: 
(1 491) Qj,++++ Ans b;, ae 8s bm—1/bm > (ay, oe + 5 Aft bi, ees bmic> 
— ay, oe ee an, b,, rar a bm-1|c). 


Applying to this 1.45’, we obtain 
(1% 492) As wes ani bm am (a;, ose » Any bs wees bm/ce> Als vee ys Any b;, eee ys bm-1|c). 


From this we obtain, by substitution, 


Gl 493) Alsen pan Dea S13 (Ses ae b,, eee »Dm—1/¢ > Ajy+00 Ans bi, eon 9 bm-2/c). 
Combining 1.412 and 1.413, we get: 


(1. 494) (a;, oe ean) Om © Bj, Or a () » An/ bm—-1) > tAsi axis Sin Diets bm/c> 
=P Chis .si6 sev eny b;. +e o% bm-2/c). 

We can continue this procedure for m—2 steps, i.e., until the premises 
bi are exhausted. The result is 1.49. 

It may be remarked that a Basic Definition of “b /\ c” (analogous and 
equivalent to DB2’ in P3) may be obtained by making use of 1.2’; 1.3’: 
and 1.4’; this Definition is DB 2!: 

(DB2") al[b/\c + (a)... (@ner) (alan <> 6, c/an) & (a1, ..., an|b > 
+> (b, a1, an/C> Aner, ...,a/c)) & b/b G b, b/b). 
This definition may be simplified by replacing “b/b6b,b/b” by 
a1,...,€n/a;"; or else, by ‘‘ay,...,am/a," together with the restriction 
(1=m=2)”; but even in the latter case, the simplified definition is 
still a little stronger than necessary, that is to say, stronger than DB 21, 
We have derived 1.2’; 1.44’; 1.45’ and 1.47 from our BI. 1 and BI.2:; 


5) Cp. Pi, pp. 199 f,, rule 2.5 g. 
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the derivation of BI. 1 and BI.2 from the rules mentioned, and therefore 
the equivalence of the two sets of rules for Basis I, is trivial 6). 


Il 


We now proceed to Basis II. This is not equivalent to Basis I, but to 
Basis I combined with the two definitions 


(DB1) a//b «— (c) (c/a «+ c/b) 
and 
(DIA) a//b /\ c <= (d) (a/d <> b, c/d). 


(The second of these definitions is incorporated in DB 21; cp. the end of 
the foregoing section.) 

The simplest form of Basis I] known to me consists of the one primitive 
rule BII (built in analogy to BI.2), together with the two definitions, 
DBI and DIIA. 


(BH) D (ay, ..., an) > (angi)... (antr) (D (antr, a1) > D (ansr, «+ a2). 


The difference between BII and BI.2 consists in writing ““D(an+r, a,)” 
instead of “D(anir,a;,...,an)"; and although this difference makes it 
possible to derive BI.1 from BII, it makes it impossible to derive from BII 
the generalized transitivity principle without at least assuming, in place 
of DI A\, the more complicated definition 


(DITA) a//b/Ac < (a,)... (an) (a1, ... ania <> (a, ..., An/b & ay, ... » An/e)). 


If this definition is incorporated, together with BII, into a Basic 


6) The proof that we can obtain 4.7 (called in P; “generalized transitivity principle’) 
from 4.6’ solves the problem of constucting a complete basis for the general theory of 
derivation — such as Basis I, as opposed to Basis II — without having to use 4.7 as 
primitive. The objection against 4.7 is that it makes use of an unspecified number of 
conjunctive components in its antecedent; this may be considered as introducing a new 
metalinguistic concept — something like an infinite product. The problem of avoiding 4.7 
was discussed, but not solved, in P,. The lack of a solution led me there to construct 
Basis II, the need for which, as it were, has now disappeared. But Basis II turend out to 
be of interest in itself; cp. especially the derivation of 2.2 from BII, below, and the 
remark (in the paragraph before the last, of section II) on the definition-like character 
of BII, 

The solution mentioned makes it possible to construct Basic Definitions like those of P3, 
but with Basis I as underlying basis. (P3 uses Basis II for this purpose.) Such Basic 


Definitions — cp. DB 21 — may define conjunction, but any other compound serves 
just as well, since Basis I, as opposed to Basis II, is neutral with regard to the various 
compounds. — It may be remarked that we can by various methods reduce the number 


of Basic Definitions form three to two, viz., to DB1 plus a Basic Definition which, 
apart from incorporating the definition of some compound C and the rules of the basis 
chosen, also includes the six rules pertaining to substitution (ie. P3, rules 5.71 to 5.76). 
If BasisI is chosen, C may be one of the quantifiers, which would make this procedure 
more “natural”. 
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Definition, then we obtain the following Basic Definition DB 2™, which is 


equivalent to DB 2!: 


allb/\c ++ (a;) «. (aztr) (aj,<-. ania + (ay, ---2 82/0 CG 
& ayy oe» Ani) G (ay, 0 » An[b > (bo ansrs « » a:/c)) & B/B). 
(This is equivalent to DB 2’, given in P3). 
I shall confine myself to showing that we can obtain, from BI, the 
rules 1.42’; 1.44’; 1.45’; and, besides, 2.46’, i.e.: 


(2. 46’) aia panier (D/C-rays aoa aac) 


which is, in Basis II, the transitivity principle that corresponds to the 
(stronger) principle 1.46’ of Basis I. 
The main interest of BII is that, by putting n = 2 and r = 1, we obtain 


(DB2!) 


(Zal) D (a, b) «> (c)(D (c, a) + D(c, b)) 
which, without any further help, leads to 
(22) D (a, a); 
for “D(c, a) > D(c, a)’ must be true, whatever the meaning of “D(aj, a2)” 
may be. 
We obtain from BII immediately 
(2. 4) DD faye ee aa) DD ars te ee ae 
We thus have, in the /-notation: 
(2527) ala 
(2. 4’) Giese a anhO (Dic are «ey tele 
Putting here n = 1 andn+r=m, we obtain: 
(2. 41) ante ee naan (2, 2’: 2.4’) 
and from this 
(253°) a, ala. 
We further obtain: 
(2. 43) Aine snuseal Dice nericeee eeOs (2222595) 
(2. 44’) ayer aa Detainees a,/b; (2. 43) 
(2. 45’) By athe 1 Ap OPA, «sey Baw eey (2. 43; 2.44’) 
(2. 46’) a,+..,an/b > (b/c> a,,..., An/c). (2. 4’; 2, 44’) 
The principle 
(2. 42) Airs oes Anerl en; 
or 
(2. 42’) Berean an|ai ee or: 


is obtained from 2.41 together with 2.45’. 


Since 2.42’; 2.44’; 2.45’ are identical with the rules 1.42’; 1.44’; 1.457, 
we have derived all the rules we wanted. 
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We now proceed to show that 
(2:5) D (a) «> (b) D (a,b), 


which establishes the equivalence of ‘“D(a)"’ and “+a”, 
Putting in BIT n= 1 and r= 2, we obtain 


(2. 51) D (a) «> (6) (c)(D (c, a) > D(c, b)), 
and further 
(2. 52) D (a) > (D (a, a) > D (a, b)). (by 2.51) 
From this and 2.2 we obtain 
(2. 53) D (a)> D(a, b) 
and thus 
(2. 54) D (a) > (b) D (a, 6). 
In order to obtain from 2.51 the converse of 2.54, we need only 
(2. 55) (b) D (a, b) + (6) (c) (D (c, a) + D(c, b)), 


which is an immediate consequence of the transitivity principle in its 
simplest form, i.e. of 


(2.551) D (a, b) + (D (c, a) + D(c, b)). 


This concludes the proof of 2.5. In order to show that 1.5, which is the 
same as 2.5, can be derived from BI.1 and BI. 2, we first consider that 
we can obtain 2.51 from BJ.2 in the same way as from BII. Since we 
have also 2.2, i.e., 1.2, we obtain 2.45; and since we also have 2.55, which 
is obtainable from 1.47 by n= 1 and m — 1, we obtain 2.5, ie. 1.5. 

Concerning BII, it may be remarked that, in view of the method of 
deriving 2.2, it very closely resembles DB1 (cp. P3). It might therefore, 
perhaps, be described as a ‘‘quasi-definition”; for it defines, as it were, 
the n-termed relation D(a;,...,an) for 1 =n, in terms of the two-termed 
relation D(a,, a.) and the n+ r-termed relation D(a,,..., anyr), for 1 Sr. 

Concerning our two Basic Definitions DB 2! and DB 2", it may be noted 
that they can be made homogeneous (in the sense of P3) simply by in- 
corporating BIJ. 1 and BI.2, or BII, respectively, as they stand. In this case, 
a second set of quantifiers appears within the right hand side of the 
definitions, which makes them more complicated; but we achieve, besides 
homogeneity, the derivability of 1.5 and 2.5. If, on the other hand, we wish 
to avoid this set of quantifiers within the right hand side, then 1.5 and 
2.5 cannot be derived, and we have to revert to our earlier method of 
defining “+ a’. But with this, the main advantage of the D-notation 
disappears. (Thus it seems that there is not much point in formulating 


DB 2! and DB2# in the D-notation.) 
Ill 


We can distinguish between the general and the special theories of 
derivation (and proof). The special theories are the theories of the 
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compounds, quantifiers, and modalities; closely connected with them are 
the theories obtained by adding existential postulates to our bases. (Such 
postulates may demand, for example, the existence of provable or refutable 
statements, or perhaps the existence of a conditional statement c to every 
pair of statements a and 5, that is to say, of a weakest statement which, 
together with a, yields 6). The general theories are erected on either BI. 1 
and BI. 2, or on BII, without, however, introducing compound argument 
variables for D(a,,...,an), or existential postulates. But such problems 
as the equivalence of existential postulates fall within the scope of the 
general theory. 

In the present section, we shall first sketch that part of the general 
theory which is concerned with the complementarity or exhaustiveness (or 
disjunctness) and with the contradictoriness or exclusiveness (or con- 
junctness) of n statements. We shall write 


k= (ay, osety Bel, 
for “the statements aj,...,an, taken together, are complementary or 
exhaustive’ and 

Mh hee ak 
for ‘‘the staments aj, ..., an, taken together, are contradictory or exclusive”. 
The definitions are: 
(D3. 1) + (ay, ..., An) + (5) (c) ((a,;/c &... G anc) > Bc). 


(D3; 2) / (ay, +++,4n) <> (5) (c) (b/a; & ... & Blan) > Bic). 

An alternative and equivalent way of defining “7” is this: 
(32) 7 (ay, « «+ @n) > (b) (@)... «> a/b). 

Introducing the convention that the brackets after ‘‘+’’ and ‘7,’ may 
be omitted, we obtain, for n = 1, 
(3. 1) ra «+ (b) (b/a); (a2 $2.46 31731) 
(3. 2) / a+ (b) (a/b) (2.25 dv40 + 105.2) 
This shows that, for n = 1, the two concepts coincide with demonstrability 
and refutability respectively, as defined in my earlier papers; furthermore, 
that for n= 1, D(aj, ...,42) and + (ay, %.; an) coincide. 

The two concepts may be generalized or relativized by introducing the 
following definition. (We assume 0= 7; O=m; 1 =n+~m.) 


an) + (by, ..., bm) <> (c) (d) ((b;/d& ... & bm/d) > 
+ ((c/a, &...& clan) + c/d)). 


An alternative formulation can be obtained as before (cp. D3. 2’): 


(D3. 3’) (ay,...,@n) & (by, ... , Om) +> (c)((bi/c & ... & bmic) > a, «.., 8p/c). 


(D 3. 3) Sal eae 


We again introduce the convention that brackets can be omitted, before 
and after “+” 
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The concept defined by D3.3 may be called “relative demonstrability” 


(or “relative refutability’), and “a,,...,an + 6;,...,bm’’ may be read: 
“The statements b,,... bm are complementary relative to the demonstra- 
bility (or self-complimentarity) of all the statements a,,..., an. For it is 


clear, from D3. 3 and D3. 3’, that every one of the a; which stand in front of 
‘“*."" may be omitted if it is demonstrable (or self-complementary), without 
affecting the force of the whole expression. This shows that for n = 0 
relative demonstrability degenerates into complementarity (or demonstra- 
bility) as defined by D3. 1. 

A similar consideration shows that every bi which stands after ‘'r”’ 
may be omitted if it is refutable or self-contradictory. If all the b; are so 
omitted, we obtain, for m=O, an expression which is equivalent to 
D3. 2. That is to say, we obtain: 


a3) Bivkn aka Ba Bin. Ap: 

Thus “‘a;,...,an + by,..., bm’ may be read, alternatively: ‘The state- 
ments @j,...,@n are contradictory, relative to the refutability (or self- 
contradictoriness) of all the statements 65,,..., bm.” 

For certain purposes — especially if we wish to emphasize the duality 
or symmetry between “+” and“ 7 " — the use of “(...) +’’ turns out to - 


be preferable to that of “7 (...)”. 
It should be noted that, for m = 1, relative demonstrability degenerates, 
as it were, into derivability; that is to say, we have 


(3. 4) Bjvesst Gn D <> aj, 2205 anlO. 


If, however, m> 1, then relative demonstrability means something else. 
(It is thus a further generalisation of “/’”’.) Its meaning can be intuitively 
explained by remarking that, whenever disjunction is available, 


ee ee tee ge Oi oe, Dol A Bia ne Bal Oy N02. cae VU ea 

that is to say, the intuitive meaning (even if disjunction is not available) 
is the same as that of the derivability of the disjunction of the statements 
standing to the right of “+” from the statements standing to the left 
of “+”. Relative demonstrability is thus about the same as GENTZEN’s 
“Sequences” or CARNAP’s “Involution’’ 7). 


7) Cp. G. GENTZEN, Untersuchungen iiber das logische Schliessen I & II (Mathe- 
matische Zeitschrift vol. 39, 1935); and RUDOLF CARNAP, Formalization of Logic, 1943, 
esp. § 32, pp. 151 ff. — My remark that relative demonstrability is ‘‘about’’ the same as 
these earlier concepts alludes to the following differences, (1) It is not quite clear whether 
GENTZEN’s concept is, like ours, a metalinguistic predicate asserting some kind of inference 
(it looks as if his horizontal stroke rather than his sequences were meant in this way) ora 
name of an object-linguistic notation. (2) CARNAP’s concept on the other hand (which is 
not open to any objection of this kind) may be described as a generalization of “...+...",in 
so far as classes of statements are admitted as arguments, besides statements. (3) Attention 
may be drawn, furthermore, to the fact that GENTZEN identifies the difference between 
classical and intuitionist logic with the difference (1 am using my own terminology) 
between permitting m to be greater than 1, and taking J as the upper limit of m. This 
does not agree with our results, and seems to be due only to GENTZEN’s choice of his 
primitive rules for negation. We operate freely with m = 2, even within intuitionist logic. 
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Once we have adopted D3.3 or D3. 3’, we obtain D3.1 and 3.1 as 
theorems, as well as theorems corresponding to D3.2 and 3.2 (with 
“(...) 4 instead of ‘7 (...)"); and we can, if we wish, even dispense 
with the further use of “/”, in view of 3.5. 

In the next section, we shall make use of ‘ay, ..., an + 6y,..., bm’ more 
especially for 0 =n =2 and 0=m=2. Implicit use will be made of the 
obvious theorems: 


(3. 61) ata,b 

(3. 62) bra,b 

(3. 63) atb,c>(c+rd>(b+d-artd)). 

(In the expression in brackets, ‘‘+’’ may, of course, be here replaced by 
ES) 


The rules 6.31 to 6.33 show that we may characterize “a\/ b” by a 
characterizing rule which is precisely analogous to and dual of the simplest 
characterizing rule 8) for “a /\ b”: 


(3571) a/\b+tc+ >a, bre 
(272) at bVc+>arb,c. 


Similarly, we can characterize a new compound, called ‘‘anti-conditional” 
and denoted by ‘a ¥ b”, in precise analogy to (and as the dual of) a> 5b: 


(3. 81) atb>c+a,brc 
(3. 82) aK b+c+arbd,c. 


“a Xb" is, intuitively (and in the presence of classical negation), a name 
for the negation of a> 5, or for the conjunction of a and the negation of 
b. But in the absence of classical negation, its meaning is less familiar. 
(Cp. 5.32 and 5.42, and note 15, below.) 

These characterizing rules can all be transformed into explicit definitions; 
for example, 3.71 into DI /A\ (quoted at the beginning of section II). 

All the rules and definitions given apply equally to closed and open 
statements. But ds long as we confine ourselves to closed statements, 
“\..h...” may, intuitively, be interpreted as asserting that at least one of 
the statements on the right of ‘‘+”’ is true, provided all statements on the 
left are true. It should be noted, on the other hand, that two or more open 
statements — e.g. an open statement and its classical negation — may be 
complementary (or relative complementary) in our sense even though their 
A-closures, i.e. the results of universal quantification, are not complementary 
(or relative complementary). This is due to fact that A-closures and E- 
closures (i.e. results of existential quantification), are duals of each other, 
like conjunction and disjunction. For it follows from our definitions that 
every valid +-formula remains valid if any of its statements to the left of 
‘-” are replaced by their A-closures, and any of its statements to the 


8) Cp. Pi p. 215, rule 4.1; P3, 5.2. — See also DI /\ (in section II, above). 
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right by their E-closures; and that, if there are no open statements to the 
left or to the right respectively, the disjunction or conjunction respectively 
of the remaining open statements may be replaced by either its A-closure 
or its E-closure. 

So far we have considered generalizations of the idea of derivability; 
but in view of 3.4, which may be taken as a definition of derivability in 
terms of relative demonstrability, and in view of D3.3, which defines the 
latter with the help of only two-termed derivability (or inference from one 
premise), it is clearly possible to use two-termed derivability, “D(a, b)”, 
characterized by (ordinary) reflexitivity, and transitivity, as our sole un- 
defined predicate. That is, we may introduce “D(a,b)" by the one rule 
2.1, or, for example, by the following rule (constituting a “basis [II’’): 


(BIII) D {a, b) <> (c) (D (b,c) > D (a, ¢)). 


The explicit definition of ‘““D(a,, ..., an)” in terms of “D(a, b)"’ becomes, 
considering D3.3 and 3.4: 


(D 3.4) D(aj,...,an) + (6) ((D (an, 6) &... & D (az, b)) + D (a,, 6)). 


But this formula turns out to yield BIII. It therefore, surprisingly enough, 
suffices (without BIII) for a Basis I. 


Mathematics. — On the comitants of binary quadratic and cubic forms. 


By E. M. Bruins. (Communicated by Prof. L. E. J. BROUWER.) 
(Communicated at the meeting of January 31, 1948.) 
§ 1. General reductions. 


In order to construct complete systems of comitants of binary quadra- 
tic and cubic forms we deduce some general formulae, to be used com- 
bined with the well known theorems: 


A. (f (9, )) is reducible to second transvectants, if the order of f, 
Cyne aise tl. 

B. The complete system of mz combined with a complete system S’ 
(C,, C,...) can be found among the transvectants 


CGnle Gy ns, CaiGay 
where C,, C; are comitants of odd order. 


I. If 62 =(aA) ax Ax, sx = (Op) Ox where ay, AZ, px are forms of S, 


(ms) mx is reducible. 


Proof :”) 
2 (ms) mx = 2 (m6) (6p) mx = (a A) (ma) (4p) mx 
= (a A)(ma) (mp) Ax —(6 m)? - px +(aA) (mA) (ap) 
—(ma)* - (Ap) Ax —(@m)*: px + (aA) (mA) (ap) mx 
= (mA)?:(ap) ax—(m 


+ (a4) (mA) (ap) m= 
mx = (mA) (ma) (ap) 4+ 


a)’: (Ap) Ax—(@m)*: px. 
Wath oe 45 'py, qx are forms of S, then (ma) (mf) (ap) (8q) is redu- 
cible to (ma)?, (mp) (mq). 
Proof: 
(ma) (ap) (m 8) (8 q) = (ma)? - (Bp) (8q)—"/2 (a8)? - (mp) (mq). 
III. (ma) (ap)(m§) (Bp) is reducible. 
Proof: 
2 (ma) (Bp) - (mB) (ap) = — [(ma) (6p) — (mB) (ap)]?— (ma)? (8p)? —(m8)?) (ap)? = 
— (Ba)? (mp)? — (ma)? (Bp)? — (mB)? (ap)?. 
IV. If x:=(af) fax, lk, fe, ax are forms of S, then (m?, Ix)* is 
reducible to (m?, Af), where A, is a linear form of S. 
Proof: 
(ml) (mx) (mx)? = (mI) (ma) (af) (fm)? + red. = 
= (ma)? « (If) (frm, + (mf) (ma) (al) (fm,)? + red. = (m?, 1f)® + red., 


where 


Ay = (Ia) ay. 


*) The fat printed symbolical factors are used in the transformations producing the 
following enclosure (=.. =). 
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Vi. If x = (Bg) gs Bx» x= (af) Fe ox, 0%. Bes fe ges Tes tx are forms 
of S then (m>, x~) is reducible to (m?, If), (m?, lg), (m3, Fg), (qm), (rm)?, 
where /, is a linear form of S. 

Proof: 

(m>, xq) = (mx)? (mx) (my p) (m2 ¢y)? + cy (my mz)? (xp)? (xm) (pm) = 
= (mx) (m, x) (m, a) (ef) (Fm)? + c (mi m2)? (qm)? + c2(mim;) + (em)? = 
(mya)? (mx)? (xf) (fm2)? + (mx)? (m fF) (mia) (ax) (Fm2)? + red. 
Here gy = (x, 9)?), re = (af)? (fx) x% are forms of S and as 
(x, F) = an (Fg) Bx + ap (FB)? gx + a3 (g. B) fe, 
(x, a) = by (a8)? gx + bo (a,g) Bx + bs (8, g)® ag 


where ay, 5;, a>, b>, a3, 63, c;, c) are constants, the theorem is evident. 


§ 2. Symbolic notation of fundamental systems. 
A. The complete system of a quadratic form consists of 


m2, D=(mm,)? 


B. The complete system of a cubic form consists of 


f=a,, A, (aby 2. b,. O;=(ah) ay Ax, R= (aQ? =(AA,)*. 


We have the identity: (aA)?...=0. 
C. The complete system of a quadratic and a cubic form consists of 
3 cubic forms: F710, 0, = (a4) G. as, 
3 quadratic forms: az, Az, 0,=(aA)axAx, 
4 linear forms: PD, ==(Ga)" 8x, d= (8 P)) Gx. 
ry = (pi A) Ax, 5; = (9; p;) Ox. 
5 invariants: D= (af), R, (a), (@p;)*, (41 p;)?. 


D. The complete system of two cubic forms consists of 
1 biquadratic form: Vi =(apg) ax vx 
6 cubic forms: evoke Vy 
Ax= (FV) Br=(, A)". 
6 quadratic forms: A, V=(¢,¢)”, o=(A,V) 
y=(F9), x=(Q,¢), o=(K, f). 


6 linear forms: a= (f, V)?, p= (py, A)? 
V=(A, p)”, d=(A, 2), O=(V,p), G=(V, 7). 
7 invariants: (AA)*% (A V)2,4V V)? 


(Ay), (Vy), (a¢)? 
Q2=(AV) (Ay) (Vy). 
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§ 3. The complete system of a cubic and two quadratic forms. 


This system has been constructed by C. A. SPIERENBURG'), forming 
the transvectants of the system of two quadratic forms and the system 
of a cubic form. 


According to the general reduction-formulae it is easier to form the 
transvectants of a quadratic form m? and the system of a2 and a}. 
A. Transvectants from linear forms. 
(mp,) mx, (mq;) mx, (mr) mx 
(mp,)*. (mp,)(mqy), (mp,) (mr;). 
All other transvectants are reducible according to I, II, III. 
B. Transvectants from quadratic forms. 
(ma) mzax, (mA) m,Ax= 94, 
(ma), (mA), (mA). 
All other transvectants are reducible according to I, II, III. 
C. Transvectants from cubic forms. 
0, = (m, f) (m, Q)) (m, 3,) 
(mf) (mm, QY (m2, 94) 
(m?, f). 
_D. Transvectants from linear and cubic forms. 
(m?, pf), (m, qf), (m?, cf). 
E. Transvectants from two cubic forms. 
(m?, £3), (m2, FQY®, (m?, F)®. 


So we obtained 4 cubics, 6 quadratics, 13 linear forms and 18 invariants, 
forming the smallest complete system. 


§ 4. The complete system of a quadratic and two cubic forms. 
We calculate the transvectants of m2 and the system of two cubic forms. 
Beforehand we give some special reductionformulae. 
a. Special reduction formulae. 
1. (m?,p Q) = (mo)? (py m,) (m, A) (a A) (am2)? + red. = 
= (m ¢)? (am,)(m, A) (p A) (am,)? + red. = (m3, FB) + red. 
2. (m?,p A) = (m3, FK)® + red. 
3. (md)mx and (mO) mx, are reducible. 


L=~—(mQ) (Aa) (aV)? mx +(ay,)? (am) (p; m): (pA)? yx —-4 (Am) - (a Vax + 
+ (a9) - (pA)? (me) mx + (ay) - (pm)? (pA) Ax + 
+ (ma)? ax - (AV)? —(m@)? ox « (a;)? (aA) (p:A) = 
=I+N+I+IV+ V+ VI-+ VI=0. 
1) Thesis, Amsterdam 1936, 
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Proof: 
II + VII = (am) (¢) m) px [(p a)? (p: A)? —2(~ 1) (aA) (¢ a)(p; A)] + 
— (a4) (PA) px [(ay)? (my)? + (am) (py)? — 2 (pes) (me) (ag) (am)] = 
= (am) (y;m) (ya)? (yA)? x — (ad) (Pp, A) (ay)? (me)? gx—(aA) (AV) (am)?V x 
=—IV—V—~(aA)(VA)(am)?Vx+(% A) (yim) (agy)ax [(em)(~: A) (PA) (yim). 
The last term is therefore: 
—(¢%1 A) (91m) (ag) ax - (ey) (mA) = 
= — (VA) (am) (a V) (mA) ax—(y; A) (pm) (a) (a¢) (91 9) (mMA)ax = 
=—(VA)(am)(aV)(mA) ax—4 (19) (¥18)(~a)(mA)ax [(p1 A)(Pm)-(~A)(y1m)] = 
= — (VA) (am) (a V) (mA) ax —III. 


So we have: 
L=—(mA) (4a) (a V)? mz + 
+ (ma)? ax (VA)?—(VA)(am)(aV) (mA) ax — (aA) (VA) (am)? V, = 
=— (mA) (ma) (ap)? 4s + (mA)? (aV)? ax + 
+ (ma)? ax - (VA)?—(VA)(am) (aV) (mA) ax—(aA)(V A) (am)? Vx = 
= [(mA) (a7) — (ma) (AV)]? ax = (aA)? (mV)? ax = 0. 
As (md)mx and (mO)m,x are symmetrical in ‘“‘a,y” this relation is 
sufficient to show the reducibility of these linear forms. 
4. (mW)mx and (m()m, are reducible. 
Along the same line we can verify the identity: 
—2(~A,)? (PA) (mA) mx+3(pA) x - (Aim)? —2(ma/ ax - (a,¢)?(aiA)(p1A)+ 
+ 2(m¢)’ v2 - (AA? + —2(aQ) (am) Ax - (a, 9)? = 0. 
5. (ma)y’(VV;,)? -(Am)?+(Vm)? - (AV)?—2(ag) - (pV) e141)? (aim)(Vim) + 
+2 (a; 1)? (a: V) (p1 V) - (a¢)? (am) (pm) = 0, 
which relation shows the reducibility of (ma)? and (mp)?. 
6. (mz)(mp) + 2(AV)? - (ag)? (am) (pm) + (ag)? -(AV)(Am)(Vm) + 
+ (ay)? (aV) (pV) - (Am)? + (ag)?(aA) (eA) + (Vm)? = 0, 
shows the reducibility of (mz) (mp). 
7. (mg)? (pm,) (mM) (¢, A) (ym)? — (ma)? (am,)(m, V) (a; V) (aim2)? + 
+ (ag)? (am) (pm) - (a;1) (am)? (Pim2)? + 
+ (ag)? - (ma,)?(aym,)(m,y,)(y:m2) =0, 
shows the reducibility of (m?,¢B)® to (m?, fA). 
b. Construction of the complete system. 
A. Transvectants from linear forms. 
(mx) mx, (mp) mx. 
All other transvectants are reducible according to the reducibility of 
(m YW) mx, (m @) mx ,(mD)mx , (m A) mx , (m x)?, (mx) (m p) , (mp)? 


shown above. 
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B. Transvectants from quadratic forms. 
The transvectants (my) mx zx and (mw) my, wx are reducible. 
— 2(ap)? (aA) (Am) 9x mx = (Am)? « (ap)? ax px—(ay)?(am) (pm) - Ax + 
+ (ay)? (aA) (pA) + m2 + (ap)? : (mA) m, Ax =I—I+ UI + IV. 
Proof: 
J = (ay)? (a A) (Am) px mx = —I — (ay)? (ma) (4m) gx Ax = —I1 + 0+ 
+ (ay)? (ma) (pA) m, 4; = —1+ 11 —II—(ay)? (Am) (9 4) my ax = 
=—I4+ ]I—II—IV—J. 
We therefore have to consider only 
(mA) mx Ax , (mV) mx Vx, (my) mx wx 
(mA)?, (mV), (me), (my), (mx), (mw)? 
C. Transvectants from cubic forms. 
(m, f\X=8, (my)V=8, (m,Q)Y%=r, (m,K)%? =r, (m, A), (m,B)? 
m.f)2= pr (mp) = pr (m.Q\9=s, (m2.K)=s (m2, A), (m?, B)? 


D. ‘Transvectants from the biquadratic form. 


(m, V)@, (m?, V)/®, (m?, Vv) 


E. Transvectants from linear and cubic forms. 
(m7,pf)) (m2, pe) 


(m2, xf) (m2, zp) 


F. Transvectants from products of two cubic forms. 
(Tt lig) ee Eo Py” (m?, 97), — (m?, FQ), (m?, pK) 


(m?, fK) = (m?, pQ) (mm, FA) 


All other transvectants are reducible according to the given general 
and special teduction formulae. 
So we have found a system of 68 forms: 


1 biquadratic, 8 cubic, 12 quadratic, 20 linear forms, 27 invariants. 


The forms which are not underlined are certainly irreducible forms, 
as they belong to complete systems m2, a3, and their combinations 
in pairs. 

In order to show, that the above system is a smallest complete system 
we have to prove the irreducibility of the 22 underlined comitants. 


c. The irreducibility of the comitants. 
A. Quadratic forms. 


The only possible relations are: 
a. a linear relation between (m,y)"), (m,V)®, (aq)3: m2. 
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6. a linear relation between (m?,V)®, (mm,) y?2, (ym!) - m2, p,, Po, 
a. c (ap)? (am) px mx + c2 (ay) (am)? y2 + c; (ay)? m2 = 0 
gives Cer Cy iC 
Take real cubes and squares for the fundamental forms. 
am gives c;—0; then pm gives c, —0 c,=0. 
b. c(ay)(am)?(pm’) px m’, + c(mm’)? : (ay)? ax px + 
+ ¢3(ap)?(am’)(pm’) m2. + cy(ma)’ax(m’y)? px = 0 
gives Cy Ce eg 
Take real cubes and squares for the fundamental forms 
mfa=oy7Fm gives cy=0, then pm gives cy} =cz;—0, so c,=0. 
All quadratic forms in the system are irreducible. 
B. Linear forms. 


Because of the symmetry ,,a, y we have only to test two linear 
relations: 


a. (mz) m,x,(mA)? Ax, (ag): (mo)? ox. 
b. (m?,A)®, D-(aV/) ax , (Vm)?(ma)* ax, (ym)?: (me)? mx, (ag)? :(m?,¢). 


a. ¢(aV/)?(am) mx + c (aV) (am)? Vx + ¢3 (ap)? -(moy ox =0 


gives Ch = C0) 
Take a cube for py, so \/V —0 and c;=0. Again m= A, (aA)?... =0 
gives cia 0 sores = 0, 


b. cc, (aV)(am)?(Vm’) m), + cy (mm’)? (aV)? ax + cs (Vm)? + (m’a)? ax + 
+ cs (ay)? (am)(pm) - (m’y,)? mi, + cs (ay)? + (me)? (pi M1) mix = 0 
gives Cpe Cem Cy ap Cy 
I. Take » a cube and m a square pm, this gives cy=c;=0. 
II. ma square, (7m)? =0(am)? #0 gives then c, =0 
II]. m a square gives now c;=0, so also c,=—0. 
All linear forms in the system are irreducible. 


C. Invariants. 


a. (wm)? is irreducible. 
b. (m?,V)® is irreducible, the only possible relation being 
c, (m?, V)® = c, D(ay)?, which gives for m a square c; =0, so c.=0. 


c. (m?>. fy) is irreducible, the only possible relation is: 

c; (m3, fp) = c2(ym)*? + D, which gives for m a square c; —0, so c,=0. 
d. (wm)? is irreducible. 
We have to test: c, (aK)? (am) (Km) + ¢, (a¢)? - (Vm)? =0. 


Take a a cube, m a square a=m then c,;=0, so c,=0. 
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e. (om) is irreducible. 
We have to test: c,(AV)(Am)(Vm) + c2(a¢) (a: £1)? (a1 m) (p1 m) = 0. 
Take ~ and a cubes, m a square mfafy ~m, then c,=—0, so c,=0. 
f. (m?, xq) is irreducible. 
We have to test: c, (mq)? (m, ¢) (m, a) (aV/)? + 
+ c (ag)? (aV) (pV) « (mm)? + ¢3 (Vm)? « (ag)? (am) (pm) = 0. 
Take a=, then c,(AA,)? (m, m2)? + ¢; (Am,)? (Am,)? = 0. 
If we choose a square m this gives c;=0, so co =O and c,—0. 
g- (m3, fK)® is irreducible. 
We have to test: 
¢1 (ma)? (ami) (mi K) (K m,)? + c, (mm)? (aK? (a m2) (K m2) + 
+ ¢3 (mm)? + (ag)? + (Viz)? + ¢4 (a) (am)? (pm)? - (V2) = 0. 


Take a= then c (ma)? (am)(m:Q) (Qm,)? + c3 (mm)? R: (Am)?=0, 
which gives if we choose for m a square: c: —0. 

h. (m?,af) and (m?, pq) are irreducible. 

We have to test: 
ci (aV)? (ma) (may) (a1 m2)? + ¢2 (pA)? (pm) (yim) (gim2)? + 

+ ¢3(mmy,)? - (a¢)? (a191)? + ¢4(mmy)? (AV)? + cs (mA)? (mV)? + 

+ 6 (ay)? (am) (pm) - (a1 p1)? (a17m1) (Yims) + cz (ay) (am)? (pm)? : (ag)? =O. 

I. Take a= , then c,R(mm)? + (cs + ¢6) (Am)? (Aim)? = 0 


gives 0.0 FiCe-4- Cees 
II. Take p=Q, then c- “ (mm)? + (es—c,) * (Am)? (Arm)? =0. 
gives c;==0,c,—c,=—0. 
Ill. Take » a cube, m=A, then ¢, [(pA)’]? + ¢ (Qe)??? =0, 
so come OF coe OS 
[V. Take a a cube, m=V, then cq [(aV)?]3 + ¢, [(K a3]? =0, 
so ees Oy Geass 


i. As in the identity § 4, a, 7 all products of invariants of lower 
degree that can occur do occur, the irreducibility of (m3, fA)® is shown. 

All invariants of the complete system are irreducible. The system is 
a smallest complete system. 


Mathematics. — Extension of PEARSON’s Probability Distributions to two 
Variables. IV. By M. J. VAN UVEN. (Communicated by Prof. W. 
VAN DER WOUDE.) 


(Communicated at the meeting of October 25, 1947.) 


§ 5. The total (marginal) probability distribution of X and Y with 
the standard forms of Ia, IIb, [Va, IIIa and VI. Confronting a given 
frequency distribution with a probability distribution of one of the types I, 
IIa, Ib, Va, Illa and VI. 

The intersection of the probability surface with the plane y = yo is a 
Pearsonian curve representing the partial distribution of x with 
fixed y (= yo). In a similar way we can interpret the intersection with 
the plane x = Xp. 


Ney 
On the other hand, the integral Wx = /{ dy gives the probability of 
. Ne 
x with any y, ie. the total probability of x. 


When applying probabilities as asymptotic relative frequencies, we shall 
preferably operate with those probabilities which correspond to relative 
frequencies founded upon the largest possible body of data, namely total 
relative frequencies, in order to obtain from them the most valuable in- 
formation about the parameters of the probability distribution underlying 
the given frequency distribution. So we expect to find the most reliable 
values of these parameters by deriving them from the total or 
marginal probabilities. 


A. For this reason we shall conclude our inquiry by treating the 
total probability occurring with those types, which are most 
appropriate as schemes for frequency distributions, namely the types I, 
IIa, IIb, Ila, [Va and VI. 

For the sake of simplicity we use the standard forms of § 3. 

The total probability Wx of X is obtained by integrating m over Y: 


Noy gy 
Wx=/@dY, likewise Wy=/[pdX.... . (47) 
No a 
Type I. p = 91(x) - oly). 
Here 
W. — ff (x), Wy — 2 (y). wa Ao de es) (48)! 


Type Ilaa). G= X(1—xX—Y), H= Y(1—x—Y), 
Piaa == Ke’ X87! Ya"! (1—X— Y)*-!, 


. a 
a, >0, a2 >0, a, >0, B=a, + 4,4 43, Ko ae Tene 
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Here na = 0, yn. = 1—X, so 


1—X agri ae I (a2) I (as) 
Wx= [pd Y= Kj! X* XPM, Te gy MOF 
I'(B) = hy + a,—1 
UN Xa-1 (1—X yatta . (48)nae x 
I'(a;) I'(a, + as) ( 
Likewise 
— I’ (B) Yur! ({—Y)ata-1 48)naa 
A Sera CAPONE SL Sgn os ea 


As aj, a, a3 are assumed to be positive, both X and Y are distributed 
according to PEARSON’s type I 


(> = (Fo Pte i ; 
P'(a)P'(a2)  (t2—t,)?" 

For X the parameters a@,,a, are a,’—= a, a,/ =a, +43, their sum is 
p’ = ay’ + ay’ = B, hence equal to the total sum of the parameters of the 
binary distribution. 

For Y the parameters a,,a, are a,’’ =a), a,/’—a,+a3;, B’’ =a,"’+a,/’=f. 

When both the total frequency distribution of X and that of Y point to 
PEARSON’s type I, we have in f’ = 6” a check on the possibility of inter- 
preting the given binary frequency distribution by a binary probability 
distribution of type Ilaa. 

Clearly the total distributions furnish a,, a, and a,;=a,’’—a,’—=a,’—a,”’. 

As, by a3 > 0,a,; = ag + ag and ap = a, + ag exclude each other, the 
total distributions of X and Y cannot be both symmetrical (PEARSON II). 

Also henceforth we shall mark the parameters of the total X-distribution 
by one accent, those of the total Y-distribution by two accents. The 
indices 1 and 2 refer to the lower, resp. upper root-point. 


‘ype Ika pro Geek( 1A Hee (1 ey ee 
Pag — Ky’ X21 Yo (1 + X4 Yj), 


: rt 
a; >0, a, >0, a; < —a,—a, (8 <0)'), Ky = I*(a,) Paes Ay: 


= i: Pea Ve Ey neers (—a,—a; + 1) 
== = rte y+ Ay—1 , 
Wx [dy NGG (1 + X) ii@a, 1) 4 fede 


Eas. 1) ree Pmt % 
Sear CHAE a5 | H(A + Ustry. . (48)naa.x 


Likewise 


— I’ (—a,—a, ale 1) =i Fr ge OE napa 
"OS Tel PGE ee te enna 

Since a2 + ag <0, ay + ag <0, we find both for X and Y a distribution 
PEARSON VI (p~ = Ko(t—t,)*"! (t-t,)®—1, a, + a, =), 


1) In order that the jth moments be finite, B < —j-+1 is required. 
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namely with 


Se Oe Oy, Oe a, —— , BP =e — 8, 
ae =o) oy, O, 0, as, P= 6 SB, 


Here, too, the total distributions have the same sum of parameters. 


ype ilayjy Go xX (1X + Y) HW Y (—1—X + Y), 
Puay = Ky" KV! (1X VY, 
poms gic |) ee 
D(a) I (a3) P(—6 + 1)’ 
I’ (—a,—a,; + 1) I'(as) = 
I'(—a, te 1) 


a, >0, a; >0, a, <—a,—a, (8 <0)?), K,’” = 


Wx= [9 Tp ks Oe Xa-1 (1 + Xare F 
1+ 


P'(—a,—a; + 1) 


Wx= Ta) BHl) MT , . (48a x 


Here 
a,’ =a,+ 43, SP Hd =, 
On the other hand 


Y-1 

j ” = Le MCR CA 
Wy= aX=K’ Y=! Sy NRCS oy cee ee EY 
: f i : a . I (a; + a5) 


5) (@he 


= P(—a, + 1) ® 
Ke gh eyes a (ee tO ah te i SI 


So 
a," =a, a!’ =a,+ 43, Bp’ =. 


Both X and Y are distributed according to PEARSON VI. 
Type lad. G=X(—1+ X—Y), H= Y (—1 + X—Y), 


Pilad — ce Xa! Yel (— 1 + Xe Y ant 


r(— 1 
a, >0, a; >0, a, <—a,—a; (8 <0)?), TO cairo rte re 1)’ 


This type can be obtained from Ilay by interchanging 1. X and Y, 
2. a, and ag. 
Hence 


= Li— a +f 1) a1 (XY — Jet e-1 
er ea) rear ce EN (48)es.x 


PEARSON V1 with a,—=<,’=a,, a,=a,’=a,+4,, B= fp’ =8. 


ele aay 1) I a, +o;—1 
Wissel) padkeyd (48) aa, y 


PEARSON VI with a, =a," =a, +0;, @.=a,/" =a}, B=p’ =8. 


2) In order that the jth moments be finite, 6 <—j-+1 is required. 
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Type Ilb. Using the standard form of § 3 with 1 = 1, m = 1, we have 
eae) 
G=—XY,H=Y2, om=—K,’e * X*'1Y*"™, 


4/ 1 —_——— 
a, > 0, a, <—a, ’), Ko ~ T(a,) P(—a, — a)’ 


Wx = od¥=Ky! X01 (X+1)4-T(—a)), or 
0 


I (— a) ud F 
= X%-1(X + 1)%, PEARSON VI with 
Vix I’ (a,) P'(— a, —a) Vontae (48)np, x 
Gj 0; =a, lad; ey, p= pf’ =a,+a,+1. 
w S 
Wy=/pdX=K,”e Y¥ Y1*4-T(a,), or 
0 
1 : pie 7 
jas ~Y Ya,ta.— — tt l¢— 8-2 
arenes) © Y Yuta! PEARSON V(p=Koe (t—t,2)*-?) (48), y 


with y=1, B—2=8’’—2—a,+a,—1, or y=1, p=p"’=a,+a,+1=f". 
TypeIVa. G=X(Y—X), H= Y—X, 


F 1 
Piva == Ko! eX (YY — XS) a, 0; a; > 0, Ky = T(a,) F(a)’ 


Wx af Y= Kae A Oe 
x 


with gyosly @.6 = ay. 


— ! = C= = “rt (tt) 
Wee reas x X%—!, PEARSON II] (@=K, e** ((—4)" 5 (ha 
% I (a,) I’ (as) 
ae cant / 4—Y Ay +ay— ef eeel iiss Bech 
Wy =/¢dX=Ky'e ree I (a, + a3)" 


Wy = ae? Yet, 


I’ (a, + as) (48)1va,y 


PEARSON III, with y=1, a=a”’ =a, + a3. 
Type lifea. ‘que —2y AY 4 Ye Gear g, 
—ak-* V1—y? 


4 


g = K,G*-1, a<.0, K,= 


Wx= | od Y= Kath + (I) x7je-t SE 


or 


3) In order that the jth moments be finite, ag < — a, —j is required. 


hs) 


‘eka eee 
Wry OED pn Tp fet (1p?) DY, 
ae V1—y? + {k + (1—y?) X34 


PEARSON IV (symm.) = ELDERTON VII (vy = K, (t? + Q)-“), 
with ¢=«’ =—a—l, 


Wwy= Wx(xX—> rae 


‘ (48) iax, x 


Type IIlaB. g* = X2—2y XY + Y2, G = k—g, 


See 
Gs halt, a 0. Kes cell se 
ww 


Saag el ry 
x= f yd Y = Ka lk—(1—y?) X2}2-}- 
~Vk-- yO A al eo L\a-+-4) 


T'(a+ 1) V1—y? 
= fk (17) X44, 
a I 
T(a+4)y ; Ae 


2 Sie 
PEARSON II (= symm. I) (» <= Ky eet -ef : 


with a=a’=a+H, 


Wy= Wx(X> Y). 
= nek —— Le yi—/ a Yee 
Type VI. G=H = 1, p= K,! e—* = ———_ (Xr are, 
4 


+2 ‘ee. 7 
ee bee ya e—'-70X*, PEARSON VII (normal distr.). (48)v,x 
—@o by 4 


Wy= Wx(x—> ral 


B. Confronting a given frequency distribution with a probability dis- 
tribution of one of the types I, Ila, I1b, IVa, [Ila and VI. 

From a given frequency distribution we first construct the ‘‘total 
frequency distribution” of x. This latter furnishes the empirical estimates 
of x, m2.0, m3,0 and m4,0. In this way we find empirical values of a, (= a,’) 
and ao(= a>’) for PEARSON I (II) and VI, of B(= B’) for PEaRSON V, of 
a(= a’) for PEARSON III and of é€(= <’) for PEARSON IV (symm.). 

Likewise the “total frequency distribution” of y gives empirical values 
of a (=4,”), a (=a,”), B(=P”"), a(=a”) and (=e). 

Besides the binary frequency distribution furnishes empirical values of 
m1, m2!, m2, m3, m2, m>3, hence also of y, S?', S)?, B?!, B%?, Fl, 
All these quantities are, however, functions of the parameters a, ag, a3; 
their values are, therefore, fixed by the total distributions. We must now 
see whether the empirical values agree in a satisfactory way with those 
predicted by theory. 
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Theoretically the correlation coefficient y is linked to the parameters a 


as follows: 
Il = / Sa ies =—|/ a,’ : a,” 
type llaa y= (a, + a3) (a, Ae a3) = a,’ a,’ , 


a ae 
—_ a; a2 ee iit sae a 
type Ila B —— + Hess (asa) = ia y= —a,”’ ’ 


type IIla6 y= ” ie rh a ee =+ = . “, : 
ype Mb p= ft =+//24, 
type Ila y=t Vo Pal = hee 


With types III a and VI the correlation coefficient is equal to the intro- 
duced parameter y. 


/ 
: a a2 a2 
With Ilay: —*;=)?: es as 
—— (rs meee 24 
di / 
- a2 a2 a2 
with Ilad: way? 7 <x rae 
= Oy ey —ay, 


these inequalities enable us to separate the cases Il ay and Ilad. 

We can summarize the above results as follows: 

When both X and Y have a total distribution PEARSON I, the binary 
distribution is Ilaa. 

When both X and Y have a total distribution PEARSON VI, the binary 
distribution is either Ilaf, or Ilay, or Ilad. 


When Bas a total distribution PEARSON VI, CY a total distribution 


».¢ 

PEARSON V, the binary distribution is IIb. ( 

When both X and Y have a total distribution PEARSON III, the binary 
distribution is IV a, 

When both X and Y have a total distribution PEARSON IV (symm.), the 
binary distribution is III] aa. 

When both X and Y have a total distribution PEARSON II, the binary 
distribution is III a f. 

When both X and Y have a total distribution PEARSON VII (norm.) the 
binary distribution is VI. 

Clearly all these results are only valid, provided that the empirical 
values of y, S21, S12, F31, E22, F3 are in due concordance with the 
values computed from the total moments (via aj, ag, a3). 


Mathematics. — Sur les espaces linéaires normés. V. By A. F. MONNA. 
(Communicated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of January 31, 1948.) 


§ 1. Décomposition des vecteurs dans les espaces séparables. 


Cet article poursuit les études, faites dans les travaux I, II, III et IV, 
publiés sous le méme titre dans ces Proceedings et que nous supposons 
connus dans tout ce qui suit 1). 

Les espaces que nous allons considérer satisfont aux conditions suivantes: 

1. ils sont totalement-non-archimédiens; 

2. ils sont complets; 

3. ils sont séparables; 

4. le corps K ot appartiennent les coefficients est complet; 

5. l’ensemble Ng des normes a 0 comme seul point d’accumulation. 

Dans IV, ot la séparabilité n’est pas supposée, on a dérivé des 
propriétés concernant la décomposition des vecteurs et les projecteurs qui 
étaient analogues aux propriétés connues de l’espace de HILBERT. La 
notion ,,distance plus petite d'un point 4 un sous-espace linéaire fermé”’ 
y occupait une place capitale. Nous verrons que la condition de la sépara- 
bilité permet de poursuivre cette analogie encore plus loin. I] sera possible 
de montrer l’existence d'un systéme dénombrable de vecteurs possédant 
des propriétés qui ressemblent celles des systémes complets orthogonaux 
dans l’espace de HILBERT. 


Définition. On appelle pseudo-orthogonaux les vecteurs x et y si || x || 
est la plus petite distance de x au sous-espace linéaire fermé (a cause de 4) 
des points ay (a€ K). Alors inversement || y || est la plus petite distance 
de y al espace ax. 

Le vecteur x sera dit pseudo-orthogonal a l’espace linéaire fermé V, si 
|| x || est la plus petite distance de x a V, donc si x est pseudo-orthogonal 
a tous les vecteurs de V. 


Théoréme 1. L’espace E posséde une base pseudo-orthogonale, c'est a 
dire il existe un nombre fini de vecteurs yy,...,ym ou bien il existe une 
suite de vecteurs Y 1, Yo,..., deux a deux orthogonaux, telle que tout vec- 
teur x de E s écrit d'une facon et dune seule 


x= Fangs (ae Te) Ia ee we ea eee a) 


frei | 
ou bien au deuxiéme cas, 


Rie ea ats eel os, tees weee LD) 


n=1 
La valuation de K est supposée non-triviale. 


1) Proc. Kon. Ned. Akad. v. Wetensch., 49, 1045—1055, 1056—1062, 1134—1141, 
1142—1152 (1946). 
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Démonstration 2). Soit x1, xo,... une suite partout dense dans E. Sup- 
primons dans cette suite tous les xn qui sont une combinaison linéaire des 
précédents. Deux cas peuvent se présenter: 

1. Il reste une suite finie de vecteurs x,,...,xm. Chaque vecteur est 
limite de vecteurs de la forme ayx; +... + amxm, donc E est la variété 
linéaire fermée définie par x1, ..., xm. Il résulte de J, théoréme 4, que tout 
vecteur x de E est alors de la forme a,x, + ... + amxm. La pseudo-ortho- 
gonalisation se fait alors comme dans le deuxiéme cas. 

2. Il reste une suite infinie de vecteurs x, Xo,.... Chaque x de E est 
limite d’une combinaison linéaire d'un nombre fini, mais variable, de ces 
vecteurs. Posons y; = x1. Soit V, une variété complémentaire (voir IV) 
dans E de l'espace linéaire des vecteurs ax,(a€ K). Il existe une décom- 
position unique du vecteur x en un vecteur de ax, et un vecteur de Vj. 
Ce dernier soit yy. Donc 


Xq = ayYy == Yo. cee Se ore fe sr) os (2) 


V, est fermé et satisfait donc aux conditions 1, 2, 3, 4, 5. On peut donc 
construire dans V, une variété complémentaire V1» de l'espace ayg(a€ K), 
considéré comme sous-espace de V,. Puisque V,; est fermé, Vy> est un 
sous-espace fermé de E. Il résulte de IV, théoréme 22 (voir la remarque) 
que Vio, considéré comme sous-espace de E, est une variété complémen- 
taire dans FE de l'espace linéaire fermé, défini par y, et yo, que nous 
désignons par {y 1, y2} et qui se compose des vecteurs ayy; + aoyo (I, 
théoréme 4). 

Le vecteur x3 peut étre décomposé d'une facon unique en un vecteur de 
{y1, Ya} et un vecteur de Vo; ce dernier soit y3. On a alors 


x3 = a9, + a4 — G3. ° . . . ° . . (3) 


Ayant ainsi construit le vecteur yn dans et au moyen de la variété complé- 
mentaire Vio... n_1de {yj, ..., yn_1}, on construit yn41 comme il suit. Dans 
Vi2...,n-10N construit une variété complémentaire de l'espace ayn (ae K). 
V,.... est pseudo-orthogonal 4 yn et, comme sous-espace de Vy, na 
Y1, «++ Yn_1. Les yy, ..., yn Etant deux A deux pseudo-orthogonal, il résulte 
de IV, théoréme 22, que V,...,, considéré comme sous-espace de E, est 
une variété complémentaire de {y,,..., yn}. Le vecteur xn41 se décompose 
d'une facon unique en un vecteur de {yj,..., yn} et un vecteur de Vy. a; 
ce dernier soit yn41. 

Les vecteurs de {yj,...,yn} ayant la forme ayy, +... + auyn, on a 


donc 
Xn¢1 = yi +... t+ an yn t+ ynei « Pe eee eT (4) 
Chaque yn est une combinaison d'un nombre fini de xa et inversement. II 
7) La démonstration est tout a fait analogue a celle, donné par G. JULIA dans son livre 


Introduction mathématique aux théories quantiques 2 (Paris 1938) p. 39 es, pour l’espace 


de Hilbert. 
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s'ensuit que les combinaisons d'un nombre fini quelconque de yn sont 
partout dense dans E. 
Un vecteur arbitraire x de E s’écrit d’une facon unique 


x=F..2 + m.nayit...+anyn T 1.-8 ) 


fxn € lois <s-  Bah ee 
m...n€ Vi...n \ 
De méme 
x=ayit...+anyn tang yntit mM...,n41 A> Saas (6) 
Puisque 


@n+1 Yn+1 a i ... 2841'S Vion 


il résulte de l'unicité de ces décompositions 
aj — a; U3 bs cote) Meee eres Fra ol 


La construction précédente posséde donc la propriété que les coefficients, 
gu'on a déja obtenus, restent invariables si l’on continu la décomposition. 
La construction des vecteurs yi et des variétés V;,._, montre que || 71. .n/|| 
est la plus petite distance de x a {y,,..., yn}. L’ensemble des espaces 
{y1,..., Yn} étant partout dense dans E, il s’ensuit que || 7;..._, || tend vers 
zéro si n > ©, de sorte que 


~ n 1 
|x— 2 argill<e 
pour n > N(e). Donc 
x= 2 ary eee 
| i — 


ot la série converge. Le théoréme est ainsi démontré. 


La valuation de K étant supposée non-triviale, on peut imposer aux 
normes de yi des conditions. 

a) On peut exiger que || yi || <1 (i=—1,2,...). Soit {yi} le systéme 
du théoréme 1 et soit bj € K (i=1,2,...) tel que | bi|2|| yi ||. Alors 
zi = bi yi 

est le systéme désiré. 

b) La condition 5 implique que la valuation de K est discréte, de sorte 
que N, se compose des nombres 9” (9 > 1, n entier). De la méme facon 
on voit alors qu'il existe un systéme {yi} tel que 1 < || yi || So (comparer I, 
p. 1050). 

c) Dans le cas ott l’espace E est tel que Ng C Nx, il existe un systéme 
pseudo-orthonormal, c'est 4 dire un systéme vérifiant 


Port L(i)>2,...). 
En effet, en partant du systéme du théoréme 1, ils existent des constantes 
d; telles que | di| = || yi ||. 
14 
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E étant supposé totalement-non-archimédien, une condition nécessaire et 
suffisante pourque la série (8) converge est que 
lim aj yi= 9. 
iva 
Si {yi} satisfait A une des propriétés b ou c ci-dessus, cette condition est 
équivalente a 


lim? aj =—0 
17? o@ 


ce qui est plus simple que celle valable dans l'espace de HILBERT (con- 
vergence de » | a: |2). 

Soit KS l'ensemble des suites a = (aj, ao, ...) d’éléments de K telles que 
lim aj = 0. KS? devient un espace linéaire normé totalement-non-archimé- 
dien si l'on pose 


tha eaanrnax: (agi hee fe oe 
ixi<o@ 
Ko est complet puisque K est supposé complet. 
De la méme facon on définit l’espace complet K™ des suites (a,,...,am), 
m étant une constante, normé par 


||a|| = max |a;|. 
1=i<m 
Théoréme 2. L’espace E est isomorphe a un espace K™ ou bien il est 
isomorphe a l’espace Ko , c'est a dire il existe une transformation biunivo- 
que, linéaire, bicontinue qui transforme E en K™ ou en Kq , selon le cas, 
tout entier. 


Démonstration. Le méme raisonnement s’applique au deux cas (,,dimen- 
sion” finie ou ,,dimension” infinie) de sorte que nous considérons le 
deuxiéme cas. Soit {yi} un systéme pseudo-orthogonal dans E satisfaisant 
a 1 Sy: Se (on ne suppose pas que Ng C Nx). Soit x € E. Selon le théo- 
réme | on a d'une facon unique 


x= Sanyn- - + - - ~~ « « « (10) 


D'aprés ce qui précéde on a lim an — 0. Faisons alors correspondre au 
point x de E le point a = (aj, a ,...) de Ko’. En remarquant que E est 
supposé complet on montre facilement que inversement 4 chaque point de 
Ko correspond ainsi un et un seul point de E. Cette transformation est 
donc biunivoque, additive et homogéne. D’ailleurs, puisque 


, 


\| || = max |lan yn|| =e max |anp 
1Sn<o 1S<n<o 


elle est, considérée comme transformation de Kf en E, continue en 
(0,0, ...) donc, a cause de l’additivité, partout dans K®?. Alors il suit de 
III, théoréme 14, que la transformation est bicontinue. 


Conséquences, — 1. L’étude de l'espace E est ramenée a celle des espace, 
foo} . . ? oe 6 - : , 
K™ et Ko. Le cas de ,,dimension” finie étant peu intéressant, nous 
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laissons de cété ce cas dans ce qui suit. 

2. Dans chaque espace métrique E du type considéré on peut introduire 
une métrique, équivalente a la métrique donnée, telle que pour cette 
nouvelle métrique Ne C Nx. En effet, d’aprés ce qui précéde il suffit 
de poser 


(CMA ee AXA Anite bans ehsens) es ea.) 
l1=n<o@ 


ou les az sont ceux de la série (10). La valuation de K étant discréte, le 
nombre figurant au membre 4a droite appartient a Nx. 


De la méme facon que dans la démonstration du théoréme 1 on peut 
montrer l’existence d'une base pseudo-orthogonale pour tout sous-espace 
linéaire fermé V de E. Si V n'est pas identique a E, le systéme {yi}, ainsi 
construit pour V, n'est pas complet, c’est a dire ils existent de x € E qu’on 
ne peut pas écrire dans la forme 2 anyn. On peut complétér le systéme 
{yi} en construisant d’abord, par la méthode donnée dans IV, une variété 
complémentaire V* de V et en déterminant ensuite un systéme pseudo- 
orthogonal {zi} pour V*. La combinaison des systémes {yi} et {zi} est 
complet puisque tout x de E s’écrit 


2 aiyit Dd dj zi. 

Il semble difficile de construire une théorie des systémes complets, ana- 
logue a celle de l’espace de HILBERT. Et cela puisque, étant donné un x 
de E, le coefficient ai n'est pas déterminé d’une facgon unique par la 
donnée de x et.du vecteur yi; autrement dit, la projection de x sur yi 
nest pas un vecteur uniquement déterminé. Pour savoir a; il faut con- 
naitre tous les y; et il faut méme savoir si le systéme {yi} est complet (sinon 
on doit complétér le systeme). Ainsi par exemple, une formule analogue a 
l'inégalité de PARSEVAL-BESSEL n’existe pas dans notre théorie. Il faut 
étudier l’espace sans usage d’un produit-scalaire (x, y) tel qu’on l'introduit 
dans l’espace de HILBERT. 


Considérons le cas spécial suivant. La valuation du corps K soit discréte; 
K soit complet et séparable. Soit C(K) l’espace dont les éléments sont les 
fonctions continues g(x), a valeurs dans K, définies pour |x|S1, x € K. 
La norme || ¢ || de p(x) soit 

|p || = max |¢ (x)]. 
|x|S1 
C(K) est un espace linéaire, totalement-non-archimédien et complet tandis 
gue Ng a 0 comme seul point d’accumulation. 


Théoréme 3. L’espace C(K) est séparable. 


Démonstration. Soient I l'ensemble |x| <1, x € K et A l'ensemble des 
valeurs de v(x) € C(K) si x parcourt I; A C K. Cet ensemble A est un 
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espace métrique séparable de dimension zéro, A est donc somme d’au plus 
une infinité dénombrable d’ensembles Ai disjoints, ouverts et fermés dans A 
et de diamétre < ¢; e > 0 donné: 


Am Acs Ast 


g étant continu, les ensembles y-1 (Ai) = Ji (i =1,2,...) sont disjoints, 
ouverts et fermés dans J. Puisque I est séparable et de dimension zéro, / 
posséde une base d’ensembles R,, Ro, ..., ouverts et fermés. Chaque /i est 
une somme de certains termes de cette suite. Soit {ai} une suite partout 
dense dans K. La fonction qui est constante dans chaque Ji (i= 1, 2, ...) 
et qui prend dans J; comme valeur un élément de la suite {ai}, appartenant 
a Ai, est une approximation de w(x) a « prés. Les ensembles /; étant dis- 
joints, ouverts et fermés, cette fonction est continue. La norme de la 
différence de ces deux fonctions est <«. L’ensemble de ces fonctions, par 
lesquelles on peut approximer a tout p(x) € C(K), est évidemment dénom- 
brable. En effet, le systéme de fonctions qu'on obtient en faisant cor- 
respondre a tout R; (i= 1,2,...) d’une facon arbitraire un élément de la 
suite {a;} est dénombrable tandis que les approximations construites appar- 
tiennent 4 ce systéme (puisque les Ri ne sont pas disjoints, il y a des 
combinaisons qui ne donnent pas lieu a une fonction convenable). Il en 
résulte que C(K) est séparable 3). 

L’application du théoréme 1 donne: 

L’espace C(K) posséde une base, il existe donc une suite de fonctions 
Y1(x), Yo(x),..., continues sur I, telle que toute fonction continue (x) 
sur I s écrit d'une fagon unique 


P ie ai Vi (x), 


ou les a; sont des éléments constants convenables de K. La base est infinie. 

On a aussi: 

Tout espace séparable du type considéré (,,dimension” infinie) est iso- 
morphe avec l’espace C(K). Comparer cette propriété avec un théoréme de 
BANACH et MAZUR exprimant que tout espace de BANACH réel, séparable et 
complet, est équivalent (isomorphie avec invariance des normes) a un sous- 


espace linéaire fermé de l’espace des fonctions continues réelles définies 
dans [0,1] 4). 


Considérons les conditions que nous avons imposées au début aux 
espaces. J'ai montré que les espaces totalement-non-archimédiens séparables 
possédent un ensemble Ng dénombrable*). Cependant il n’y résulte pas 


3) Comparer: J. DIEUDONNE, Les fonctions continues P-adiques. Bull. des sciences 
math., 68, 79—95 (1944). L’auteur montre que le théoréme de WEIERSTRASZ sur l'approxi- 
mation d'une fonction continue réelle par des polynomes sur tout ensemble compact est 
valable pour les fonctions continues P-adiques, 

4) Voir: S, BANACH, Théorie des opérations linéaires (Warszawa 1932) p. 185. 

5) Sur l'approximation de fonctions abstraites, Proc. Kon. Ned. Akad, v. Wetensch., 
Amsterdam, 49, 404—408 (1946). 
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que Ng a 0 comme seul point d’accumulation. On le voit par l’exemple 
suivant. Considérons l'ensemble des séries 


y= 2a; x', 


ot i et les a; sont des nombres rationnels tandis que i— ©; x une quantité 
indéterminée. Cet ensemble est un corps K. Il suffit de montrer que pour 
tout il existe un y-1 tel que pp-1 = 1 ot 1 = x9, la vérification des 
autres conditions étant triviale. Puisque i tend vers © il existe dans 
chaque @ un terme aj, x‘o tel que i > ig pour tous les autres termes. Posons 


p=ai,x>+ y. 


On voit sans peine que 


nm 
1 =(a;, xo + yp) ey (—1)k! ark phot x-klo + (—1)" any eno, 
Puisque la puissance minimale de x, paraissant dans y, est > ig, on voit 
gue la multiplication formelle de a;, x‘ + w avec la série finie du premier 
terme de la somme du membre 4a droite a 1 pour résultat si on ne regarde 
pas les puissances x’ pour i suffisamment grand, et i> © sino. Si 
donc n> ona 


ae (ai, xto + y) Sey (—1)k-! oe wk-l xk io 
K=1 0 


d’ou l’existence de l’élément inverse de w. On obtient une valuation de K 
en posant 


Kd ae sama? 


P une constante arbitraire > 1. 

On voit que cette valuation est non-archimédienne. Elle n'est pas discréte: 
chaque nombre réel est point d’accumulation de l’ensemble des normes. 
K devient alors un espace linéaire, totalement non-archimédien EF, dont les 
coefficients appartiennent au corps K. L’ensemble Neg est dénombrable. 
L’espace est séparable: les séries, ne contenant qu'un nombre fini de termes, 
constituent évidemment un ensemble dénombrable partout dense. L’espace 
est complet. En effet, si | gn —Qnip|<¢ pour n>WN(e), il résulte de la 
définition de la norme que les séries gn et @n+p sont identiques jusqu’a 
une certaine puissance x! pour tout p> 0, tandis que i> © si e>0. On 
peut donc succesivement déterminer les coefficients de la série m qui est la 
limite de wn. Cet espace remplit donc les conditions du début, sauf la 
cinquiéme. Malgré cela, l’espace posséde une base, savoir les éléments x’, 
i rationnel. 

Dans cet exemple chaque nombre réel est point d’accumulation de Nr. 
Rappelons alors qu'une valuation d’un corps K est ou bien discréte, donc 
Nx ne posséde que 0 comme point d’accumulation, ou bien tout nombre 
réel est point d’accumulation de Nx. En ce qui concerne les espaces con- 
sidérés, méme pour les espaces séparables, ceci est tout différent: il se peut 
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que Ng posséde un point d’accumulation +4 0, sans que tout point réel en 
est point d’accumulation. Cela résulte de l’'exemple suivant. 

La valuation du corps K soit discréte; Nx se compose des nombres 
0" (o>1). Soit Ei (i= 1,2,...) l'espace linéaire des éléments yi = axi, 
ou a parcourt K et ot xi est un vecteur dont nous ne présisons pas la 
nature, mais dont la norme || x; || vaut le nombre C; > 0. On voit que Ei est 
un espace totalement-non-archimédien qui est complet et séparable si K 
posséde ces propriétés. Ng, se compose des nombres @"Ci (n entier). Sup- 
posons que lim C; = C existe et C 0. Considérons un espace E dont 


i?~> @ 
les éléments sont les suites (yj, yo,...) ot yi€ Ei et lim yi — 6 (nous 


i>@ 
ne distinguons pas entre les éléments 6 des Ei). Si y = (yy, yo, ...) posons 
Il y|| = max ||y:||. 
I<i<a@ 


E est alors un espace linéaire normé totalement-non-archimédien. Neg se 
compose des nombres 0"C; (n entier, i= 1, 2,...). Les seuls points d’accu- 
mulations sont les nombres @"C (n entier) et 0. Si K est séparable, E est 
séparable. En effet, si a; (i= 1,2,...) est un ensemble partout dense 
dans K, l'ensemble des suites 


all xia xa gee he Os ee 


ou les al!) parcourent le systéme {ai} et ot seulement un nombre fini de 
termes est + 9, est partout dense dans E. Si K est complet, E est complet; 
on le voit immédiatement. 

Dans cet exemple l'ensemble des points d’accumulations de Ng se compose 
d'une infinité dénombrable de nombres. On ne peut pas diminuer cet 
ensemble: le seul cas ot l'ensemble des points d’accumulation de Ng est 
fini, est celui ot 0 est le seul point d’accumulation. En effet, si a 40 est 
point d’accumulation, il suit de l'homogénéité de l’espace que chaque 
nombre e"a (n entier) est point d’accumulation. Remarquons que cela est 
une propriété, valable pour une classe bien plus large que celle des espaces 
considérés ci-dessus: c'est une propriété générale des espaces linéaires, 
homogénes, normés (si la valuation de K est non-discréte, archimédienne 
ou non, si a ~ 0 est point d’accumulation, tout nombre réel est méme point 
d’accumulation). 


§ 2. Convergence des vecteurs. 


Les espaces que nous allons considérér satisfont aux conditions du début 
du § 1. Supposons qu'on a introduit la norme (11), de sorte queNgC Nx. 
La valuation de K soit non-triviale. La notion de convergence des vecteurs, 


qu'on a utilisé dans ce qui précéde, était la convergence forte, dont voici 
la définition. 
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Définition. La suite de vecteurs {x"} converge fortement vers le vecteur 
oer Sk 


Jim || "|| =0 ers hegnedans “x tl(12) 


Une suite fortement convergente {x"} posséde les propriétés suivantes. 


1. Si x0, on a ||x|| = ||x" ||, pour n>N, N convenablement 
choisi. Démonstration triviale a l'aide de l'inégalité triangulaire non-archi- 
médienne. 


2. Laconvergence forte entraine la convergence des coordonnées. Soient 
donc x? et xi respectivement les coordonnées (éventuellement, si on consi- 
dére E au lieu de Ko’, les coefficients du développement de x" et x par 
rapport a un systéme pseudo-orthogonal) de x” et de x; on a alors 


lone fy 8. 6 3 a a LS) 


nv>o 


x? et xi appartenant a K, la limite (13) est définie au moyen de la valu- 


ation de K. ¢ >0 étant donné, on a pour n > N(e) 
| x*—x|| = max | xt—xil| <e, 
1Si<o 
donc 
| x?@—x;| <e (reel tas) 
La convergence des coordonnées a méme lieu uniformément par rap- 
port ai. 
3. Il suit de 2, si | xi| 0, 
[xeh——i xi poutine IN i). oe wens) se) 
Remarquons qu'on ne peut pas conclure de l’uniformité de la convergence 


que WN est indépendant de i; en effet, N dépend de | xi |. 
4. Soit mx le vecteur défini ainsi 


mXi — xi pour i>m 
gap se 0} pour’ i.= mn. 


On a: la convergence forte de x” entraine la convergence forte de ™x" 
pour chaque valeur de m. En effet 


lim || mx"— mx||= lim max |x?—x;|= lim max |x?—x,|=0. 
n> o n>om<icw nro lsi<o 


Si mx 4, il résulte de 1 
ae POUL ay (Mya. } oe ee (ES) 
Ces propriétés caractérisent la convergence forte: 


Théoréme 4. Soient données une suite {x"} et un vecteur x possédant 
les propriétés suivantes: 


| x" || = || x] pour 


1. lim || x" || = || x ||, ou ce qui équivaut si x 90, 


n>WN; 
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Lei x? = x; pour i = Lees 
5. ee lim Ulli) eal CuepOUr ie tA 2 


n> o 
Alors x" converge fortement vers x. 


Démonstration. Si x = 9, la convergence forte résulte immédiatement 
de la premiére donnée; en ce cas les données 2 et 3 résultent de la donnée 1. 
On peut donc supposer x = 9. Il faut montrer 

lim “max: foc?) |} == 0" ee eee) 
naro 1Si<o 
En vertu de la deuxiéme donnée on a pour chaque valeur finie de m 


lim) max. 14741) — Omen oko ea 
n>o 1=i=m 


Puisque x est un vecteur, donc x; > 0, on peut choisir, «> 0 étant donné, 
m tel que 


MAX, (X12. ) sos oe ee 


m<i<o 
m étant choisi ainsi, il suit de la troisiétme donnée 


lim max ste Seennaxh py |e een 
nro m<i<cw m<i<cae 
(18) et (19) donnent 
lim max |x?—x;|= lim max [max(|x?|,|xi|)]<e . (20) 
nao m<i<o nro m<i<o 


e étant arbitraire on a 


lim imax Ofch 7 ee 
n>o m<i<o 


(16) résulte alors de (17) et (21). 


Remargues. 1. Si mx 6, la troisiéme donnée équivaut a (15). 

2. En contradiction avec ce qui a lieu dans l’espace de HILBERT, la 
donnée 3 n’est pas une conséquence des données 1 et 2. Remarquons pour 
cela qu'on a 


lim max |x/|= lim max [max |x?|, max |x? 
nro 1Z=i<w n> o =p es <i 


Ici, max | <7 | reste constante a partir d'une certaine valeur de n ou bien 
SSeS yyy) 


tend vers zéro (comparer (14), qui est valable en vertu de la deuxiéme 
donnée). I] suit de la premiére donnée 


max [max , lim max Lee] eo mace anes |xi|, max |x;|]. 
1=ism nro m<i< =m m<i<a 


I] en résulte qu’on ne peut pas conclure que l’égalité (19) est vrai si 


max |x;|= max 
i<i<m m<i<e 


Cette remarque permet de construire un contre-exemple, 


A cété de la convergence forte on peut introduire la convergence faible. 
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En vertu de III ils existent dans E des fonctionnelles linéaires non identi- 
que a zéro. J’ai montré ailleurs que les fonctionnelles sont de la forme 
: E (x)= 2 Cixi, abate’ aa eed me el VP) 
= 
ot Cie K et la suite {| Ci |} est bornée 6). On a 
tii max Ci. SAS. = (23) 
ISi<a 


En considérant les fonctionnelles linéaires comme les éléments d’un nouvel 


espace EF, appele l'espace conjugué de E, on obtient un espace totalement- 
non-archimédien en prenant || f || de (23) pour norme. 


Définition. La suite de vecteurs {x"} converge faiblement vers x si 


lim f(x") = F(x), 


nvo 


pour tout f de E. 
Comme dans les espaces de BANACH réels on a 


Théoréme 5. Pourque la suite {x"} converge faiblement vers x, il faut 
et il suffit d avoir simultanément: 
1. la suite {|| x" ||} est bornée; 


2. lim g(x") = (x) pour tout y, appartenant a un ensemble A partout 
nwo 


dense dans E. 
La démonstration se fait comme dans les espaces de BANACH réels (l.c. 
tt aS}: 


Théoréme 6. Pour que la suite {x"} converge faiblement vers x il faut 
et il suffit d’avoir simultanément: 

1. la suite {|| x" ||} est bornée; 

2, lim x? = x1 (i= 1,2,...). 


nv? © 


Démonstration. Posons 
fi(x) =o (xe E). 


Les combinaisons linéaires d’un nombre fini de termes de la suite {fi(x)} 


constituent un ensemble partout dense A de E. II suffit alors d’appliquer le 
théoréme 5. 

On voit de l’exemple suivant que la convergence forte et la convergence 
faible ne sont pas identique. 

Prenons pour K le corps des nombres P-adiques, de sorte que Ko est 
l’espace des suites de nombres P-adiques convergeant vers zéro. ¢ étant 
un nombre entier, posons 


6) Over niet-archimedische lineaire ruimten. Versl. Ned. Akad. v. Wetensch., 
Amsterdam, 52, 308—321 (1943). 
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xi = P-lt+)), Pete? P-(t-), P-(-2),...—0 
x's Prion! Patt Pat a Pe 0 
33 PO Pi, BP oP ea 
aS Pot (PU Pas eal ae a 
= Pt , Prt), opt) Pt 8 
xo Pat ee eee ee 
Dans chaque colonne les nombres restent constants a partir d'une certaine 


valeur de l'indice. Les coordonnées convergent donc vers les coordonnées 


de 
xi= P-t, P--n p-t-7, p-t-3, , >». 
Ona 


HE ee) Sarees Paar Ea 


Les conditions du théoréme 6 sont vérifiées de sorte que x" converge faible- 
ment vers x. Cependant, x" ne converge pas fortement vers x puisque 


|| x |] = Pf, 
tandis que, si x” convergeait fortement, il fallait que 
| x" || = |] xl] pour n>N, 
ce qui n’est pas vrai. On voit qu’on a 
Vnx® ho POPh pour n= at. 
La suite ne posséde méme aucune suite partielle fortement convergente. 


Remarquons que la suite devient fortement convergente si on remplace 
dans la premiére colonne partout P-* par P-(*+1), 


§ 3. L’espace conjugué E. 

L’espace E des fonctionnelles linéaires de E avec norme (23) est un 
espace linéaire, normé, totalement-non-archimédien et est donc de dimension 
zéro. Ng a0 comme seul point d’accumulation. On voit immédiatement: 


Théoréme 7. E est équivalent a l'espace K@ de toutes les suites bor- 
nées de K si l'on y introduit la norme 


max | Gy), S." cnt hee 4, 


1=i<o 
Cela veut dire qu'il existe une transformation biunivoque, bicontinue, 
linéaire conservant les normes, qui transforme E en K® tout entier. 


E n'est pas séparable. Supposons en effet que {x4}, taxi}. {23 abe see 
(atl, 25; vt | x5|S Mi) était un systéme de vecteurs markt eee dans 
Ks. «> 0 étant donne, choisissons y,; tel que 


lyj—xJ|Ze (f= 1,2,..,). 
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On peut arranger que la suite {|y;|} est bornée, de sorte que {yj} 
appartient a Kj. Ce vecteur a une distance = ¢ a chaque {x4 J sp pei) 
d’ot résulte que ce dernier systéme ne peut étre partout dense dans he aye 


On peut définir dans Kf (et dans E) une nouvelle métrique rendant 
l'espace séparable mais qui n'est pas équivalente a la métrique (24). Posons, 
si x1 et x2 ¢ K° 

1 |xj—*?| 

Lire?) mes E 
(x',x’?)= max ——————.. .. .. .. .. (25 
isi<m 2! 1+ |x!—x?| 22) 

Par l'introduction de cette métrique K® devient un sous-espace de 
l'espace K® de toutes les suites d'éléments de K, si on métrise ce dernier 
espace aussi par (25). Pourque, cette métrique ayant introduite, la suite x” 
converge vers x, il faut et il suffit que lim x? = x;8). Il s’ensuit que K” 


n>o 
est le produit topologique d'une infinite dénombrable d’espaces K. K étant 


séparable en vertu de la séparabilité de E, il résulte que K® , et donc Kn 
métrisé par (25) comme sous-espace, est séparable. 

Remarguons que (25) définit aussi une métrique dans E (ou Ko ). Il 
résulte des théorémes 4 et 6 que la condition, imposée a une suite, d’étre 
fortement ou faiblement convergente, est plus restrictive que celle d’étre 
convergente selon (25). 

On montre sans peine que la métrique (25) est non-archimédienne, c'est 
a dire que 


(xe a) x", x), (7) 


Ils existent dans E des fonctionnelles linéaires non identiquement égaux 
a zéro et on peut donc construire I'espace conjugué E de E. En remarquant 


que E est équivalent a l’espace de toutes les suites bornées de K et que la 
série > aixi est convergente si et seulement si lim aixj — 0, on pourrait 


songer que E, normé par la norme des fonctionnelles, est équivalent a 
l'espace Kp , donc 4 E. Cependant cela est faux. Selon un théoréme de 
BANACH (l.c. p. 189) la séparabilité de E entraine la séparabilité de EF; la 
démonstration de ce théoréme se fait comme chez BANACH. Si alors E = E, 
E était séparable, d’ot résulterait la séparabilité de E; contradiction. 
Comparer la forme des fonctionnelles linéaires dans l’espace (m) de 
BANACH dont les éléments sont les suites bornées de nombres réels (BANACH 
Le. p-Ga)7 ; 

Il n’existe aucun espace linéaire séparable totalement-non-archimédien, 
satisfaisant aux conditions du § 1, qui est identique a son espace conjugué. 


7) Ce raisonnement ne s’applique pas a E ou a Kp. 
8) Voir p. ex. C. KURATOWSKI, Topologie (Warszawa 1933) p. 81; démonstration 
analogue. 
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Ceci est une différence importante avec l’espace de HILBERT, ou cette 
identité est d'une importance capitale. 


Remargue. Dans une étude au Journal fiir die reine und angew. Math. 
171, 193—226 (1934) KOTHE et TOEPLITZ se placent en un point de vu 
différent. Ils considérent comme les éléments d’un espace / certaines suites 
de nombres complexes, satisfaisant aux conditions connues imposées aux 
espaces linéaires. Par définition ils entendent par l’espace dual /* l’espace 
des suites u = (uy, Uo, ...) telles que la série uyx, + ugxo + ... est absolu- 
ment convergente pour tout x = (xj, xo,...) de 4. L’analogie avec la 
théorie précédente n’est qu’apparente: J* n'est pas défini comme l’espace 
des fonctionnelles linéaires sur 4. On peut, dans ces considérations, rem- 
placer le corps des nombres complexes par un corps K, muni d’une valuation 
-non-archimédienne (la valuation archimédienne conduit au corps des nom- 
bres complexes). Dans le cas des nombres ‘complexes il existe un et un 
seul espace qui est identique a son espace dual, c'est l’espace de HILBERT. 
Cependant cela n’est plus vrai en partant du corps K. Supposons en effet 
que A= 4*. Alors {un} = {xn} était un point de 2* de sorte que, selon la 
définition, Xx? est convergente. Donc xn > 0 d’ou résulte 


biG Ko sGakos 
ot Kf et Kf désignent respectivement l'espace de toutes les suites con- 


vergeants vers zéro et l’espace de toutes les suites bornées. I] suit de la 
définition de /* 


ih eae 
Il résulterait, ayant supposé que 2 = 2*, 

Reha 
Contradiction. 


‘s-Gravenhage, septembre 1947. 


Mathematics. Bericht iiber die verschiedenen Methoden zur Lésung 
eines Systems linearer Gleichungen mit reellen Koeffizienten. V. 
By E. BoDEwic. (Communicated by Prof. J. G. VAN DER CORPUT.) 


(Communicated at the meeting of September 27, 1947.) 


Ill. Methode der Elimination. 


Nehmen wir an, im nicht-durchdividierten System Ux = R seien in den 
drei ersten Gleichungen mehrere der Koeffizienten aj9, a13, @91, 293, 431, 
@s9 ungiinstig. Multipliziert man dann die erste Gleichung mit der Unter- 
determinante A,;, die zweite mit Aj,, die dritte mit A3, und addiert, so 
verschwinden bekanntlich in der neuen Gleichung die Unbekannten xo, x3. 
Ebenso verschwinden durch Multiplikation mit Ayo, Ago, Ago bzw. Ajs, 
Avs3, A33 die Unbekannten x, x3 bzw. xy, xo in den zugehdrigen Glei- 
chungen. Wir bekommen also drei neue Gleichungen, in welchen gerade 
die st6renden Koeffizienten fehlen, wahrend die Koeffizienten von x4, ..., Xn 
natiirlich noch vorhanden sind. 

Wem die Multiplikation mit den genannten Unterdeterminanten etwas 
umstandlich erscheint, besonders wegen der zusatzlichen Zahl von Dezi- 
malen in den iibrigen Koeffizienten, kann sich mit angenaherten Werte 
der Aix begniigen. Dann werden allerdings in den neuen drei Gleichungen 
die Koeffizienten ausserhalb der Diagonale nicht mehr verschwinden, aber 
sie werden doch viel kleiner sein als bisher. Die Ursache der Stérung ist 
also behoben. 


Ergebnis. 1. Die Methode von Cesari verkleinert alle Koeffizien- 
ten ausserhalb der Diagonale. Sie ist die beste. Aber sie kostet 
2n3 + n2 Multiplikationen. 


2. Der Kunstgriff von VAN DER CORPUT ist die einfachste und un- 
iibertroffene Methode, um einen einzelnen stérenden Koeffizienten 
zu beseitigen, wenn gleichzeitig der symmetrische Koeffizient eine 
Vergréssrung ertragen kann. Unter derselben Voraussetzung kann 
man unter Umstanden mehrere storende Koeffizienten beseitigen, 
und dadurch die maximale Spaltensumme verkleinern. Sie kostet 


2n(n—1) Mult. 


3. Die Methode der ganzen oder teilweisen Elimination beseitigt 
stérende Koeffizienten, welche symmetrisch zueinander liegen. Sie 
kostet, wenn sie vollstandig ausgefiihrt wird, 9n + 9 bzw. 9n + 27 
Multiplikationen, ist also sehr billig. Fiir n > 6 bzw. 7 ist sie sogar 
billiger als die Methode von VAN DER CORPUT. 


VIII. Die modifizierte GAUsssche Methode. 


In der vorliegenden Arbeit haben wir gezeigt, dass von allen Methoden 
zur Auflésung linearer Gleichungen, seien es direkte oder indirekte, be- 
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stimmte oder unbestimmte, die GAUSSsche bei weitem die beste ist, da sie 
die geringste Zahl von Rechenoperationen erfordert und dabei den even- 
tuellen symmetrischen Bau des Gleichungssystems zur Vereinfachung der 
Rechnung beriicksichtigt. 

Auf der andern Seite sind mit dem GAussschen Verfahren, obwohl es 
theoretisch die geringste Rechenarbeit erfordert, auch einige Beschwerden 
verbunden, die wir nunmehr beseitigen wollen. 

In der Praxis liegt die Sache namlich meist etwas anders. Denn das 
System Sp; hat meistens schon von vorneherein mehrstellige Koeffizienten 
ait. Zum mindesten ist dies aber der Fall nach Ausfiihrung der ersten 
Elimination, der von x1, also beim System Sn_1, dessen Koeffizienten durch 
Multiplikation mit aii/ai1 entstanden sind. Die Quotienten aj2/a2. und 
die weiteren Quotienten kénnen also iiberhaupt nicht genau berechnet 
werden. Bricht man sie aber nach der m-ten Dezimale ab, so sind die 
Koeffizienten a;, des Systems Sr_2 auf eine vom einen Koeffizienten zum 
andern verschiedene Anzahl Dezimalen genau. Man kann nun entweder 
jeden Koeffizienten auf so viele genaue Dezimalen ansetzen wie es mdg- 
lich ist, oder alle Koeffizienten auf die gemeinsame, also kleinste Zahl 
von genauen Dezimalen abrunden oder drittens alle Koeffizienten auf die 
gleiche, kleinste, relative Genauigkeit abrunden. Jede dieser drei Méglich- 
keiten hat aber ihre Nachteile. 

Bei der ersten bekommt man schliesslich Koeffizienten mit ganz ver- 
schiedenen absoluten und relativen Genauigkeiten, also auch Dezimal- 
stellen. Bei der zweiten und dritten Méglichkeit sinkt die Genauigkeit der 
Koeffizienten der aufeinander folgenden Systeme rasch, so dass, wenn 
n = 20 war, das System S, : axo9 = b sehr ungenaue Koeffizienten a, b 
hat verglichen mit etwa denen von Sn_1. Die grosse absolute und relative 
Genauigkeit der Koeffizienten der vorhergehenden Gleichungen ist daher 
zwecklos gewesen. 

Auch hat man zu bedenken, dass die Koeffizienten in 9; unterhalb der 
Diagonalen nicht genau verschwinden, sondern lediglich der Beobachtung 
entgehen. Denn schon die aj, sind nicht wirklich gleich Null, haben viel- 
mehr Fehler, die wohl zuerst unbedeutend sind, die sich aber im Laufe der 
weiteren Rechnung so vergréssern, dass sie die Genauigkeit der xi be- 
einflussen. Hat man doch zum Berechnen der letzten Zeile etwa n3/3 
Multiplikationen und ebenso viele Additionen nétig. Bei n = 100 gabe 
das die Zahl 300000. 

Bei Beginn der Rechnung ist also gar nicht abzuschatzen, auf welche 
Genauigkeit man schliesslich die Lésungen bekommen wird. Man weiss 
daher auch gar nicht, auf wieviele Dezimalen man die ersten Gleichungs- 
systeme Sn_i, Sn_2 anzusetzen hat. Entweder also rechnet man von vor- 
neherein mit einer ungewénhlich grossen Zahl von Stellen oder am Ende 
der Rechnung stellt sich heraus, dass die Genauigkeit der x; zu klein ist. 

Was ist bei diesem Verhalten zu tun? Nun, es bleibt nichts anderes 
iibrig als den Naherungsvektor x in das urspriingliche System Sp ein- 
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zusetzen und die Fehler fy, fo, ..., fn der einzelnen Gleichungen zu be- 
stimmen. Dies erfordert 


n2 Multiplikationen und n2 Additionen. 


Dann setzt man den wahren Lésungsvektor gleich ¥ = y+ und be- 
komm fiir y das System 


eet Wa wo aris fied fn ). 


Dieses hat man dann wieder nach der Gaussschen Methode zu reduzieren 
auf ein Dreieckssystem. Dies erfordert aber nur eine kleine neue Rechnung. 
Denn da die Gleichungsmatrix dieselbe geblieben ist, bleiben auch alle 
Multiplikationen mit 2; /a1), aj2/aj. usw. und Additionen auf den linken 
Seiten die gleichen, d.h. die Dreiecksmatrix D1 bleibt unverandert. Die 
genannten Operationen brauchen also nur in den absoluten Gliedern f neu 
ausgefiihrt zu werden. 

Das neue Dreieckssystem lautet also 

Spi fe 

Seine Lésung kostet nach (I, 76) n(n + 1)/2 Additionen und Multiplikatio- 
nen, und n(n—1)/2 kostet die Ausfiihrung der genannten Operationen an 
dem Fehlervektor f. Schliesslich erfordert das Einsetzen des Vektors x 
und die Bestimmung von f : n? Additionen und Multiplikationen. Im 
ganzen kostet daher die Iteration 2n?2 Multipl. und 2n? Additionen. Bei 
grésserem n spielen diese Anzahlen keine Rolle verglichen mit denen, die 
zur Reduktion von Y auf D) nétig sind. 

Um immerhin nicht unndtig iterieren zu miissen, empfiehlt es sich, das 
System ®, auf die hdchste Anzahl Dezimalen zu berechnen, die die 
Rechenmaschine zulasst. Denn es ist ja auf der Rechenmaschine, vor allem 
der automatischen, gleichgiiltig, wieviel Dezimalen die Faktoren und 
Summanden haben. 

Das modifizierte GAUSSsche Verfahren besteht also darin, das GAUSSsche 
Verfahren und das Einzetzungsverfahren miteinander abwechseln zu 
lassen. Es wird dadurch zu einer Art Iterationsverfahren, da dieselben 
Operationen (an verschiedenen Vektoren) vorgenommen werden. 

Es ist aber jedem andern Iterationsverfahren dadurch iiberlegen dass es 
infolge des GAUSSschen Algorithmus eine sehr geringe Zahl von Opera- 
tionen erfordert, um schon ein ziemlich genaues Resultat zu erreichen, 
selbst bei grosser Zahl von Unbekannten. Es ist dem reinen GAussschen 
Verfahren iiberlegen, dadurch dass es eine beliebig grosse Genauigkeit 
zu erreichen gestattet und wie jedes Iterationsverfahren die Rechnung 
mittels Einsetzen kontrolliert und etwaige Fehler ausmerzt. 

Es bleibt noch iibrig, das Verfahren zu vergleichen mit demjenigen der 
Berechnung von %{-1 nach der Relation von ScuHuR, denn durch die 
Iteration wird das Gausssche Verfahren zu einer Art unbestimmter Ver- 
fahrens. Zunachst aber erfordert schon die Berechnung von 2-1 dreimal 
so viel Operationen wie das Verfahren von Gauss. Es kommt hinzu, dass 
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diese sich bei mehrstelligen Koeffizienten aix nicht genau und in einem 
Zuge durchfiihren lasst. Man muss daher, wenn man nach SCHUR ge- 
rechnet hat, ein- oder zweimal nach SCHULZ iterieren. Die Zahl der 
Operationen aber ist, wie wir wissen, bedeutend, namlich 2n3 Multi- 
plikationen und 2n3 Additionen. Hinzu kame dann noch die Multipli- 
kation von 2{-1 mit r bzw. f. 


Ergebnis. 1. Bei grossem n ist es notwendig, das Gausssche 
Verfahren durch Einsetzen der Naherungen zu iterieren. Dadurch 
verbindet man die Vorteile der direkten und indirekten Methoden. 
2. Jede solche Iteration kostet zus&atzlich 2n?2 Multiplikationen 
und 2 n2 Additionen. 

3. Dieses modifizierte GAUsssche Verfahren ist immer noch viel 


ékonomischer als die Methode mittels Berechnung von 2{-1 nach 
SCHUR (und SCHULZ). 


Zusammenfassung. 


1; 


Das beste aller Verfahren iiberhaupt ist dasjenige, welches GAUss 


empfohlen hat. 


a. 


b. 


Es erfordert bei weitem die geringste Zahl von Operationen. 
Diese Zahl wird bei symmetrischen Systemen nochmals ungefahr 
halbiert. 


Bei grossem n wird die transformierte Dreiecksmatrix ungenau, so 
dass das Verfahren modifiziert, d.h. iteriert werden muss, wodurch 
die Zahl der Operationen nur unwesentlich erhéht wird. 


2. Die iterativen Methoden miissen prinzipiell verlassen werden. Sie emp- 
fehlen sich nur in seltenen Ausnahmefallen, namlich bei stark vorherr- 
schender Diagonale. 


a. 


Die einfachste, eleganteste und dkonomischste ist dabei die Ent- 
wicklung der reziproken Matrix in eine FROBENIUS-NEUMANNsche 
Reihe, die in zwei Abarten zerfallt: eine mit linearer Konvergenz, 
aber einfacherer Multiplikation, eine andere mit quadratischer Kon- 
vergenz, aber verwickelterer Multiplikation. 


Die Konvergenz kann noch durch mehrere Kunstgriffe verbessert 
werden. 


Nachtrag. 


Wahrend des Druckes der vierten Mitteilung dieses Berichtes schickte 
mir Herr Dr. E. ANDERSEN (Kopenhagen) seine Arbeit zu, die sich eben- 
falls mit linearen Gleichungen beschaftigt. (Lit. 21.) Das Hauptresultat 
der Arbeit ist der Beweis, dass die Methode von CHOLESKY zu denselben 
Gleichungen fiihrt wie die Methode von Gauss. Damit ist die Methode 
CHOLESKYs zum Abschluss gebracht. 


215 


Mit Hilfe unserer Bezeichnungen lautet der ANDERSEN’sche Beweis 
folgendermassen. Nach (I, 9a) ist bei der GAuss’schen Methode 


= (9,7 Di. 
Setzt man hier 2% = G = einer symmetrischen Matrix, so ist wegen 
yr ome oa 6. 
S = (9,)"! D = D) (D,)-!, also D,= (9 D,) (Di). 


Nun ist 9,’ eine linke Dreiecksmatrix, und da das Produkt zweier linken 


Matrizen wieder eine linke Matrix ist, so ist D,Dr' = 94 eine linke 
Matrix. Daher 
Dp-=ODi(Di), also DP=D, D}. 

Nun ist D’; eine rechte Matrix; somit ist die rechte Seite der vorigen 
Gleichung als Produkt zweier rechten Matrizen ebenfalls rechtsseitig: 
Dj ist also eine rechte Dreiecksmatrix, und, da sie gleichzeitig eine linke 
Matrix ist, so ist sie eine Diagonalmatrix D, Wir haben somit 


nae ier). 
Dies setzen wir in die Gleichung fir © ein: 
S=D, DD, =(D; JD") (VDD). 
Dies ist die Zerlegung von CHOLESKY, denn die linke Klammer ist die 
Transponierte der rechten. 


Satz von ANDERSEN. 1) Jede Zeile der CHOLESKy’schen Dreiecksmatrix 
ist proportional der entsprechenden Zeile der GAuss’schen Dreiecks- 
matrix Dr. 

2) Die Proportionalitatsfaktoren sind die Quadratwurzeln aus den 
Diagonalelementen der GAuSs’schen Dreiecksmatrix Dr. 


Der ANDERSEN’schen Arbeit entnehme ich ferner, dass auch GAUSS 
verschiedene Iterationsmethoden erdacht und nach den Angaben seines 
Schiilers VON FREEDEN sie in seinen Vorlesungen vom Jahre 1843 erwahnt 
hat (Vgl. R. DEDEKIND, ’’Gauss in seinen Vorlesungen iiber die. Methode 
der kleinsten Quadrate’”’. Festschrift zur Feier des 150-jahrigen Bestehens 
der Kgl. Gesellschaft der Wissenschaften zu Géttingen. Berlin, 1901, 
p. 4959). Dass er aber die Iterationsmethoden verlassen hat, geht wohl 
daraus hervor, dass er keine dieser Methoden verdffentlichte, vielmehr 
nur die sukzessive Elimination angab. Jedenfalls sind unsere Bemerkungen 
auf p. 1114 (Proc. Vol. 50, 1947) der Mitteilung II dieses Berichtes in 
mehrfacher Hinsicht bestatigt. 


Zweiter Nachtrag. 
Morris’ Treppenverfahren. 


Vor kurzem hat J. Morris (,,An Escalator Process for the Solution of 
Linear Simultaneous Equations’, Philos. Magazine 37, 1946, p. 106) ein 


16) 
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neues Verfahren aufgestellt, das von manchen begeistert begriisst worden 
ist, so von R. A. FRAZER (Note on the Morris Escalator Process for the 
Solution of Linear Simultaneous Equations, Philos. Magazine 38, 1947, 
Nezor): 


Prinzip der Methode. Die Methode ist an sich leicht verstandlich, 
aber nicht einfach zu beschreiben. Es handle sich um das System 


Ly = od ae ee 


wo der Einfachheit wegen 2 symmetrisch ist: YW’ = Y. 

Wir fihren nun folgende Bezeichnungen ein. Die in der linken obere 
Ecke der Matrix 2 stehende quadratische Matrix der Ordnung k heisse x- 
Die Einheitsmatrix der Ordnung k heisse Ex. Der in der k-ten, also letzten 
Spalte von Ex stehende Spaltenvektor heisse ex, so dass ex = (0,0,...,0,1). 
Der Zeilen-Nullvektor der Ordnung k heisse o’x. Schliesslich sei Op, g die 
Nullmatrix mit p Zeilen und q Spalten. 

Dann lést Morris zunachst die folgenden n—1 Gleichungssysteme mit 
2, 3, 4, .... n Unbekannten auf: 


2) ees i, rs Peo Ue Wg Cae an Dae he = tae e ° ° (2) 


Dies geschieht sukzessive, wobei wir den Prozess spater auseinander 
setzen werden. Nachdem so die Vektoren jp, 3, ..., Y2 bekannt sind, 
bildet er mit ihrer Hilfe die Matrix €, deren Zeilen im wesentlichen jene 
Vektoren sind. Genauer: 


, —- 


Dn 31 
Qn-1 01 32 
Yn-2 92 33 
¢= = ’ 
Y2 On-2 an-1 
en 3n 


wo also 3; die i-te Zeile von € bedeutet. — Mit dieser Matrix € multipliziert 
er Gleichung (1) und bekommt: Cr = Cr, wo 


#1 Un Vn Un 
42 W, Dn-1 Re. C21 
* \ | 
03 I, Qn—-2 2 n—2 C3; C32 
OU = CU, = $e? @&s 6 @ » = | or es, Pe oe 
an-1 p) Pa y2 Az Cn—1,1 Cn—1,2 +++ Cna—1,n—2 
bn Ne An An An3 tee A.an 
en 
Cn—1 Coy 


OO DS UC Cee Dee Be Ue Ae ee 


' 
€2 Cn—1,1 Cn—1,2 «+ + Cn—1,n-2 


Am An2 An3 tee Ann 


21% 


Die cix berechnet man mittels der gew6hnlichen Matrix-Multiplikation. 
Demnach ist das Gleichungssystem 


UY ENN siya shill i mala i aa ca nd 


dreieckig, lasst sich daher leicht lésen. 
Es handelt sich also noch um die Gleichungen itr = ex. Sie werden 
sukzessive gelést. Man fiihrt namlich die Matrizen Bx ein: 


pra | Wh its, 


Dann wird 
pre Ue Ue te — Ce. cow eee) Ls (4) 


Anderseits ist wegen der Gleichungen (2): 


Or 6 et Cie OO) OO). O20 BOS 216) Oe O 


B,U,= 


Die i-te Gleichung des Systems Bix = ex enthalt (wenni<k)i+1 
Unbekannte und ist homogen. Nur die letzte Gleichung ist inhomogen 
und hat ebenfalls k + 1 Unbekannte. Damit bestimmt man aus der ersten 
Gleichung das Verhdltnis zweier Komponenten von yx, aus der zweiten 
Gleichung das Verhaltnis dreier Komponenten usw. und schliesslich aus 
der letzten Gleichung die Komponenten selber. 


Anzahl der Operationen. Schon die vorstehende Beschreibung lasst die 
Kompliziertheit des Verfahrens erkennen. Das wird augenfallig durch die 
Abzahlung der bei ihm notwendigen Operationen. Wir bestimmen dieses 
Mal nur die Multiplikationen. 

Zunachst erfordert die Produktmatrix BxMx in der i-ten Zeile: i(k—i) 
Multiplikationen, im ganzen also 


ree 
Sil) 4 (1) —2) (3) = 7 k++ 6) Multiplikationen’ 
t=1 


Die Gesamtheit aller genannten Matrizen kostet daher 


s 1 (k3—7k +6) = pent + pen? — 44n? 4+ +n Multiplikationen. 


ene 

Dies allein ist schon von héherer Gréssenordnung als die gesamte Auf. 
lésung des Gleichungssystems nach Gauss, die fiir symmetrische Systeme 
ja etwatn? Multiplikationen erfordert. 
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Es kommt aber noch die Auflésung aller quasi-Dreieckssysteme (4): 
BWA = ex hinzu. Hier erfordert die i-te Zeile fiir i< k:i Multiplika- 
tionen, die k-te Zeile hingegen k + 1 Multiplikationen, so dass die Gesamt- 
heit aller Systeme 


z > (k?+k+2)=4n3 + $n? + 4n—6 Multiplikationen 
i, 


erfordert. 

Schliesslich kostet das System (3) auf der rechten Seite zur Bildung 
von Gr: n+ (n—1) +... +2=4(n2+n) +1 Multiplikationen, auf 
der linken Seite zur Bildung der Gleichungsmatrix ©, also zur Bildung 
der cik: 


> i(n—i)=4n(n+1) (n—7) = 4(n?—6n?—7n) Multiplikationen 


w&hrend die Auflésung des dreieckigen Systems (3) selbst laut (1, 76) 
noch (n?—n)/2 Multiplikationen kostet. 


Ergebnis. 1. Der Treppenprozess von Morris erfordert 
ggnt + gyn? — gyn? + y4yn—1 Multiplikationen. 


2. Dies ist nach (I, 7’) etwa #,n4 + 4n3 Multiplikationen mehr als 
die Methode von GAUSS oder etwa n/4 mal so viel. 


3. Die Morris’sche Methode ist somit unbrauchbar. 
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Mathematics... — Les systémes hypercomplexes non commutatifs de 
deuxiéme ordre. By F. Loonstra. (Communicated by Dr. A. 
HEYTING.) 


(Communicated at the meeting of January 31, 1948.) 


§ 1. Soient R un corps commutatif, P le systéme hypercomplexe de 
deuxiéme ordre induit par R. Les éléments de P s’écrivent sous la forme 
ae, + bes. En désignant une table de multiplication P est complétement 
défini. Il sera possible de caractériser les systémes non commutatifs de 
deuxiéme ordre. Supposons en général: 


ey &; = a1, & + by, 2 €2 €) = an €; + 5; 2 
ey €2 = a2; + O72 ey €2 C2 = Ann €; + bz er, 
les conditions suffisantes et nécessaires pour les aix et bix s’expriment par 
(Qmen)ep = em(enep). 
De (e,e;)e, = e1(e,e;) il s’ensuit: 
ay; €; €; + By, ep e; = ay, e1e; +5, e,e2 ou dy, (e; eg—e2 e;) = 0. 
De la supposition b;, 0 il résulte en multipliant par b>!: eyeo = ene, 
alors P serait commutatif. Par conséquent: 


bss Ole er ie 
De (e9€2) eo = eg(ege2) il s’ensuit: ao9(eye2 — ene,) = 0, alors 
222 = Oe Fev eee a eee (2) 
De (e1e1)eo = e;(e1e2) il s’ensuit (a l'aide de (1) et (2)): 
by2 (211 —by2)e2 = Byzayz@;. «2 ee ee (3) 


En vertu de l'indépendance de e; et ey les coéfficients de e, et es seront 
nuls, ce qui donne lieu aux cas suivants: 


EVE bh ay, — b> (3a), b= 0 ° . . * (35) 
Si nous poursuivons (3a), la condition e;(ese2) = (eyen)eo sera remplie; 
en effet, en multipliant on trouvera 
(b22 — 42) Ay2 €y = aj? by >. 
En outre la validité de (eye,)e, = e;(ene,) sera garantie, parce qu'on 
trouve 244 (@jg—a91)ey = (bg1a12 — byoao1)e}. 


De €5(e,e,) ane (e,e,)e, il Ss ensuit bos (444 — by1)es =a bo1401e} donnant 
lieu aux cas 


a2, — 0, ay, = ba (4a), ba =) 2) Seno aes (4b) 


Continuons (3a, 4a), il s’ensuit ay9 = ao, = 0, bio = by, de sorte que 
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P est commutatif. Poursuivant (3a, 4b) il résulte de (e,e;)eo = eo (eyeo): 
412 by, + by2 by2— ap; by2 — bz, by, = 0, 
cest a dire en vertu des derniéres conditions: bj9(a:; — bo.) = 0, alors 
Pig Oe oa} Out) Fase bas” Bye yer? 56} 
Continuons (3a, 4b, 5a): De (e9e9)e, = eg (ege,) il résulte 
(O52 Gai) 25, ©) S 891,37; Cary) 6s 8 awe (6) 
Le membre droit étant nul on a (by.,—ao1)a9; =0. De ao, = 0 il 


s’ensuit que P sera commutatif. Alors by. = a1, de sorte que (3a, 4b, 5a) 
conduit au systéme suivant: 


81) = 812 = 222 = by, = byQ = by, = 0, ayy = by. «. . (I) 
Poursuivons (3a, 4b, 56), la condition (6) est remplie, alors on a 


ig — 823—— bi, — Ds, — 0; a3, = by; Sie D771 ee (I) 


Le systéme (I’) ressortit au systéme (1). 
Continuons le deuxiéme cas (36): bj. = 0. 
De (€9e;)ey pa @o(e1e;) il résulte 
b2; (@11 — 521) €2 = ba, a2) e1, 
de sorte que les coéfficients sont nuls, donnant lieu aux cas suivants: 
op = 0, 43, = Poe (7a); bo, Orn oP AoD 
Poursuivons (3b, 7a), la condition (e,e,)e; = e,(e,e,) est remplie. 
De (e1e2)e2 = €1(e2e2) on trouve (bo2— ayo) aye; = ajeb1 29, alors 
(b>. — a2) ay2—0, she tele si eta oe fs sme. (8) 
donnant lieu aux cas: 


ay2=0 (8a), Sis os Diol a ok a | cian noe) 


Poursuivons d’abord (3b, 7a, 8a); de eg(e,e2) = (ese,)eo il résulte 
boobs, = 0; de by; = 0 il résulte un anneau P commutatif, alors 
42 = ay =A = by = b2.=by2=0; aby. . . {Il’) 
Poursuivons (3b, 7a, 8b): alors on satisfera a la relation e2(ee2) = 
(€€,;)€o de méme qu’a la relation (e,e2)e, = eg(e2e,), de sorte qu'on a 
un systéme: 


8 = Ag = Db, — Oy. =—0; ay; = by; ay2 = by, ose 8 (II) 


Le systéme (II’) ressortit au systéme (II). 

Poursuivons encore (3b, 7b): byy = bo, = 0. De ey (exe1) = (eye) e4 
il résulte a,,(a,2— @o,) = 0. En excluant ayo = ayy, on a ay, — 0. 

De e;(e2€2) = (e1€2) eg on a: (bg2 — aj) a12 = 0, alors 


Boe"a;7 (98), Bree es th, eee ee (9D) 


Poursuivons (9a), la condition (e,e,)e2 = e2(e1e2) est remplie. 


222 


De (ese2)e1 = e2(e2e,) il s’ensuit (bo2—a21)a21— 90; nous avons 
seulement a, — 0, alors: 

/ 
yy = Ay = 77 = by, = by. = by, = 0; b= ayrs > - (II’) 

ce cas ressortit aussi au systéme (II). 
En dernier lieu nous continuons (9b): ayo = 0; la condition (e:e;)eg = 
@o(e1€5) est remplie. De (e¢9)e, = e2(e2e,) on trouve (bg2—ao1)a21 = 0. 
En excluant a9, = 0, on a bog = ao, donnant lieu de nouveau au systéme 


(I). Il résulte que les systémes hypercomplexes non commutatifs possibles 
sont d'une structure suivante: 


(I) eye; =ae, (II) e;e,=ae, 
e; &, = ae, ey ey 
€5 €; — be} ese; == ae, 
C2 eo = be, €2 €2 = be, 


a et b représentant des éléments de R. Les multiplications correspondantes 
sont: 


(I) (aye + bye) (age + gee) = (aja + byb) (age, + byes), en par- 
ticulier pour a = b= e (= unité de R): (aye, + byeq) (ace, + boeg) = 
(a; + by) (age, + bye). 

(II) (aye, + b,e¢2) (age, + boeo) = (aoa + bob) (aye, + by ee), en par- 
ticulier pour a= b =e: (aye, + byeq) (age; + bgee) = (ag + bo) (ayey + 
byes). 


§ 2. Pour la description de quelques propriétés notables de ces systémes 
nous nous bornerons — 4 cause de la symétrie de (1) et (I1) — au cas I, 
tandis que a et 6 ne sont pas nuls en méme temps. 

Supposons e l’unité de R, on a la possibilité que P contienne plusieurs 
unités gauches (par exemple si R contient une infinité d’éléments); une 
unité droite n’existe pas. En effet, les éléments a,e, + bye. avec 
a,a + b,b =e sont des unités gauches. 

De (a1e; + bye) (agey + boeg) = (aya + byb) (age; + bees) il s’ensuit 
qu'on ne peut satisfaire a la relation 


(a,e, +}, @y) (x1 €1 + X2 2) = (a, a + Dy B) (x, ey + 2 €2) = a, e; + b; ep 


pour aucune combinaison (a,, 6,); alors une unité droite n’existe pas. 

L’ensemble des diviseurs de nuls gauches de P est un idéal premier, 
bilatére et maximal. (Dans un anneau A — pas nécessairement commutatif 
— on dit qu'un idéal p +4 A est premier, si la relation xy Cp entraine au 
moins une des relations xCp, yCp). 

On dit que l’élément a = aye, + byes est un diviseur de nul gauche, s'il 
existe un élément B = ace; + boey 0 de sorte que af = 0. Une con- 
dition nécessaire et suffisante pour que a soit un diviseur de nul gauche 
est aya + b,b = 0, En désignant l'ensemble de ces diviseurs de nul par Ng, 
on a: Ng est un idéal; soient a = aye; + byeg et B = ave, + byes des 
éléments de Ng, c'est a dire aia + bib = 0(i=1, 2), on a en outre 


- 
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(a; —ay)a + (by —by)b = 0, alors a—f est un diviseur de nul gauche. 

Soit a = aye; + byeo un élément de Ng, B = ave; + boeo un élément 
quelconque, af aussi bien que fa appartient 4 Ng: d'abord af = 0, tandis 
que Ba = (age, + bgeg) (ayey + bye) = (aga + bob) (aye, + bye), alors 


(a2 a + by b) a, a + (a, a + b, b) b) b=(a, a+ by b) (a, a+ b, b)=0. 


I] s’ensuit que Ng est un idéal bilatére. En outre il résulte que Ng soit 
un idéal premier; en effet, soit 


(a; e; + By 2) (a2 e; + bz e2) = (a; a+ By b) (az e, + by e2) 

un élément de Ng, on a: (aja + 6,6) (aga + byob) = 0 et parce que R ne 
contient pas de diviseurs de nuls, on au moins une des possibilités 
aja + 6,6 = 0 ou aga + bob = 0. 

Quant 4 la propriété maximale de Ng nous remarquons: soit 

@ = aje).4- Dies 

un élément de P(q= Ng), on a pour tout 6 = agey+boes de P une solution 
de l’équation a - x=; en effet, de (aya + 51D) (xye1 + xoe0) = age; + boeo 
il Sensuit x, = ao:(a,2 + bb), xo = bos (aja + b,b). La solution est 
univoque, parce que de ax = ay on tire a(x —y) = 0 et a nétant pas un 
diviseur de nul gauche, on a x = y. Chaque élément a ( cE Neg) engendra 
— en multipliant 4 droite par un élément de P convenable — tout l’anneau 
P. Maintenant il est évident que Nz est un idéal maximal de P. 

L’anneau quotient P/N, de P par la congruence modulo Vidéal Ng des 
diviseurs de nuls gauches est isomorphe au corps R. 

Démonstration: La relation d’équivalence x —yCNg, définie par lidéal 
bilatére Nz, se note le plus souvent x =y (mod Ng), ou x=y(Ne). 
Les relations x = y(Nz), x’ = y’(Ng) entrainent doncx + x =yty’(Nzg), 
xx’ =yy’(Nzg) et x’x=y'y(Nz). La relation de congruence mod Nz 
donne lieu a une ensemble de classes de congruences. Soit a= a e, + byé9, 
B = age, + boeo, a= B(Nzg), on a: aya + byb = aga + bob, c'est a dire 
pour deux éléments d'une classe mod Ny la somme a,a + 5,6 est constante. 
Inversément deux éléments ayant cette propriété appartiennent a la méme 
classe mod Ny. Alors les classes de congruences seront caractérisées par 
l'élément r= a,a+b,b, en particulier la classe de nul Ng par 0. 
Désignons les classes de congruences par (r), Ng par (0), a toute classe 
correspond un symbole (r) et inversement 4 tout r de R correspond une 
une classe (r); (on peut toujours-pour a et b fixe-choisir a, et b, de sorte 
que aya + bjb =r). Sil’on désigne par (r) + (s) la classe de congruence 
a laquelle appartient la somme de deux représentants de (r) et (s), par 
(r)(s) la classe de congruence 4 laquelle appartient le produit de deux 
représentants de (r) et (s), on a les propriétés suivantes: (r) +(s)=(r+s), 
(r)(s) = (rs). Ilse trouve alors que ces propriétés valent indépendamment 
du choix des représentants. Alors, il s’ensuit l'isomorphie de P/N¢ au corps 
R. L’unité de P/Nzg est la classe (e) contenant toutes les unités gauches. 
L’élément inverse de la classe (r), (r 4 0), est la classe (r-1). 


Aerodynamics. — L'inertie thermique des anémométres a fil chaud et le 
calcul approché de leurs caractéristiques. By R. BETCHOV. (Mede- 
deling no. 54 uit het Laboratorium voor Aero- en Hydrodynamica 
der Technische Hogeschool te Delft.) (Communicated by Prof. 
J. M. BurGERs.) 


(Communicated at the meeting of January 31, 1948.) 


Nous complétons ici notre premier article 1) en décrivant une méthode 
permettant de mesurer l’inertie thermique des anémométres 4 fils chauds. 
Les résultats montrent qu’il est parfaitement possible d’étudier leur inertie 
en les soumettant a des courants pulsés. 


1. Théorie du fil chaud parcouru par un courant électrique pulsé. — 
Dans notre premier article nous avons établi la relation suivante, basée sur 
la conservation de l’énergie: 


RP=42 ms(dTld) +fa-bpiV)l... = oe 


avec: R= Ry) (1+aT). Ici T est la différence entre la température du 
fil et celle de l’air, Ro sa résistance a la température de l’air, m sa masse 
en gr, s sa chaleur spécifique en calo/gr °C, a et b les constantes de la 
formule de KING, V la vitesse du vent (supposé perpendiculaire au fil), 
I le courant, R la résistance et t le temps. 

Si le courant est composé d’un courant continu J et d’un courant alter- 
natif i de fréquence f, la température varie avec la fréquence f et la rési- 
stance est formée d'une composante continue R et d'une composante 
périodique r. Nous prendrons toujours i beaucoup plus petit que J et 
négligerons les termes d’ordre i2, ce qui donne une équation différentielle 
linéaire. 

En désignant le courant total part J + ie/®t, on obtient: 


RP +2RTiei +22 =A (R=Rg) + Art == (delat (3) 
0 
avec: 
wee 8 As 
AS ee 
Les termes constants donnent: 
Ritw AIR, is ee ee 


+) R. BETCHOV et E. Kuyper, Un amplificateur pour l'étude de la turbulence d'un 
écoulement d’air. Meded. no, 52 Laboratorium voor Aero- en Hydrodynamica, Proc. Kon. 
Ned. Akad. v. Wetensch., Amsterdam, 50, 1134 a 1141 (1947). 
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La solution pour les termes périodiques donne: 


Dare ti 


= jot 
r Roney oat meta tet (6) 
avec: 
wl a Ro Ly: 
ot aA)... 


Cette formule équivaut 4 l’équation (8) de notre premier article dans le 
cas h=0, condition que nous avons remplie dans notre dispositif de 
chauffage (voir plus bas, § 3). La formule (5) donne la relation entre le 
terme A —I? et le terme 2R1(0I/0R),. 

Si l'on tient compte des termes d’ordre i2, la résistance r comporte des 
harmoniques et un terme constant vient s’ajouter 4 R. Pour éviter cette 
distorsion, nous avons toujours opéré avec un courant i assez faible pour 
que ces termes soient négligeables. La formule (6) montre que si la fré- 
quence f = w/2z est trés supérieure a la fréquence propre f* = w*/2z, la 
température ne suit plus les variations du courant; cette inertie thermique 
est comparable 4a celle signalée & propos des fluctuations de la vitesse du 
vent, dans notre premier article. 

La tension alternative aux bornes du fil chaud sera, selon (6): 


2 I? 1 


exrl+ Rie*t—Ri eit Tee 1+jo/o* 


(8) 
En mesurant e et i, avec f connu, on peut déterminer f*. Au point de 
vue des courants alternatifs, tout se passe comme si le fil chaud était 
remplacé par une résistance R en série avec une résistance R’, shuntée par 
un condensateur K: 
Bia? RIAA—I*: Ke AT 2R Io 205 a (9) 
En courant continu la résistance R’ disparait, et le circuit équivalent au 
fil chaud (voir fig. 1) n’est pas valable. Cette particularité vient de ce que 
les fluctuations de la température provoquent des fluctuations de la rési- 
stance qui, combinées avec le courant de chauffage I, donnent une tension 
alternative supplémentaire. On pourrait remplacer le circuit R’ — K par une 
force électromotrice. 
‘La fréquence propre f* dépend de V et de l'une des variables I et R; 
a partir des formules (5) et (7) on obtient: 


C 
fee er (—P/A) A= ie A (10) 
avec: 
Cm AL NER is aes ee AAT) 


Cette constante C traduit l’inertie thermique du fil, et il faut déterminer 
expérimentalement sa valeur. Elle a les dimensions de sec-1 ampéres~?. 
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2. Méthode pour mesurer f*. — Pour étudier l’effet de la superposition 
d'un courant alternatif au courant de chauffage normal, nous avons placé 
le fil chaud dans un pont pour courants alternatifs, selon la figure 1. 
L’accumulateur fournit le courant de chauffage J et l’oscillateur basse- 
fréquence produit un courant alternatif i dont l’amplitude est approxima- 
tivement indépendante de la fréquence. 


circuit equivalent au fil chaud 


i 
J 


1 
| 
| 
| 
4 Jes 
| ili 
1 - S ‘ 
| H ‘ 
| ' ’ 
! i" K R’ i 
ly x ff Oscillateur 
= SS Bie Basse- fréquence 
=a is # 
= Soe eee. 
= : 1On G 
K"s ‘¢ figl Principe du 


pont alternatif. 


K"et L impedances parasites 


fig.2. Chauffage par pentode. 


W3 


fig O Chauttage Par accumulateur avec 
Principe du dispositif de compensation. 


En principe, ce pont est constitué par 3 résistances, mais les perturbations 
non-ohmigues jouent un réle important. A partir de 3000 cycles la self- 
induction du potentiométre G et la capacité parasite en paralléle avec la 
résistance de 1000 ohms deviennent sensibles et il est nécessaire d'utiliser 
le condensateur variable K’ pour annuler la tension du point 6. Avec un 
fil froid, équivalent a une résistance Ro, on peut équilibrer le pont et avoir, 
de 3 cycles a 10.000 cycles, une tension nulle entre le point 6 et la masse 
(point 6). Lorsque le fil est chaud, il se comporte comme le circuit repré- 
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senté sur la figure 1, sa capacité K entre en jeu et nous permet d’opérer de 
la maniére suivante: 

I) avec la plus grande fréquence possible, soit 10.000 cycles, ajuster G 
et K’ pour annuler la tension du point 6; 

II) faire tomber la fréquence et relever la courbe de la tension du point 
6 en fonction de la fréquence; on utilise pour cela un voltmétre électronique 
spécial; 

III) mesurer l’intensité i en observant la tension produite dans une 
résistance de 10 ohms, en série avec celle de 1000 ohms (point y). 

Il convient de mesurer cette intensité i a différentes fréquences, car ni 
loscillateur ni le voltmétre ne sont parfaits et l'impédance du pont varie 
avec la fréquence, dans la mesure ot R’ n'est pas négligeable par rapport 
a 1000 ohms. 

La tension du point 6 est donnée en premiére approximation par la 
formule: 

BALD Ge ENE LA. weir rant 
A—I? 1+jo/o* 1+ R/1010 

La courbe de es en fonction de f nous indique f{*, mais il y a lieu de 
tenir compte des différentes perturbations, soit: 

— les courants alternatif et continu qui évitent le fil chaud, 


— le réle de la fréquence a laquelle on équilibre le pont. 


3. Les corrections et compensations. — Le pont alternatif se comporte 
comme une résistance en paralléle avec le fil chaud et une partie du 
courant de chauffage évite le fil chaud. Si son impédance est grande, on 
peut placer un ampéremétre a courants continus dans le circuit du pont 
alternatif, mais l'appareil présente toujours une self ou une capacité. Il est 
préférable de le placer avant le pont alternatif et de déduire le courant 
continu de fuite. 

Le circuit de chauffage se comporte comme un shunt traversé par une 
partie du courant alternatif destiné au fil chaud. Il faudrait disposer d’un 
accumulateur trés grand ou calculer la correction nécessaire, de l'ordre de 
10 a 50 % de la valeur de la tension du point 6. Nous avons préféré 
utiliser un dispositif de compensation ou, mieux encore, une pentode de 
chauffage. 

Pour les fils de diamétre inférieur 4 7 microns, nous avons utilisé le 
dispositif de la figure 2. La résistance en paralléle avec le fil chaud est 
égale a la résistance interne du tube, soit environ 100.000 ohms. 

Les fils de diamétre plus fort demandent des courants trop grands et 
nous avons utilisé le montage indiqué en principe par la figure 3 et en 
détail sur la figure 5. Le courant alternatif i’ qui évite le fil chaud, traverse 
une résistance fixe F’ et la tension ainsi produite est appliquée 4 une pre- 
miére pentode. Amplifié et déphasé de a, ce signal est transmis a une 
deuxiéme pentode dont le courant d’anode traverse le fil chaud. On ajuste 
la résistance F’ de maniére a ce que la composante alternative i” de ce 
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courant d’anode soit égale, en amplitude, au courant i’. Le courant de fuite 
est ainsi compensé par un apport i” et tout se passe comme si la résistance 
F’ était infinie. On peut régler le courant de chauffage en modifiant F sans 
dérégler la compensation. Ce dispositif est efficace entre 1 et 10.000 cycles 
(un petit condensateur en paralléle sur F’ améliore la réponse en haute 
fréquence), et lorsque i” est inférieur 4 2 mA. Au dela de cette valeur, il 
y a distorsion car les pentodes sont alimentées par une tension trop basse. 

Pour ajuster la résistance F” A sa bonne valeur, on dispose de deux 
méthodes. On peut placer la résistance F’ a la place du fil chaud et inter- 
rompre la connexion entre l’accumulateur et la résistance F. Le circuit 
formé par les deux lampes se met alors a osciller dés que la résistance F” 
atteint la bonne valeur. Nous avons préféré mettre I'oscillateur en paralléle 
avec F et régler F” de maniére a annuler la tension alternative aux bornes 
du fil chaud. 

Ce systéme de compensation peut étre utilisé lors des mesures de tur- 
bulence, pour éliminer la correction due au terme h de notre premier article 
(heveq: 3): 

D’autres perturbations se manifestent aussi, et l’examen a l'oscillographe 
cathodique de la tension du point 6 revéle 5 composantes: 

1) la tension sinusoidale délivrée par l’oscillateur; 

2) les harmoniques de cette tension si le courant i est trop fort (distor- 
sion par le fil chaud); 

3) les harmoniques de cette tension dues au dispositif de compensation 
de la figure 3; 

4) une tension de turbulence produite par la fluctuation de la vitesse 
du vent auquel le fil est exposé, composée d'un spectre de basses fréqu- 
ences, d’amplitude de l’ordre du millivolt; 

5) une tension a 50 périodes due au fait que l’oscillateur n'est pas mis 
‘ala masse et qu'il se comporte comme une impédance de l’ordre du megohm, 
reliant le pont alternatif au réseau d’alimentation (tension de l’ordre du 
millivolt). 

Les perturbations 2) et 3) ne sont plus observables lorsque le 
courant i est assez petit, et on est assuré de ne pas travailler avec un 
courant trop fort. Pour réduire l’importance du signal 4), provoqué par la 
turbulence du vent, il faut employer un bon tunnel aérodynamique; cette 
perturbation ne disparait pas et l’équilibre du pont en haute fréquence doit 
se faire a l'aide d'un oscillographe. On peut trés bien distinguer le signal 
a 10.000 cycles de la turbulence et l’annuler. 

Pour supprimer la tension 5), de fréquence 50, nous avons introduit dans 
l'amplificateur relié au point 6 une tension de méme amplitude et de phase 
opposée. Celle-ci est fournie par un petit variométre (indiqué dans la 
figure 5) agissant sur la cathode de la premiére lampe du voltmétre. Cet 
appareil comporte une bobine mobile dans un champ tournant produit par 
deux enroulements alimentés a partir du réseau triphasé. La tension induite 
dans la bobine est d’environ 30 mV et la phase dépend de son orientation. 
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Il ne donne pas d’harmoniques comme le ferait un variométre alimenté par 
une tension monophasée, avec un déphasage par capacité ou self-induction. 


TENSION DE SORTIE (unites arbitraires ) 
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Fig. 4. Réponse du pont (tension du point 6) avec la fréquence. 
la, 1b, 1c: réponse avec f* = 100, 10 et 1000 périodes; 
2: réponse théorique avec équilibre a f = infini, sans turbulence; 
3: réponse théorique avec équilibre a f= 10.000 périodes, sans turbulence; 
4: région ot Ja turbulence domine; 
5: région proportionelle a 1/f. 


Enfin il reste encore un point a examiner, car la formule (12) n'est 
exacte que si le pont est équilibré & une fréquence fequ. infinie. Le calcul 
de la tension de sortie du pont nous a donné la courbe 3 de la figure 4: 
nulle a 10.000 périodes, la tension du point 6 est proportionelle a 1/f entre 
2000 périodes et la fréquence propre f*. En dessous de f*, elle devient 
constante. Pratiquement cet écart di a la fréquence d’équilibre n'est pas 
mesurable, car, au dela de 2000 périodes, la tension de turbulence devient 
comparable a la tension haute-fréquence. L’équilibre 4 une fréquence infinie 
donnerait la courbe 2. Les courbes expérimentales sont du type la, 15 ou 
1c, selon la valeur de f*. Notre installation permet ainsi de mesurer la 


fréquence propre entre 3 et 2000 périodes. 
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La mesure en courants continus de la résistance du fil chaud se fait avec 
un pont de WHEATSTONE et un jeu de commutateurs permet de passer du 
dispositif continu au dispositif alternatif. 

La figure 5 donne le schéma complet (le pont alternatif comprend a 
volonté une résistance de 50 ou 100 ohms, selon la valeur de R). 

4. Mesures de f* et de C. — La courbe donnant es en fonction de f, 
en échelles logarithmiques (voir fig. 4), indique la fréquence f*. En effet 
la tension tombe a 0,707 de sa valeur en trés basse fréquence au point 
f = f*. On peut aussi prolonger la partie proportionelle a 1/f et observer 
son intersection avec la partie indépendante de f. 

Nous avons pu vérifier que la fréquence propre varie avec le courant [ 
et la vitesse V conformément 4 la théorie et, en particulier, a la formule (8) 
de notre premier article, soit: 


Pe GOR AR Ty ee oss aad nti) 


La partie de notre courbe proportionelle 4 1/f donne la constante C. 
Dans cette région on a (voir formules 7, 11 et 12): 


a 2RI*if* 
LATE ROI) f os ees 


ee 136 
en (1 ofUMY Ekgs 


Avec diverses vitesses du vent et diverses températures du fil, nous avons 
mesuré eé et i, pour une méme fréquence, 1000 cycles par exemple. Nous 


es = 


(14) 


Fe, PAR ae, Bs eer tS) 


avons ensuite tracé un diagramme avec, en ordonnée, la valeur absolue de 
es/i (1 + R/1010) et, en abcisse, la valeur de RI?. On obtient une droite 
de pents C/f. La précision des mesures dépend du réglage de la compen- 
sation (résistance F”), de l’étalonnage du voltmétre et du nombre de points 
donnant la droite de pente C/f. Les fils contenant de l’iridium présentent 
une sorte d’hystérésis et leur étalonnage en courant continu est instable 
(il s'agit probablement d’une cristallisation). On peut mesurer C a 10 % 
avec des fils de Pt —Ir, et 25 % avec des fils de Pt. Nous n’avons pas pu 


Fig. 5. Schéma complet des ponts et du voltmétre. 


Résistances: 13. 5M2 
1. 1 .KQ (kilo-ohm) 14. 75K2 
Fe hav iek G 15. 1M2 au total 
3. 1002; 20 watts 16. 01M 2 
4. 6002; 100 watts 17, 502 
5. 1M (10® ohm) Capacités: 
6. 03M2 1, 150 mmf (10-1? farad) 
7. 50KQ2 Di 4mf (microfarad) 
8 102 3, 700 mmf 
9. 35KQ2 4. 20mf 
10. 80K2 5. 1 mf 
11,7550. K Q 6. 0,25 mf 
1754,650'2 Ve 0,1 mf 
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constater une erreur systématique due au fait que la chaleur spécifique s 


varie avec la température. 
La constante C est donnée par la formule (voir formule 11): 


16 
Crean to eee dees, to AES 
42ums 4,207 08d 
o désignant la résistivité, 6 la densité et s la chaleur spécifique. 
Le diamétre d n'est jamais connu avec assez de précision pour permettre 


une comparaison serrée avec l’expérience. 


5. Le voltmétre électronique. — Pour mesurer le rapport entre la tension 
du point 6 et celle du point y (mesure de es/i), nous avons construit un 
voltmétre ayant une bonne réponse en fréquence et une bonne linéarité; 
la stabilité joue un réle secondaire. 

La premiére lampe (voir figure 5) recoit le signal du point 6 et la tension 
a 50 périodes du variométre. L’amplitude de cette tension est réglable par 
le potentiométre. A travers un atténuateur soigneusement construit et blindé 
(sensibilités de 1, 3, 10, 30, 100 et 300 mV), le signal est transmis 4 une 
heptode, puis 4 une triode. I] est redressé par une diode et filtré. Pour 
améliorer la réponse en basses-fréquences nous utilisons un feed-back 
agissant sur la deuxiéme grille de la heptode; en hautes-fréquences, nous 
utilisons un petit condensateur dans le circuit de cathode de la premiére 


lampe. 
L'erreur est ainsi de + 2 % & 10 et 5000 cycles, de —5 % & 3 cycles 
et de + 5 % & 10.000 cycles. 


@s/i(1+R/IOIO), mesur¢ 4 1000 périodes. 
ohms 


30 


20 


re) 50 fete iSO mw 
RI 


Fig. 6. Etude d’un fil de d= 4,5 microns, | = 3,65 mm, Rp = 32,5 ohms. L'étalonnage 
en courant continu donne: a/aRo = 1,9. 10-8 amp? et b/aRo = 0,75 . 10-3 amp?. Fréquence 
propre entre 200 et 300 périodes. La droite ci-dessus donne C = 180,000, aver erreur de 5 %. 
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6. Exemple de mesures. — Nous avons obtenu avec un fil de diamétre 
4,5 microns les points indiqués sur la figure 6; ils donnent une droite selon 
une constante C = 180.000. Les mesures 7 et 8 différent seulement par 
l‘amplitude du courant i. 


Mesure No. | V m/sec | R ohms | I mA. | i mA. 
———lW 
1 9 47.6 35.0 0.70 
2 9 395 USS) 0.70 
5 Sins Shops, 1609751 70).35 
4 524 56-4 3526010. 61 
ee ee | 56.2 | 44.2 | 0.94 
6 144 | a0) 34.0 1.06 
7 14 | 64.2 148.5 | 1.22 
8 fo-0 1 642” 1 48-5 | O31 


L’erreur est de 5 % si l’on ne tient compte ni de l’erreur des instruments 
de mesure en courant continu utilisés pour déterminer R et I, ni de celle de 
l'appareil utilisé pour étalonner notre voltmétre électronique. Notre but 
étant de mesurer des turbulences, ces erreurs ne nous intéressent pas, dans 
la mesure ou elles sont constantes. L’erreur maximum possible, en tenant 
compte de ces éléments, s’éléve 4 15 %. 

Nos résultats nous ont permis de tracer un systéme d’abaques donnant 
les principales constantes d'un fil chaud. Ces figures feront l'objet d’une 
prochaine publication. 


Zoology. — A new race of the leaf monkey Presbytis aygula (L.) from 
Deli, North-eastern Sumatra. By D. A. Hooier. (Communicated 
by Prof. H. BoscHMA.) 


(Communicated at the meeting of January 31, 1948.) 


While studying the collection of monkeys from the Malay Archipelago 
in the Leiden Museum it became evident to me that there is a form of 
Presbytis aygula (L.) from Deli, N.E. Sumatra, which is distinct enough 
for subspecific recognition and which is as yet without a valid name. 


Presbytis aygula margae nov. subsp. 


Diagnosis: No frontal whorl or brow fringe; the hair on the head directed 
backward and rising into a high median crest between the ears, which is 
not reinforced by erect or forwardly directed hairs on the nape. Short 
radiating hairs in front of the ear part the long hairs growing backward 
from the cheek which do not cover the ear but pass above and below it. 
Upper parts of body and outer sides of fore limb and thigh, dark brownish 
grey; upper side of tail, hands, outer side of leg, and feet, brownish black. 
The coronal tuft, as well as the hairs from the brow to above the ear, and 
those of the cheek, brownish black. The hair on either side of the median 
crest is concolorous with the back, dark brownish grey. Throat, underparts 
of body and tail, and inner sides of limbs down to wrist and ankle, creamy 
white; tail distinctly bicolor. 

Holotype: Mounted skin and lower jaw of subadult female (M3 not yet 
erupted) from Serdang, Deli, N.E. Sumatra, collected March 25, 1887, 
by Dr. B. HAGEN, and presented to the Leiden Museum in 1889. It was 
recorded as Semnopithecus femoralis, cat. f, in JENTINK (1892, p. 12). 

Paratypes: 1. Stuffed skin and skull of subadult female from Serbadjadi, 
Deli, N.E. Sumatra, collected July 29, 1915, by Dr. L. P. DE Bussy, and 
presented to the Leiden Museum June 10, 1916 (reg. no. 647). 2. Flat 
skin and skeleton of subadult male from Deli, N.E. Sumatra, received from 
the Rotterdam Zoological Garden June 27, 1930 (Leiden Museum, reg. 
no. 1854). 


Name: The name is given in honour to my wife. 


The paratypes differ from the holotype in the general colour of the back, 
outer side of fore limb, and outer side of thigh, which are brownish grey 
in paratype 1, and dark smoky grey in paratype 2. The upper side of tail, 
hands, outer side of leg, and feet are again brownish black, as in the 
holotype. Similar variations in the general colour of the back are found 
in other races of the species too, and are perhaps seasonal (Pocock, 1934, 
seh, SPAS 
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In paratype 1 the hairs on the cheek are shorter than those in the 
holotype, and expose a preauricular part of the skin about as large as 
the ear itself, as is sometimes the case in Presbytis aygula thomasi (Collett) 
(cf. Pocock, 1934, pl. I fig. E). In two skins of the latter race in the 
Leiden Museum (reg. nos. 1774 and 1776) the exposed portion in front 
of the ear is smaller, like that in the holotype of Presbytis whe margae 
nov. subsp, and in paratype 2. 

The holotype described above has been identified by JENTINK (1889) 
as Semnopithecus femoralis and stated to agree exactly with the skins of 
Presbytis femoralis sumatrana (Miiller et Schlegel) from Mt. Ophir, 
central Sumatra. This is a mistake; it does not agree. Presbytis femoralis 
sumatrana (Miller et Schlegel), as judged by the four typical skins in 
the Leiden Museum, is dark grey brown above not only on the body but 
also on the tail, and the outer sides of the limbs are black, instead of 
only the outer side of the leg. 

The three specimens here referred to a new race of Presbytis aygula 
(L.) combine characters found in other races of that species in a most 
remarkable way. In the following they are compared with the Javan, 
Sumatran and Bornean races respectively. 

Presbytis aygula margae nov. subsp. differs from P. aygula aygula (L. ) 
from Western Java in the absence of a frontal whorl and of long hairs 
covering the ear, in the colour of the back and outer sides of limbs (which 
is dark ashy grey or iron grey in the sixteen specimens of P. aygula aygula 
(L.) examined), and in its brownish black instead of grey hands, outer 
side of leg, and feet. The two races agree, however, in the absence of 
white on the head and in the colour of the tail, the upper side of which 
is brownish black, or black in P. aygula aygula (L.), and as much con- 
trasting to the lighter back as it does in P. aygula margae nov. subsp. 

Presbytis aygula margae nov. subsp. needs no close comparison with 
P. aygula fredericae (Sody, 1930) from Mt, Slamat, Western central Java, 
which is entirely black above and on the outer side of the limbs. 

In contradistinction to P. aygula thomasi (Collett) from Langkat and 
Achin (Atjeh), N.E. and N. Sumatra, there is no white on the head 
between the median and lateral black stripes, and the median crest on the 
head is not reinforced behind in P. aygula margae nov. subsp. The colour 
of the back of paratype 2 is very much like that in the six skins of 
P. aygula thomasi (Collett) available for comparison; in the holotype and 
in paratype 1 the hair is decidedly more brownish. As already mentioned 
above, the two races agree in the development of the hair in the preauricular 
region. P. aygula margae nov. subsp., however, is at once distinguishable 
from its congener in N.E. Sumatra by having not only the hands and feet, 
but also the outer side of the leg and the upper side of the tail black. In 
P. aygula thomasi (Collett) the upper side of the tail and the outer side 
of the leg are concolorous with the back. 

MILLER (1942, p. 130) has separated a mountain form from Achin, 
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N. Sumatra, as Presbytis thomasi nubilus on account of its longer, fuller 
and darker fur. 

In Presbytis aygula hosei (Thomas) from North central Borneo the tail 
is not, or ‘hardly, bicolor; in this respect it deviates from the races dealt 
with above. The median crest on the head is less pronounced, and long 
hairs from the cheek cover the ear. In the seven skins in the Leiden 
Museum the colour of the back is of a dark ashy grey tint, not much 
different from that in P. aygula aygula (L.), but Pocock (1934, p. 921) 
described a skin from Mt. Dulit which is brown in general colour above. 
The white on the inner sides of the limbs extends distally only to the 
middle of forearm and leg. The head markings of P. aygula hosei (Thomas) 
show a sexual difference, the white of the forehead, temples and cheeks 
being less extensive in the females than in the males. One adult female 
from Mt. Kalulong ‘has but a small median white patch on the forehead, 
but the white on the sides of the neck is as marked as in the males. 

All skins of Presbytis aygula hosei (Thomas) agree with those of 
P, aygula margae nov. subsp. in having not only the hands and feet, but 
also the outer side of the leg coloured brownish black. 

Besides Presbytis aygula hosei (Thomas), two races of Presbytis aygula 
(L.) have been distinguished in Borneo, viz., P. aygula canicrus Miller 
and P. aygula sabana (Thomas). Of these races no actual material is 
available to me, but it is clear from the literature (Pocock, 1934, p. 921/22) 
that the former differs from Presbytis aygula margae nov. subsp. in having 
a brownish crown and nape, and in having only the hands and feet 
coloured black, while the latter (THOMAS, 1893) possesses frontal whorls, 
black hands and feet, and a unicolor tail. 

Presbytis aygula margae nov. subsp. has a more southern range in 
N.E. Sumatra than has P. aygula thomasi (Collett), the type specimens 
of which are from Langkat, N. of Deli where thomasi was not observed 
(COLLETT, 1892, p. 616). The material of LYON (1908) was collected at 
the Aru Bay, in the Langkat district, while CHASEN (1940) and MILLER 
(1942) record thomasi from Achin, N. Sumatra. 

Summarizing the results of the above comparisons it can be said that 
Presbytis aygula margae nov. subsp. from Deli, N.E. Sumatra, has the 
development of the preauricular hairs of P. aygula thomasi (Collett) the 
range of which is N. of that of our subspecies, the brownish black upper 
side of tail of P. aygula aygula (L.) from Western Java, and the brownish 
black outer side of leg, hands and feet of P. aygula hosei (Thomas) from 
North central Borneo. Not even two of these three distinguishing characters 
occur side by side in any race other than Presbytis aygula margae nov. 
subsp, 
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Plantkunde. — Over het verband van de bloemkleur van de plant en het 
gemiddelde zaadgewicht van de bonenopbrengst bij de erfelijkheid 
van de afmetingen en het gewicht van de zaden van Phaseolus 
vulgaris. 1. By G. P. Frets. (Communicated by Prof. J. BOEKE.) 


(Communicated at the meeting of December 20, 1947.) 


Bij haar belangrijke onderzoekingen over de erfelijkheid van verschillen- 
de eigenschappen bij de kruising van enige variéteiten van vlas, kon TINE 
TAMMES vaststellen, dat met de bloemkleur andere eigenschappen nauw 
samenhangen. Het was mijn voornemen, om te zijner tijd, ook de aanteke- 
ningen van mijn bonenmateriaal over de bloemkleur in mijn onderzoek te 
betrekken. N.a.v. mijn publicatie in deze Proceedings, 1947, Vol. 50, N.7, 
wijst Prof. SIRKS mij op zijn onderzoek over de erfelijkheid van het bonen- 
gewicht (1925). Na de bestudering ervan verrichtte ik de bewerking van 
mijn gegevens, waarvan ik de resultaten hier mededeel. 

Van de 2 zuivere lijnen, die het uitgangsmateriaal van mijn onderzoek 
zijn, is de bloemkleur van de I-lijn wit, die van de II-lijn paars. De kleur 
van de zaadhuid werd bij het begin van ons onderzoek (1932) bepaald 
met het ,,répertoire de couleurs par R. Oberthiir’. De kleur van de zaad- 
huid van de bonen van de I-lijn is ,Ocre de Ru” 2-4, van die van de II-lijn 
,Ocre de Ru” 3 en 3+. De totaal-indruk is, dat de bonen van de II-lijn 
iets donkerder bruingeel zijn dan die van de II-lijn; ook glimmen ze meer 
(1934, p.46). De kleurverschillen van de zaadhuid van de bonen van de 
beide zuivere lijnen zijn gering en daarom niet in ons onderzoek betrokken. 

De habitus van de plant van de I-lijn is tenger, die van de II-lijn fors 
(fig. 1). De I-lijn, schreven we vroeger (1934 a, blz. 298), is een lage, 
sterk vertakte, iets zwakke plant met witte kleine bloemen, waarvan er 
vele misvormd zijn en waarbij castratie moeilijk is. De bladkleur is iets 
lichter dan van de II-lijn. De IJ-lijn is sterker, heeft dikkere takken, is 
hoger, voornl., omdat een tak doorgroeit, ze bloeit lila. Van de kruisingen 
van 1933 vind ik nog vermeld, dat er een groter aantal mislukt, als de [-lijn 
de moeder is. De plant van de I-lijn is in alle opzichten zwakker. Alle plan- 
ten, die buiten gegroeid zijn, hebben erg van virus-ziekte geleden, maar 
die van de II-lijn en de F,-planten (na de kruisingen van 1932) zijn er, 
toen er beter weer kwam, het best doorheen gekomen. Aan het eind van 
het seizoen wordt vastgesteld, dat de I-planten vroeg geel worden. De 
II-planten zijn dan nog groen en fors. 

De witte bloemkleur van de planten van de I-lijn gaat dus samen met 
een graciele bouw van de plant, de paarse bloemkleur van de planten van 
de II-lijn met een robuste bouw van de plant. Opmerkelijk is, dat het ge- 
middelde gewicht van bonenopbrengsten van de I-lijn groter is dan van die 
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van de II-lijn, omdat de lengte en de breedte der bonen daar zoveel groter 
is (1934 a, blz. 47 en fig. 2). De bloemkleur van de planten is ieder jaar 
zoveel mogelijk aangetekend. Ze kan goed worden vastgesteld, als de 
bloem pas open is; vooral ‘s morgens. De lilakleur verbleekt vlug, wordt 
dan vaal, meer diffuus, iets gelig; ook de witte kleur wordt vlug vaal. Dan 
is een zekere onderscheiding vaak niet meer mogelijk. 

Om de invloed van de bloemkleur van de plant op het gemiddelde zaad- 
gewicht van de bonenopbrengst na te gaan, moeten we de verhoudingen 
van de F3-zaadgeneratie, die groeit op Fy-planten, onderzoeken, omdat de 
F,-planten splitsen in wit en in paars bloeiende. De F.-zaadgeneratie 
groeit op F,-planten en deze bloeien alle paars. Iets anders is het met de 
kruisingen: de F,-zaadgeneratie. De I X I]-kruisingen worden verricht op 
de wit bloeiende planten van de I-lijn; de II X I-kruisingen op de paars 
bloeiende van de II-lijn. Hier is dus op de twee groepen van kruisingen 
een verschillende invloed van de bloemkleur. Het gemiddelde gewicht 
van de I X II-kruisingen is groter dan van II X I-kruisingen door de 
matroclinie van het gemiddeld grotere gewicht van de bonen van de 
I-lijn. De verschillende bloemkleur kan hier een tegenwerkende invloed 
uitgeoefend hebben, die we echter niet kunnen vaststellen. 

We onderzochten dus het verband van bloemkleur en zaadgewicht bij 
de F3-zaadgeneratie: bij ons materiaal van F3-1934 van de oorspronkelijke 
kruisingen van 1932 en bij dat van F3-1935 voortgekomen uit de oorspron- 
kelijke kruisingen van 1933. 

Het onderzoek is niet eenvoudig. Fo-planten zijn gegroeid uit uitgangs- 
bonen van de F,-zaadgeneratie. Deze uitgangsbonen hebben een verschil- 
lend genotype en geven daardoor onderling zeer verschillende bonenop- 
brengsten. De F3-bonenopbrengsten zijn gegroeid op F.-planten, die resp. 
wit en paars gebloeid hebben. De eventuele invloed van de bloemkleur uit 
zich dus op bonenopbrengsten met een zeer verschillende genotypische 
afkomst. Bij zeer groot materiaal zal men statistisch een verschil van het 
gemiddelde bonengewicht der bonenopbrengst kunnen vaststellen, omdat 
we dan bonenopbrengsten met uitzonderlijke genotypen gelijk verdeeld 
over planten, die paars, resp. wit gebloeid hebben, zullen aantreffen. 

We kunnen ook een groepering maken van de bonenopbrengsten en 
binnen de groepen de bloemkleur en het gemiddelde bonengewicht verge- 
liken. Dit hebben we voor ons materiaal van de F3-zaadgeneratie van 
1934 gedaan. We maken gebruik van de classificatie volgens het gewij- 
zigde hetrahybride schema, waarbij volgens onze hypothese (1947, blz. 
803) 8 klassen worden onderscheiden. Het best voor het onderzoek ge- 
schikt zijn de gevallen van Cl 1 met de form. LB Th (tab. 1), omdat van 
deze bonenopbrengsten alle 3 afmetingen groot zijn. Het aantal van deze 
bonenopbrengsten is verreweg het grootst in de hele jaaroogst. Zij geven 
vooral het intermediaire uiterlijk er aan. Tab. 1 maakt inderdaad de indruk, 
dat de bonenopbrengsten van planten, die wit gebloeid hebben een gemid- 
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deld iets kleiner bonengewicht hebben dan die van planten, die paars ge- 
bloeid hebben. We moeten daarbij in aanmerking nemen, dat de waar- 


schijnlijke fout (m =") van het gemiddelde gewicht (Mw + m) groot is. 
n 


Uit de gemiddelde gewichten van de bonenopbrengsten hebben we het 
gemiddelde gewicht berekend van de 11 bonenopbrengsten, waarvan de 
planten wit en evenzo van de 28 bonenopbrengsten, waarvan ze paars 
gebloeid hebben en vinden Ww = 58.98 cg en Wp = 60.81 «g, d.i. dus 
een verschil ten gunste van de paarse bloemkleur. Dit is slechts een ruw 
resultaat. We zullen de gemiddelden moeten berekenen, niet van de ge- 
middelden van bonenopbrengsten, doch van het totaal aantal bonen van 
planten, die wit, resp. paars gebloeid hebben. In de 2de plaats zijn er ook 
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Fig. 3. Three pairs of characterograms of F3-beanyields of Fs-plants of 1934, that had 

white and of those that had violet flowers. — The mean beanweight of bean yields with 

a similar characterogram indicating a similar genotype is smaller of plants that had white 

flowers than of plants that had violet flowers. I described the characterogram in Proc. 
Kon, Akad. van Wetensch., Amsterdam, 432 (1936). 
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TABLE 1. The flower colour of the Fo-plants of 1934 and the mean beanweights of the 
Fs-beanyields of the Fo-plants with white and with violet flowers. 


1. Plants of class 11) with the formula L B Th of the average dimensions of the beanyields. 


Beanyields of plants with white Beanyields of plants with violet 
Nr} Pl} w]} v flowers flowers 
B | Mw + m |LB|L Th/B Th Mw + m |LB/L Th/B Th 
1.1272 + 65/157) 98 | 68 }74.8+1.7| 62) 44 | 70 
2 |138 +1) | 66/152) 94 | 71 |72.1-+-1.1|62| 47 | 76 
3 |196} + | 46 |152) 94! 72 |71.7+1.2]62] 48 | 78 
4 (126 2 48) 149) 93 | 72 |70.3+0.9] 63} 49 | 78 
5) 1139 > ie 43)149)| 90 | 66 |62.6+1.6|/60} 40 | 76 
6 |109 +1 23/148) 92 | 69 |65.3+1.7| 62) 47 | 75 
7 |236| + 71 (148 92 | 67 |65.30.9] 62] 46 | 73 
8 |268 + | | 97/147) 91 | 69 |}64.8+0.8] 62| 47 | 76 
9 134 - | 93 |146, 91 | 72 63.12-0.8) 62] 50 | 80 
10 |247)  |+ | 23|145| 93 | 69 |64.4+1.8165| 48 | 74 
11 |110) + 96|144| 86 | 68 |54.4-+0.6| 60] 47 | 80 
12 |135 + 57|143) 89 | 69 |58 Sev Atey) ZEy || 77 
13 141| I+ 25|143| 90 | 68 }61.7+1.9) 64| 49 | 77 
14 |235 si 28) 143) 86 | 66 |57.9+1.0| 60} 47 | 77 
ALES + | 31/142) 90 | 74 |66.0+1.2/63] 52 | 82 
16 |161)-+ 85 |142| 88/69/56 +0.8)62| 49 | 78 
17 |270 + 14}142) 87 | 66 |56.5 62| 48 | 76 
18 |177 + | 54/141] 89 | 68 |58.7+0.8] 63] 48 | 76 
19 |191) + 81 |141| 87 | 66 56.7+0.8/62| 47 | 77 
20 |192 + 97|141)] 90 | 69 |}60.5+0.9|64| 49 | 78 
21 |232 + | 55|141/ 90 | 69 |58.4+0.8| 64} 48 | 77 
22 |238 + 42/141| 90 | 67 |60.2+1.5| 64] 47 | 74 
23 |167 + 36/140} 90 | 67 |57.5+1.3)65) 48 | 74 
24 |168 —- | 43)}140) 89 | 72 }61.9+1.0/ 64} 53 | 80 
25 |246| + 46 |140/ 88 | 66 |60.8+1.5|64| 47 | 74 
26 |274 + 82/140] 90 | 69 |60.2+0.9) 65| 50 | 77 
21 i112 + 60/138) 90 | 73 |58.9+0.7| 65) 53 | 81 
28 |117|+ 69 |138) 89 | 69 |54.34+1.1165| 50 | 77 
29 |269 + 65/137] 86 | 70 |57.9+0.8| 63} 52 | 82 
30 |129)  |+ | 59|136, 90 | 66 |50.2+1.1)/ 66) 48 | 73 
31 |197|+ 49 |136| 91] 70 |58.6+1.2/67} 51 | 78 
32 |279 + ; 37|136| 90 | 73 |61.1+1.7| 66] 54 | 81 
oo | 127 + 48|135| 89 | 71 |57.3+0.7| 66] 53 | 80 
34 |149 ~ '123/134| 90 | 76 |58.4+0.6/67| 57 | 84 
35 |125| + 52 |132] 86 | 67 |55.9+0.9}65} 51 | 78 
36 |179| + 50 |132] 86 | 68 |53.0+1.1/65| 52 | 79 
B7 152 +? 26/131) 88 | 69 |55.9-+1.6) 68} 52 | 78 
38 |210) + 52 1131] 88 | 66 |53.4+0.7| 67} 50 | 75 
39 |217 + 66/131) 87 | 68 |56.0--0.6) 68 | 52 | 77 


w = white, v = violet, n = number, L = length,: B = breadth, Th = thickness, 
Mw = mean weight, 1 = light. 


1) According to our classification (1947, p. 803) class 1 contains the beans with all 
3 great dimensions, so with the formula L B Th. 


242 


binnen de klassen nog belangrijke genotypische verschillen van de bonen- 
opbrengsten. En dan zijn er de milieu-invloeden, die ook voor de verschil- 
lende planten verschillen en de rubuustheid, resp. de gracielheid van de 
planten bepalen en daarmee de grootte van het gemiddelde zaadgewicht. 
Ongelijke milieu-invloeden dus kunnen de betekenis van de bloemkleur bij 
gelijke milieu-invloeden opheffen. We hebben daarom de gevallen van 
tab. 1 met het oog op de verschillende oorzaken van ongelijkwaardigheid 
nagegaan, om zo mogelijk een correctie bij tab. 1 aan te brengen. De bonen- 
opbrengsten van tab. 1 met de form. LBTh hebben een grote mate 
van overeenstemming, maar de afmetingen verschillen vrij belangrijk. 
La = 15.7—13.1 mm, ba = 9.8—8.6 mm, ths = 7.6—6.6 muy 
gew. = 75—50 cg. Hierin komen wel erfelijke verschillen tot uitdrukking. 
In tab. 1 zijn de bonenopbrengsten gerangschikt volgens dalende gemid- 
delde lengte. De overeenstemming blijkt uit de indices (tab. 1) en de 
characterogrammen (fig. 3). In cl 1, d.z. dus de bonenopbrengsten met 
de formule LB Th der gemiddelden, hebben we in het algemeen wel geno- 
typisch vergelijkbaar materiaal voor ons. Dit is ook uit de studie van de 
ascendentie en de descendentie gebleken. 

Hier volgen enkele aantekeningen over de bonenopbrengsten van tab. 1. 


N. 3, pl. 196 heeft wit gebloeid; het gemiddelde bonengewicht is kleiner dan van N. 1 
en N.2, die paars gebloeid hebben. Het is slechts weinig kleiner; misschien, omdat de 
gemiddelde dikte groot is en aangetekend staat, dat de uitgangsboon het ,,type van de 
II-lijn” (grote dikte) heeft. We kunnen hier dus met een genotypische invloed ten gunste 
van het bonengewicht te doen hebben. 

N. 7, pl. 236 heeft wit gebloeid. Het bevreemdt enigszins, dat we hier gew,, = 65.3 cg 
vinden, terwijl ook van pl. 109 met een grotere gemiddelde dikte gew,, = 65.3cg. Van 
N.5 pl. 139, die paars gebloeid heeft, is het gemiddelde gewicht klein, wellicht genotypisch 
bepaald. De gemiddelde dikte kan klein zijn, omdat de uitgangsboon het type van de 
L-lijn heeft. 

N.9, pl. 134 heeft wit gebloeid. Het gemiddelde gewicht is kleiner dan van N.8 en 
N.10, die paars gebloeid hebben, 

N. 16, pl. 161 heeft wit gebloeid en de plant had type I. De vergelijkplanten 11—15, 
die alle paars gebloeid hebben, zijn onderling nog al verschillend. Van N. 11, pl. 110 is 
het gemiddelde gewicht klein. Misschien hebben we bij de zeer kleine gemiddelde breedte 
met een genotypisch verschil te doen. Van N. 15, pl. 115 is het gemiddelde gewicht zeer groot. 
De plant heeft het Il-type, de gemiddelde dikte is zeer groot; waarschijnlijk hier als uit- 
drukking van het genotype. Van N. 17, pl. 270, die eveneens paars gebloeid heeft, is het 
aantal bonen van de bonenopbrengst zeer klein en had de uitgangsboon het I-type. 

N. 19, pl. 191, heeft wit gebloeid en past goed tussen N. 18 en N. 20—24, die paars 
gebloeid hebben. Van N. 21 en N. 23 schijnt het gemiddelde gewicht, vergeleken met dat 
van N. 21 en N. 23 wat klein, als we letten op de grote overeenkomst van de gemiddelde 
afmetingen (deze zijn echter afgerond). N.23 was lang groen; misschien dus ook achter 
in groei. 

N. 25, pl. 246 heeft wit gebloeid. Het gemiddelde gewicht is groot; niet in overeen- 
stemming met de gemiddelde afmetingen, 

N. 28, pl. 117, heeft wit gebloeid. Het gemiddelde gewicht van N, 30, pl. 129, die 
paars gebloeid heeft, is zeer klein, wel door de kleine gemiddelde dikte. N. 30, pl. 269 en 
N. 17, pl. 270, die beide paars gebloeid hebben, zijn grensgevallen van cl. 1 met de form. 
LBTh (Th= 6.6mm en groter) en cl 2 met de form. LB th (th = 6.5mm en kleiner). 
Volgens de aantekeningen heeft de uitgangsboon I-type, het onderzoek wees voor pl. 129 
in de ascendentie de J-lijn aan. 
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N 31, pl. 197 heeft wit gebloeid. Van de vergelijkplanten N. 32—34, die paars gebloeid 
hebben, is van de eerste het gemiddelde gewicht groter dan van N. 31. 

N. 35 en N. 36, pl. 125 en pl. 129 hebben beide wit gebloeid. De vergelijkplanten, 
N. 32—34 en N.37, de paars gebloeid hebben, hebben een groter gemiddelde gewicht. 

N. 38, pl. 210, die wit gebloeid heeft, heeft een kleiner gemiddeld gewicht dan de 
vergelijkplanten N. 37 en N. 39, die paars gebloeid hebben. 


Uit deze verschillen blijkt, dat, als het gemiddelde bonengewicht van 
planten, die wit gebloeid hebben, groter is dan dat van vergelijkplanten, 
die paars gebloeid hebben, we steeds daarvoor het mogelijke genotype als 
oorzaak kunnen aanwijzen. Een enkele maal ook een milieu-invloed. Het 
lijkt ons statistisch niet geoorloofd, om correcties in tab. I aan te brengen. 

Wij hebben uit het totaal aantal bonen van tab. I van bonenopbrengsten 
van planten, die wit en uit dat van planten, die paars gebloeid hebben, het 
gemiddelde gewicht berekend en vinden voor 710 bonen van de eerste 
groep, Mgew = 60.3+ 0.35 cg en voor 1529 bonen van de 2de groep 
Mgew = 61.3 + 0.23 cg. (Als we de 7 allerkleinste bonen, die we in onze 
berekening niet opnamen, meerekenen wordt Mgew = 61.13 cg.) Er is dus 
een verschil ten gunste van de 2de groep, d.i. voor bonen van planten, die 
paars gebloeid hebben. Het verschil is klein en met het 00g op de waar- 
schijnlijke fout, waarschijnlijk statistisch zonder betekenis. Uit al onze ge- 
gevens van het materiaal van tab. I, dus vooral uit de vergelijking van de 
* verschillende bonenopbrengsten van planten, die wit gebloeid hebben met 
overeenkomstige van planten, die paars gebloeid hebben, besluiten we, dat 
het gemiddelde gewicht van bonenopbrengsten van planten, die wit ge- 
bloeid hebben, iets kleiner is dan van bonenopbrengsten van planten, die 
paars gebloeid hebben. 


De bonenopbrengsten van cl 2—7, die we ook op de wijze, als we in tab. 1 deden, 
tabelleerden, lenen zich door de kleine aantallen nog minder goed voor een statistische 
bewerking dan die van tab. 1. In cl. 2 met de form. LB th, als van de [-lijn, vinden we 
2 bonenopbrengsten met zeer grote gemiddelde lengten, (de eerste heeft de grootste 
gemiddelde lengte van het materiaal 1,, = 16.1mm, doch het aantal bonen is klein, 
n= 12. De planten hebben een zeer groot gemiddelde gewicht en ze hebben beide wit 
gebloeid, evenals bonen van de I-lijn. Er zijn hier geen vergelijk-bonenopbrengsten, De 
3de en laatste bonenopbrengst is van een plant, die wit gebloeid heeft; ze is een grensgeval 
(th, = 6,5 mm) en zou ook tot cl 1 gerekend kunnen worden. Ze heeft ten opzichte van 
vergelijkbonenopbrengsten van tab. 1 een klein gemiddeld gewicht. 

Cl 3,5 en 6, resp. met 4,6 en 1 gevallen hebben geen enkele bonenopbrengst van een 
plant, die wit gebloeid heeft, Cl 4 (met de form. Lbth) en met 5 bonenopbrengsten heeft 
er één en deze heeft ten opzichte van vergelijkmateriaal een klein gemiddelde bonen- 
gewicht Cl 7 (form. Lbth als van de II-lijn), eveneens met 5 bonenopbrengsten, bevat 
ook één bonenopbrengst van een plant, die wit gebloeid heeft. Het gemiddelde bonen- 
gewicht van deze kleine bonenopbrengst (n = 23) is kleiner dan van een vergelijkbonen- 
opbrengst van een plant, die paars gebloeid heeft. 

Cl. 8 met ‘de form. 1 b th, du smet, alle 3, kleine gemiddelde afmetingen bevat 10 gevallen. 
Van 3 bonenopbrengsten hebben de planten wit gebloeid, doch er zijn geen vergelijk- 
opbrengsten van planten, die paars gebloeid hebben, 


We vermelden nog uit ons materiaal 2 K-planten van 1933, d.z. F,-plan- 
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ten met de F2-zaadgeneratie, waarvan alle bonen uitgezaaid zijn en waar- 
van de F,-planten, die de F3-zaadgeneratie bevatten, geoogst zijn. 

Van de F,-plant K 64 van 1933, is de hele Fy-bonenopbrengst uitge- 
zaaid en zijn in 1934 de Fo-planten met de F3-bonengeneratie geoogst. 
Van 54 van deze bonenopbrengsten, waarvan er van 15 de planten wit 
gebloeid hadden en van 39 paars, is een deel van het aantal bonen geme- 
ten en gewogen, zijn de indices bepaald, de gemiddelden berekend en de 
standaard-deviaties. De standaard-deviaties en variatie-coéfficiénten zijn 


groot (waarschijnlijke fout a 0.6—1.5 cg). We brachten de bonen-~- 
in 


opbrengsten tezamen op een tabel, gerangschikt volgens de gemiddelde 
lengten; op de wijze als in tabel I, doch niet volgens de klassen. Voor 
deze statistische bewerking waren de aantallen te klein. Ook hier op tab. II 
(niet gepubliceerd), waar dus de bonenopbrengsten van planten, die wit 
gebloeid hebben, naast die van planten, die paars gebloeid hebben, gesteld 
zijn, maakt het de indruk, dat onder overeenkomstige genotypische ver- 
houdingen, het gemiddelde bonengewicht van bonenopbrengsten van plan- 
ten, die wit gebloeid hebben, kleiner is dan van planten, die paars gebloeid 
hebben. Voor de statistische bewerking is een bezwaar, dat — we zeiden het 
reeds (p. 239) — zeldzame genotypen, de gemiddelde bonengewichten zeer 
kunnen beinvloeden. Daartoe behoren b.v. bonenopbrengsten met een zeer 
grote gemiddelde dikte; deze hebben daardoor een groot gemiddeld bonen- 
gewicht. Wel zal van deze bonenopbrengsten, als ze van planten zijn, die 
paars gebloeid hebben, het gemiddelde bonengewicht groter zijn dan van 
planten, die wit gebloeid hebben, maar dergelijke bonenopbrengsten met 
uitzonderlijke genotypen, treft men niet gelijk verspreid over de planten, 
die wit en die paars gebloeid hebben, in een betrekkelijk klein materiaal 
aan. 

We bepaalden het gemiddelde gewicht van de bonenopbrengsten van 
+ pw 
aes 
d.w.z., van iedere bonenopbrengst vermenigvuldigden we het gemiddelde 
bonengewicht W met het aantal bonen en telden deze producten van de 15 
bonenopbrengsten van de planten, die wit gebloeid hebben samen en deel- 
den deze som door het aantal n, hier dus 15, bonenopbrengsten. We vin- 
den voor 700 F3-bonen Wy = 52.9 cg (W = weight, w = white). Het- 
zelfde deden we mut.mut. voor de 39 bonenopbrengsten van planten, die 
paars gebloeid hebben en vinden voor 1830 F3-bonen Wy = 55.8 cg (v= 
violet). Er is, volgens deze berekening een duidelijk verschil bij deze F3- 
bonenopbrengsten in 1934 van planten, die gegroeid zijn uit uitgangsbonen 
van de bonenopbrengst van één enkele K-plant van 1933, ten gunste van 
het gemiddelde gewicht van bonenopbrengsten van planten, die paars ge- 


bloeid hebben. 


planten, die wit en die paars gebloeid hebben, volgens de form. W = 


Opmerkelijk is nog, dat de gemiddelde gewichten van bonenopbrengsten van planten 
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met witte resp. met paarse bloemkleur, van de nakomelingschap van K 64 kleiner zijn 
dan het gemiddelde bonengewicht van het aantal Fs-bonen van tab. 1 (blz. 241). Wij zien 
er uit, dat de Fo-bonen van K 64 ten opzichte van de hele reeks aanwezige genotypen 
in het overige Fo-bonenmateriaal van 1933 een aantal bonen is met genotypen voor 
bonenopbrengsten met kleiner gemiddeld bonengewicht dan van de bonenopbrengsten van 
het hele materiaal. 


Van K 78, een andere F,-plant van 1933, werd de Fy-bonenopbrengst 
van 44 bonen in 1936 uitgezaaid en werden van 39 van de geoogste Fo- 
planten met hun Fs-bonenopbrengsten, van de bonen de afmetingen, het 
gewicht, de indices bepaald, de gemiddelden, de standaard-deviaties en de 
waarschijnlijke fout berekend. We maakten tab. III (niet gepubliceerd, 
overeenkomende met tab. I (blz. 241). Deze tabel 3 maakt de indruk, dat 
van bonenopbrengsten, waarvan de planten wit gebloeid hebben, het ge- 
middelde bonengewicht iets kleiner is dan van vergelijkbare bonenopbreng- 
sten, waarvan de planten paars gebloeid hebben. We berekenden het ge- 
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Fig. 4. Curve of 476 F3-beans of F2-plants that have flowered white and of 857 F3-beans 
of Fe-plants that have flowered violet. The F2-plants are the progeny of the Fo-beans of 
the whole bean-yield of the Fy-plant K78, 1933, — Full line and crosses are of the 
beans of plants that have flowered white, dotted lines and points are of beans of plants, 
that have flowered violet. Where both lines touch each other the cross of the full line 
is surrounded by a circle of the dotted line. — The curve of the beans of plants that 
flowered white lies at the left of that of the beans of the plants that flowered violet. 
M,, = 49.31 and M, = 54.06 cg. The curve of the 857 beans of plants that flowered violet 
has been drawn for the half of the number making it in this way comparable with the 

curve of the beans of plants that flowered white. 
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middelde bonengewicht op de wijze als voor de F3-zaadgeneratie van K 64 
(blz. 244) en vinden van 476 Fy-bonen van 13 F,-planten, die wit gebloeid 
hebben W,, = 49.31 cg en van 857 bonen van 24 F,-planten, die paars 
gebloeid hebben Wy = 54.06 cg; er is hier een groot verschil ten gunste 
van de laatste. 

We zouden het hierbij kunnen laten. Daar ik echter nog over een 2de 
groep F3-materiaal beschik, heb ik ook hiervoor de betekenis van de bloem- 
kleur van de plant voor het gemiddelde zaadgewicht nagegaan. Het is het 
F3-materiaal van 1935, afkomstig van kruisingen van 1933. 

Het F3-materiaal van 1935 bestaat uit de bonenopbrengsten van 75 F.- 
planten. De bloemkleur is minder volledig en minder nauwkeurig bepaald 
geworden, door een verzuim bij de kweek, dan van de F9-planten in 1934. 
We beschikken over 23 Fo-planten met 1375 bonen, die wit en over 20 
F,-planten met 1604 bonen, die paars gebloeid hebben. We maakten een 
tabel als tab. II (blz. 244), niet gepubl.), dus met de bonenopbrengsten in 
de volgorde van de dalende gemiddelde lengte. Er treffen daarbij enkele 
ongelijkheden tussen bonenopbrengsten van planten, die wit en die, welke 
paars gebloeid hebben. Zo zijn er 3 bonenopbrengsten met een aantal 
bonen groter dan 100. Deze 3 bonenopbrengsten behoren alle drie tot die 
van de planten, die paars gebloeid hebben. Ze hebben alle drie ten op- 
zichte van vergelijk-opbrengsten van planten, die wit gebloeid hebben een 
klein gemiddeld bonengewicht. Hier kan het grote aantal bonen van deze 
opbrengsten een ongunstige invloed op het gemiddelde bonengewicht ge- 
had hebben, doordat in deze gevallen een zeer groot aantal peulen, dus 
wellicht ook met kleine bonen genomen is. Bovendien bleek, dat 2 van deze 


TABLE 2. Fe-plants of 1935 and the mean beanweight of the beanyields (F3-seed- 
generation) of plants, that flowered white and those that flowered violet. 


sh Aud = pw 
the sum of the pro- oc 
Number of Number of | ducts of the number h Flower 
F3-beanyields F3-b the mean bean- 
3 y, 3-beans of beans and the ; colour 
weight of the 
mean weight ofeach ben eanes 
of the beanyields : 


a 
The whole material 


23 1375 | 78186.7 | 56.86 white 


23 1604 | 91785.6 | 55.96 re 


After correction: The 3 beanyields with more than 100 beans are omitted 


20 1268 | 72952.4 57.72 | violet 


After correction: Two of the 3 beanyields, each of them with more thans 100 beans, that 
have an exceptional genotype are omitted and the number of the beans of the 3rd of these 
beanyields has been reduced at 50. 


21 1318 Cys te Vl es: D1 .24 violet 
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3 bonenopbrengsten een uitzonderlijke formule van hun bonenopbrengst 
hebben. We hebben daarom het gemiddelde bonengewicht bepaald voor 
het totaal aantal bonen van bonenopbrengsten van planten, die wit en van 
die, welke paars gebloeid hebben; daarna met de weglating van de 3 bonen- 
opbrengsten met een aantal bonen groter dan 100 en daarna met weglating 
van de 2 bonenopbrengsten met een groot aantal bonen en een uitzonder- 
like formule, doch mét de 3de bonenopbrengst, waarbij we het aantal 
bonen terugbrachten tot 50, d.i. het aantal van de meeste bonenopbreng- 
sten. Het resultaat toont tab. I]. We zien, dat, op de eerste wijze berekend, 
het gemiddelde bonengewicht van bonenopbrengsten van planten, die wit 
gebloeid hebben, iets groter is dan van planten, die paars gebloeid hebben. 
Na correctie is, in beide gevallen, het gemiddelde bonengewicht van bo- 
nenopbrengsten van planten, die wit gebloeid hebben iets kleiner dan van 
planten, die paars gebloeid hebben. Het verschil is klein. Zoals gezegd, is 
het materiaal van 1935 iets minder fraai dan van 1934. Dit blijkt ook hier- 
uit, dat van de 43 van de 75 F,-planten, van welke de bloemkleur aange- 
tekend is, er 23 zijn met de witte en 20 met de paarse bloemkleur. 


Botany. — Premature flower-bud initiation in Tomato-seedlings caused 
by 2,3,5-triiodobenzoic acid. (Preliminary communication). By 
JEANNE DE WAARD and J. W. M. RoopEenBuRG. (Communicated 
by Prof. V. J. KONINGSBERGER.) 


(Communicated at the meeting of January 31, 1948.) 


It is generally accepted that a plant raised from seed is not able to 
initiate flower-buds before having completed its vegetative juvenile stage, 
in which a minimum of leaves must have been developed. 

It is ascertained that in different plant species this number is fairly 
constant. According to PuRviS & GREGORY (1937) for Winter rye this 
minimum is determined at seven leaves. After our own observations 
Kalanchoé Blossfeldiana developes five pairs of leaves before it is able to 
flower-bud initiation under short-day conditions. The tomato has to form 
a mean of eight leaves before the first flower-cluster can be developed 
(ROODENBURG, 1947). It is but after the completion of this juvenile stage 
that external influences, at work during or after this period, are able to 
induce the formation of the first flower-buds. If these external conditions, 
e.g. temperature and length of day, have been unfavorable for initiation 
of flower-buds, the vegetative development is continued. In that case the 
number of leaves below the first flower-cluster will be considerably 
increased, 

Purvis & GREGORY have ascertained that in Winter rye a maximum of 
25 leaves, under all conditions are followed by flower formation. It is 
not yet known if this rule about a maximum number of leaves can be 
applied to all other plant species; a constant minimum seems to be 
generally met with. 

For the different plant species, that period of vegetative growth varies 
considerably. Among woody plants, for example, many trees require a 
large number of years before reaching the flowering stage. In such cases 
genetic research and plant breeding take a very long time. Therefore it 
would be of much interest if we could shorten this period. 

What may be the cause that young plants are incapable to form flowers? 
One might suppose that the plant has to collect first a sufficient amount 
of energy and to build up a minimum stock of organic matter; this does 
not however explain the constancy of the minimum leaf-number; for under 
optimal conditions of photosynthesis, also a smaller number of leaves 
would produce sufficient carbohydrates, The réle of the carbohydrate- 
nitrogen ratio in flower formation (Klebs) must not be overlooked, but 
on the other hand flower forming substances (Sachs) prove to be of 
primary importance. These substances, the action of which is demonstrated 
are chemically fully unknown. Nevertheless they wear beautiful names as: 
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flower-hormone, florigen or anthocaulin. As long as no flower forming 
substance has been isolated, it is quite impossible to solve this problem 
and the most attractive schemes remain purely theoretical. 

There is only one synthetic substance known to influence the formation 
of flowers: 2,3,5-triiodobenzoic acid. ZIMMERMAN & Hircucock (1942) 
discovered its action on tomato, namely the inducing of abnormal flower 
formation. 

Flower-clusters of tomato normally are initiated terminally, but develop 
laterally, when the vegetative sympodial growth is continued. A treatment 
with triiodobenzoic acid causes the flower-cluster to develop at the top 
of the plant whilst the vegetative shoot is suppressed. This might be con- 
sidered as a shifting of the correlative relations between the vegetative 
shoot and the flower-cluster. On the other hand, however, it seems possible 
to increase the number of initiated flower-buds by the use of triiodobenzoic 
acid, the axillary buds too showing flower formation immediately or after 
a few leaves. 

Are we justified in ascribing to this substance an action similar to flower 
hormone? 

The supposition is contradicted by our negative results in the case of 
Euphorbia fulgens, an extreme short-day type which did not show any 
effect under long-day conditions. GALSTON (1947) confirms the latter 
statement in connection with Soybeans. In short-days, however, he found 
an increase of the number of flowers, caused by the treatment with 
triiodobenzoic acid. This result has thus been obtained with plants already 
able to form flower hormone by the influence of the short days. 

We therefore continued our investigations with triiodobenzoic acid on 
young tomato plants which had yet only a small number of leaves, in 
order to eliminate the possibility of flower formation in a natural way. 
We succeeded nevertheless in inducing abnormal flower formation in these 
young tomato plants too (VAN ZEIST, 1947, not yet published). 

Finally we treated just germinated seedlings or still ungerminated seeds, 
so yet deprived of the very first leaves. These seedlings having no stock 
of carbohydrates and only both cotyledons available for photosynthesis, 
initiated flower-buds when treated with triiodobenzoic acid! At first only 
two or three small leaves emerged and then the terminal flower-stem 
appeared. 

The description of an experiment which produced these striking results, 
follows here. 

Young tomato-seedlings of the variety ‘‘Kampioen”, sown October 2, 
1947 were sprayed with a solution of triiodobenzoic acid, 200 mg/1, as 
soon as the cotyledons had stretched, six days after sowing. In this stage 
two or three leaf-primordia could be detected microscopically at the 
growing point. The plantlets were raised in a hot-house with a high grade 
of air-humidity. The relatively high temperature (mean 15,6° C. minimum 
and 26,2° C. maximum) had been chosen with the intention of preventing 
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an early formation of flower-buds. After November 6, the plants were 
exposed at night to an additional illumination of Neonlight (about 500 
Lux) from 2 a.m. till 7 a.m. 

The principal result of this treatment was an important retardation of 
the growth in those parts already initiated but not yet developed. 

In this way small plants were obtained with normal and even rather 
strongly developed cotyledons, the plants as a whole remaining compact 
on account of the shortness of the epicotyl and the internodia. The two 
or three tiny leaves already present in a primordial state when the treat- 
ment took place, hardly developed and remained very small. No further 
initiation of new leaves followed in the growing point (figure II, 24 days 
after spraying. At that time the check plants had four leaves visible to 
the naked eye). 

Instead of forming leaf-primodia, the growing point became convex 
and was rapidly raised by a strong elongation of the part of the stem 
situated just below so that it appeared as a small naked bulb at the top 
of a stem measuring a few centimeters (figure III, 31 days after spraying). 

‘Then the growing point started dividing which constituted the beginning 
of the flower-bud initiation. By the repeated division of the stem-meristem 
a considerable number of crowded buds were formed at the top. These 
buds differentiated into flower-primordia (figure VI, VII, enlarged photo- 
graph of November 3, drawing of November 6). 

We have not yet succeeded in obtaining real flowers from these buds, 
this demonstrates but the more clearly that we have induced the process 
of flower-bud initiation itself and not a phenomenon of flowering. 

It occurred that such ‘‘flower-stems” emerged from axillary buds too, 
taking the place of sideshoots in which leaf formation was suppressed at 
first (figure IV). 

The elimination of the vegetative growth was not always complete for, 
after some time, other axillary buds were sprouting as small leaf-bearing 
sideshoots. Even the bud in the axil of a cotyledon showed this phenomenon 
(figures IV and V, resp. 40 and 45 days after the treatment). 

Moreover in some plants the raised growing point first initiated some 
small leaves, e.g. six, before dividing toward flower formation so that the 
number of leaf-primordia below the first flower-cluster even yet increased, 

This experiment proves the fundamental possibility of flower initiation 
in a small plant provided with three leaves only. The great difference with 
the normal minimum of eight leaves allows no doubt. Moreover the check 
plants, grown under the same conditions, showed in the middle of December 
twelve to fifteen leaves visible to the naked eye, whilst under the binocular 
microscope fifteen to nineteen leaves without any sign of flower initiation 
could be detected! 

So triiodobenzoic acid can induce flower initiation a long time before 
the tomato-plant has reached the flowerforming stage in a natural way. 
Therefore we may say that this chemical has the property of starting the 
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Figure I. 

Tomato, var. ‘“Kampioen”. November 8, 1947. 
Sown Oct. 2. 

Left: sprayed Oct. 8 with 2, 3, 5-triiodobenzoic acid 200 mg/l water. Uhe seedling 
has developed a ‘‘flower-stem” after one month, 

Right: untreated plant, showing a normal vegetative development. 

Figure II—V. 

The treated plantlet of fig. I in four successive stages of development, a photo 
taken each week: Nov. 1, Nov. 8, Nov. 17 and Nov. SP) 

Figure VI. December 3, 1947. 
Photograph with pocket-lens of the tip of the flower-stem with flower-primordia, 
two months after the treatment. 

Figure VII December 6, 1947. 
Drawing of the same. 
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process of flower formation; also that the constancy of the minimum 
number of leaves does not seem to make a rule. We have thus fundament- 
ally proved that it is possible to shorten the vegetative juvenile stage. 


Botanical Laboratory of the Division of Horticultural Research 
State University Utrecht. of the Ministry of Agriculture. 
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Biology. — Significance test for median and interquartile range in samples 
from continuous populations of any form. By J. WESTENBERG. 
(Communicated by Prof. M. W. WOERDEMAN.) 


(Communicated at the meeting of January 31, 1948.) 


1. Statement of the problem. 


The aim of a statistical treatment of data, obtained by biological routine 
work, is very often to establish significant differences in two samples. In 
order to do so, tests of significance have to be applied, most of which 
impose certain laws on the frequency distributions of the populations from 
which the samples are supposed to be taken. 

In certain instances, the biologist has the advantage of being able to 
make some predictions on the frequency distributions of the data collected. 
This is especially so, when he is dealing with countings of bacteria, blood- 
corpuscles, pollengrains &c., these being cases based on alternative vari- 
ation. The two frequency distributions that may arise in this way, are the 
so called binomial and the Poisson series. 

Special tests have been designed for the treatment of data following 
such frequency laws. These special tests, however, are far from being in 
common use. It is, on the contrary, a remarkable fact, that the development 
of modern statistical science mainly pertains to the so called ‘normal’ 
frequency law. 

Biologists are only too often inclined to take for granted that variability 
of organisms will normally follow this law. Several authors, however, have 
emphasized, that this cannot possibly be a general rule. This becomes 
evident, if we investigate the length and the volume of organs of equal 
shape. In case one of the two frequency distributions will appear to be 
‘normal’ the other will consequently be skew and hence not ‘normal’ (cf. 
KAPTEYN, 1916). 

Nevertheless we have to realise, that in many cases, living beings might 
still yield ‘normal’ distribution. We are quite unable, however, to decide a 
priori, whether a certain characteristic will follow this law, since our know- 
ledge of organic variation is absolutely insufficient to do so. In order to 
obtain any information empirically, we may apply a so called test for 
goodness of fit. Only in the special case, in which the available data do 
not show a significant departure from ‘normality’, we may apply the usual 
methods. From this, it is evident, that the biologist needs statistical methods, 
that are valid for any frequency distribution. 


Considerations on non-normal distributions. 


The subject of treating frequency distributions, not following the 
‘normal’ law, has been approached along several lines. 
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A general formula, applicable to the specification of any type of distri- 
bution, has been given by K. PEARSON. In this formula we find several 
constants, so called parameters, characterising properties of the population, 
from which a sample is supposed to be taken. An estimate of a parameter, 
as computed from a sample, can be denoted as a statistic, thus being a 
characteristic of a sample. In case we compute a statistic from different 
samples, taken from the same population, we are not likely to arrive at the 
same values. This variation may be considerable in small samples. 

Since in PEARSON’s method, statistics have to be used as a substitute for 
parameters, it is clear, that it should not be applied, when only small 
samples are at hand. Moreover, this method has not been especially 
designed for the detection of significant differences in samples. 

As in some other theories, the general frequency function of PEARSON 
is not intended to throw any light on the causal origin in frequency distri- 
butions. A different trend, however, has been followed by another group 
of workers, of whom we may mention EDGEWORTH (1898—1900) and 
KAPTEYN and vAN UVEN (1903—1916). Their considerations have been 
based on assumptions, concerning the causes of variation. The former 
author started from the idea, that,if some variate is distributed according 
to the normal law, a function of this variate will in general not follow this 
law. If reversely, a variate does not follow the ‘normal’ law, we can seek a 
function of this variate, that will follow the normal law. 

Independently, KAPTEYN and vAN UVEN (1916) have developed a 
graphical method, based on the same principle. In this method, the ogive 
curves of two samples can be compared, by testing the differences in the 
frequency classes one by one. Each value of x is graphically converted into 
a value of z, which is normally distributed. The probable error for different 
expectation values of z can be deduced from a table. 

By plotting z against x, several properties of the distribution can be 
conceivably demonstrated, but the method has not been designed for the 
treatment of small samples. 

A test for significance in difference in average of small samples with 
any frequency distribution, has been given by BEHRENS (1933). To this 
purpose the values of the pooled samples are arranged in order of 
magnitude. From the distribution of the specimens of one sample in the 
pool, this author arrives at a decision concerning significance. Since 
BEHRENS does not even make any allusion to the theoretical basis of his 
working recipe, it is difficult to estimate the merits of this method. In 1947 
MANN and WHITNEY have published a test, based on a similar starting 
point. The method is tabulated for samples up to 8, As is easily under- 
stood, this method is especially meant for small samples. 

About ten years ago, a special test for significant differences has been 
given by PiTMAN (1937). In this test the absolute value of the difference 
of the arithmetic means of the two samples is used as a measure of dis- 
cordance. The result cannot be read, however, from a table, and for each 
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case calculations have to be made from the very beginning. An approx- 
imation for large samples is also given by the same author. Though the 
work of PITMAN deserves serious attention by experimental workers, the 
application of his tests seems to be too complicated for extended use. A 
general aspect of these derivations is, that the arithmetic mean is used as 
an average. 

From the preceding survey, it is clear, that the subject of significance in 
continuous frequency distributions of unknown form, has been explored 
from several points of view. The current use of the tests, however, is still 
marred either by limitations or complexity. A simple test, equally valid 
for small and large samples, would be of more practical value for 
experimental workers. 

Generally speaking, we may say, that similar frequency distributions 
may display two kinds of differences. 

In the first place there may be a general shifting along the x-axis, the 
whole lot of individual specimens being smaller or larger in size, according 
to the shift. In this case it will suffice to state a significant difference of 
some average, i.e. a statistic, characterising the position or location of the 
distribution on the x-axis. 

In the case of ‘normal’ distributions, the well-known t-test is applied, in 
order to detect a shifting of the arithmetic mean. 

In the second place two distributions may show different dispersion 
about their average. 

In the case of ‘normal’ distributions, FISHER’s Z-test is applied, in order 
to detect a significant difference in standard deviations. 

In these methods, pertaining to the ‘normal’ law, the position of the 
distributions is characterised by the arithmetic mean. When designing 
methods, that are valid for any frequency distribution, we have to recon- 
sider, which kind of average will be most suitable for our purpose. 

To this end, we have to realise, of what nature an average should be, 
and what desirable properties it should possess. In whatever way an 
average is defined, it is merely a certain value of the variable, its com- 
putation being based on all the observations made. It should enable us, 
to render confusing series of observations readily comprehensible by 
defining quantitatively the characteristics of the frequency distribution as 


concisely as possible. Finally, it should not be affected too much by 
fluctuations of sampling. 


Choosing statistics, 


The following consideration may serve us to arrive at a choice. In case 
we have to deal with data, that might have arisen from any frequency 
distribution, we cannot offer many views on its properties. We can say, 
however, that the chance for the variable in any specimen to be found to 
be within a certain definite range, must have a definite, though not 
ascertainable value. Clearly, the same argument is valid for the chance, 
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that the variable will, or will not, in any specimen exceed a certain value. 

Any continuous frequency distribution can hence be specified by 
determining (or estimating) for which values of the variable, the chance 
of exceeding or not exceeding, will have certain fixed values, e.g. 4, 4, 2. 

Keeping in mind, that we are searching for some kind of average, 
characterising in some way the position of the central part of a distribution, 
we will choose p = 3, so that we finally arrive at the median 1), 

Hence in a frequency curve, the median M may be defined as that value 
of the variable, the vertical through which divides the area of the curve 
into two equal parts. 

In a finite sample (taken from a population with a continuous variation), 
we can only make an estimate of the median of the population. If there 
be an odd number of different values of the variable, ranged in order of 
magnitude, the middlemost value is accepted as estimate. But if there be 
an even number, the mean of the two middlemost values is accepted as 
such. As long as we keep to this rule, the median of the population is the 
expectation value of its estimates. 

When all the values of the variate are given, and the total frequency is 
small, the estimate can be determined merely by inspection. When the 
data have been classified and given as a frequency distribution, the estimate 
of the median is obtained by arithmetical interpolation. If the total fre- 
quency is large, it is not too crude to assume that the values in each class 
are uniformly distributed throughout the interval. This assumption can be 
avoided, however, by applying graphical interpolation to the smooth ogive 
curve. Samples from populations with discontinuous variation, are con- 
ventionally treated, as if the data had been classified. 

The choice of the median has the advantage, that the extreme values do 
not heavily bias the determination of our average, as is the case with the 
arithmetic mean. For the biologist this can only be favoured, since extreme 
dimensions might possibly have come into existance by pathological causes 
or other disturbing influences, which might fade out the phenomenon 
concerned, if the extreme values are too heavily biased in the determination 
of the average. 

It is all in the way of this reasoning, to determine a set of values of the 
variable, for which the chances, not to exceed, will amount to } and 2 
respectively. 

These two values, Q; and Qs, are termed the lower and the upper 
quartile respectively. The quartiles and the median thus divide the area 
of a frequency curve into four equal parts. 

In finite samples, estimates of the quartiles are computed in a way, 
similar to that, described above for the estimation of the median. 


1) After the present paper had been written, the publication of MATHISEN (1943) 
became available to me, The method, proposed in this paper, is likewise founded on the 
median and the quartiles. The treatment of the samples, however, is unsymmetrical. 
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The range between Q, and Qs, the so called interquartile range, may 
be used as a measure of dispersion in any continuous frequency distribution, 
the type of frequency distribution not coming into play. 

So the parameters Q, and Qs are characteristics of the populations and 
usually not known to the student. From the samples we can compute 
estimates of these unknown parameters, the so called statistics. Now we 
will endeavour to ascertain, how from observed differences in the statistics, 
we can arrive at conclusions concerning differences in the parameters. 

Our tests will be directed to the following aims: 

I. The detection of a shifting of the median along the x-axis. 

Il. The detection of a difference in the interquartile range, indicating 
a difference in scattering. 


Test for difference in median. 


We may imagine all of the N specimens of the first sample being 
arranged along a scale according to increasing values of the variable x, 
and the median My, of this sample being inserted in the scale. 

We may imagine the same to be done with all of the N specimens of 
the second sample, and again the same with the collection of specimens, 
that can be obtained by pooling the two samples. 

Finally the value M2y, the median of the combined sample, can be 
inserted in the scale of the first, as well as in the scale of the second 
sample. 

Suppose for instance, we find the first sample to be richer in specimens 
smaller than M2y.Let the number of those specimens be 4N +A in the 
first sample. In the second sample we will then find 4N—A specimens 
of this smaller size, because otherwise, there would not be N specimens of 
the smaller size in the combined sample. So the difference in number of 
specimens smaller than My, found in the two samples amounts to 2A. 
We will now proceed to examine whether A, so great or greater, as found 
in our set of samples, can possibly have arisen by random sampling from 
one single population. In case our A exceeds a value, that might have 
arisen by random sampling from one single population, we are led to 
conclude, that our samples display a significant difference, i.e. that the 
population from which the first sample was taken, must have been richer 
in specimens of the smaller size. 

We have thus reduced our subject to a problem, that already has been 
solved by R. A. FISHER (1935). 


The chance for any specimen to be smaller than My, can be put equal 
to p. Since we do not know the composition of the whole population, this 
p is unknown. 

Still we can state, that in a sample of N specimens, the chance for n 
specimens to be smaller than Moy is equal to 


= N! n = 
En (NCTE oo ee 
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Similarly the probability for n+ A specimens in such a sample to be 
smaller than Moy is 


peta: N! 
ies (n + A)! (N—n—A) 


, pit. (1 —p)N-1-4 


and for n—A specimens this probability is 


! 
$s T N! . p-4 - (1 — p)N-At4, 


(n— A)! (N—n+AQ) 


The probability of the simultaneous occurrence of these two independent 
events, or rather of the occurrence of a difference d(—= 2A) with fixed 
values of n, N and p will therefore be 


Pun (NI)? -pn.(] 2N—2n 
eee AIN Ain AINA? le tie 


No matter what the value of p might be, the probability of a certain A 
with fixed values of N and n can be proved to be 


(N!)? 
GE ANS Na Al 
(2.N)I 
(2n)!(2N—2n)! 


(See WESTENBERG, 1947) 


Py:n,N = 


In our problem n has the value 4N. Carrying out this substitution, we 
arrive at 


(N!)? 

a _ E§N+APEN—-A)P _ (N1)* 

$e (2.N)! —_ EN+A)P @N—A)F (2N)I 
(N!)? 


The present form allows us to calculate in what proportion of cases, any 
value of A will not be exceeded. Hence we can arrive at the minimal 
values of d, for different levels of significance. In carrying out these 
calculations, we may treat Py.pn as if it were a continuous function, 
which does not, however, affect our final conclusions in any way. 

The values of A are tabulated for different values of N. For the lower 
values of N, we have only to copy the last column of the tables on 
p. 641—642 in the preceding publication. Together with some supple- 
mentary calculations, they yield the following table. 
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The relation between N and A is graphically represented i 
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By graphical interpolation we find 


eS SS 


so | N=6.0 | 3% | N=3.4 

3 Oo 4.8 | 4% 3.2 
1 % 4.3 | 5% Bi0, 
2 3.6 


Test for difference in interquartile range. 


As in the previous chapter we can imagine all of the N specimens of the 
first sample, to be arranged along a scale, according to increasing value 
of the variable and that the two quartiles are to be inserted in the scale. 

The same can be imagined to be done with the second sample, and 
again the same with the combination of the two samples. 

Finally, the quartiles of this combination can be inserted in the scale of 
the first, as well as in the scale of the second sample. 

Suppose, we find the first sample to be richer in specimens within the 
range between the two quartiles of the pool. Let the number of those 
specimens be 4N + A in the first sample. In the second we will then find 
4N —A specimens of this middle-sized type, because otherwise, there 
would not be N specimens of the middle-sized type in the combined sample. 

So the difference in number of middle-sized specimens found in the two 
samples, amounts to 2A. We have thus reduced our second test to the 
same mathematical basis as the previous one. Hence the same A-table 
can be used for both tests. 


Limitations of the proposed test. 


The test, developed in this paper, is only intended to be a crude one, 
but because of its simplicity, it might still be of practical use in many a 
case, where the form of the frequency distribution is not known. Although 
the mathematical base has been given by FISHER for the general problem 
of unequally sized samples, the present working recipe has only been given 
for equally large samples, in order to avoid a more extended tabulation. 
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Biology. — An Electron microscope Study of the Structure of the Wool- 
hair. By CuR.¢ J. GORTER and A. L. HOUWINK. (Communicated by 
Prof. G. VAN ITERSON Jr.) 


(Communicated at the meeting of December 20, 1947.) 


Introduction. 


During the past two years the former author has been associated to 
the Fibre Research Institute T.N.O. of the National Council for Industrial 
Research at Delft. Research of the structure of the wool fibre was part 
of her task. To enlarge her investigations with a study of the submicro- 
scopical structure, the Direction of the Fibre Institute permitted her to 
cooperate with the Institute for Electron Microscopy at Delft. That is why 
a more detailed study of the wool was possible. 

The elements of the woolhair, scales and cortical cells, have been 
studied by means of electron microscopy showing the finer structure as it 
is seen in very finely ground wool fibres, or as it is disclosed by the more 
or less prolonged action of chemicals and enzymes. Comparing our 
micrographs with the electron micrographs of wool fibres, which have been 
published by MERCER and REEs (6, 7) we found a striking conformity. 
This is the reason why we feel justified in publishing some of our micro- 
graphs. They may help to confirm some of the views that MERCER and 
REES founded on the results of their investigations. Still we wish to 
emphasize the fact that the interpretation of electron micrographs is very 
difficult and permits only very cautious conclusions about submicro- 
scopical structures. 

As for the submicroscopical structure of natural cellulose fibres, we 
mention a study of FREY-WYSSLING and MUHLETHALER (2), that gives 
support to the opinion of FREY-WYSSLING, who claimed already in 1935 
for cellwalls of plants that the differentiation in fibrils, microfibrils and 
micellar strands is only a product of desintegration, dependent on the 
method of desintegration. 

Electron micrographs of wool have been published a.o. by ZAHN (19, 
Hock and McMuropie (4), MERCER and REES (6, 7, 8) and OLOFSSON (9). 

These authors used various mechanical and chemical methods to des- 
integrate the fibres into very small particles, cells, or parts of cells. This is 
necessary because objects, which have to be examined with the E.M. 
should not be thicker than some tenths of a micron. Using thicker material, 


one may expect destruction by the electrons (Hock and McMurpiE (4) 
and OLOFSSON (9)). 


Structure of the woolhair. 


To understand the electron micrographs it is necessary to draw the 


CHR. J. GORTER and A. L. HOUWINKE: An Electronmicroscope Study 
of the Woolhair. 


¢ 


Fig. 1. Fragments of scale. Shadowcast. 5170 X. 90 K.V. Mechanically loosened. 


Fig. la. Detail of fig. 1, Shadowcast. 23.800 X, 90 K.V. 


Fig. 2. Fragment of scale. Shadowcast. 8500 *. 90K V. Mechanically loosened. 
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Fig. 4. Part of scale. Shadowcast. 20.000 x. 90 K.V. Mechanically loosened. 
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Fig. 6. Part of scale and tip of fibril. Shadowcast. 6240 *. 80 K.V. Trypsin preparation, 
(The goldlayer is burst.) 
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Fig. 8. Fragment of scale. Shadowcast. 6400 X. 80K.V. Trypsin preparation. 
Shrinkage of the scale. 
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Fig. 9. Particles of wool. 38.000 X. 90K.V. Mechanically ground. 
Diameter of particles — += 200A. 
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Fig. 10. Tip of cortical cell. Not shadowcast. 2000 X. 90K.V. 
Loosened by scraping across edge of razorblade. 


Fig. 11. Tip of fibril, Shadoweast, 19.000 X. 
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Note. In the original micrograph a microfibril with branch can be seen by 
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attention to some main things about the structure of woolhairs; see scheme. 
(Comprehensive literature: KRONACHER und LODEMANN (5), REUMUTH 


(11)). 
SCHEME OF THE ELEMENTS OF A WOOLHAIR 


Wo ORTICAL CELLS = og 


LOOSE SCALES 


SCALE , RA 
\ 
\ 


LOOSE CORTICAL CELLS 


Wool is built of two or three elements: 

1. The cuticle (also called epidermis), a layer of thin, flat cells 1) 
(scales) which overlap each other. The apical margin of the scales is 
thickened. 

2. The cortex, consisting of spindle-formed cells (cortical cells), that 
fibrillisate under special conditions. In thin fibres it forms the bulk of the 
fibre. Its physical and chemical constitution is responsible for most of the 
typical properties of the wool fibre. 

3. The medulla, a mass of degenerated cells in the central part of the 
fibre, often absent (especially in thin fibres). 


The presence of a cementing material between the cortical cells and 
also between the cortical cells and the scales is generally accepted. The 
scales too are believed to be cemented together. We will not discuss 
whether these cementing substances are identical. 

Investigations with the optical microscope made evident that scales and 
cortical cells have a different structure: the cortical cells are fibrous while 
the scales are not. 


Experimental procedure. 


The electron microscope used was that of the Institute of Technical 
Physics of the Technical University at Delft, built by Ir J. B. LE Poo.e. 


1) We use the term “‘cell’’ without discussing whether this term is right in this case; 
the genesis of the scales from cells being as yet obscure. 
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A description of this instrument is published in Philips Technical Review, 
Vol. 9, 1947. It has the advantage over other similar instruments of 
giving the possibility to vary continuously the magnification from 1000— 
80.000 diameters and the accelerating power from 50—150 K.V. So one 
can work with relatively dense objects. The instrument has four electro- 
magnetic lenses. 

For our specimens (parts of the woolhair) we mostly used a voltage 
of 80—90 K.V. 

The wool used was a New-Zealand Crossbred wool 2) and in one case 
a Cape-wool. The methods of preparation were mechanical or chemical 
ones: 


1. Dry wool fibres were ground in a mortar or between two rough 
glassplates (roughened with emery of a particle size of +50 wu) until the 
desired fineness was obtained. 

2. Loose scales or fragments of scales were prepared by scraping the 
fibre across the edge of a razor blade; this method proved to be very 
satisfying. 

3. By the action of trypsin or of acid. The woolhair breaks up into the 
cortical and cuticle cells. 


0,03 g wool was treated with 10 ml. of a solution of trypsin (0.75 % 
trypsin —0.3 % NaHCO3) at p,, 8 and 36° C. In some cases the wool 
was pretreated with acid (boiled 30 min. with 0,5 n sulfuric acid, washed 
and dried), because a wool pretreated in such a manner is more readily 
attacked by trypsin. 

A droplet of a suspension of desintegrated woolhair elements was placed 
on the very thin collodion or Geisseltallack film, which in the E.M. takes 
the place of the slide in the ordinary microscope (the penetrating power of 
electrons being much less than that of visible light, even cover glasses 
being much too thick). In the Delft E.M. this film is mounted over a hole, 
one third of a mm. in width, in the centre of a metal specimen holder. The 
electron beam passes through the hole. The air-dried preparation 3) was 
in some cases examined directly in the electron microscope. Most of our 
preparations, however, have been shadowed according to the method of 
WILLIAMS and WyckorF (12). The object holders are placed under a 
bell-jar, the air is evacuated, a small quantity of gold is then electrically 
heated and evaporated. The gold to be evaporated is placed about 2.5 cm. 
above the level of the — horizontally placed — specimen holder, at a 
distance of 10 cm. As all evaporated gold atoms move through the high 
vacuum along rectilinear paths just as light, on one side of the object 
everything is golded, on the other side there is a ‘shadow’. The whole 
collodion film with all horizontal parts of the preparation is also covered 


2) Degreased with ether and thoroughly washed with water. 
3) An E. M. can as yet only be used for examination of dry preparations. 
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with a thin layer of gold. During examination in the E.M. the electrons 
pass relatively unhindered through the “shadow”, which becomes a dark 
region on the E.M.-graph negative. On the other hand the golded side of 
the object becomes bright. So on the negative film the object looks like 
something laying on sandy soil in a setting sun. The micrographs in this 
paper, which represent shadowcast objects, are therefore all printed in 
negative. Most of the details of the E.M.-graphs may indeed be inter- 
preted in this way. 

However, one should never forget that the objects are not observed by 
means of reflected radiation, but by means of the electrons, which pass 
through the objects. Something may appear white on the negative-printed 
electron micrograph because it has been coated with the evaporating gold, 
but also because it was thick or dense. As density depends on the atom- 
weight, a thin layer of gold causes much scattering of electrons. 


The Scales. 


MERCER and REES (6) suppose the cuticle cells or scales of the wool 
fibre to contain two varieties of keratin, K, and Kz, K, being more readily 
dissolved by trypsin and by various chemicals than Ky. Ky would form 
the inner, more resistant part of the scales, lying in ‘‘roughly parallel folds’, 
whereas the flat, very thin outer layer would consist of K,. K; might be 
identical with the cementing material between the cortical cells (and cortical 
cells and scales). 

The inside structure of the scales is disclosed when the K, is etched 
away by a trypsin treatment. ; 

MERCER and REEs (6) present micrographs to support their views (1, 2 
and 4 of their publication 6). With these micrographs our figures 1—11 
should be compared. 


E.M.-graphs of scales loosened by mechanical action. 


Fig. 1, 1A and 2. Fragments of scales, loosened by grinding the un- 
treated wool fibres in a mortar. No specific surface structure. At several 
places one observes a double wall, indicative of the thickness of the scales. 
This indicates the scale not to be homogeneous, but to consist of at least 
two different layers. It is impossible to say, whether the outer surface or 
the inner surface of the scale is shown in the E.M.-graphs. It seems remark- 
able that the scale fragments are bent upwards as shown in these micro- 
graphs. 

Fig. 3 and 4. Fragments of scales, loosened by scraping the fibre across 
the edge of a razor blade. In Fig. 3 no specific structure is visible. The 
surface is seen as a more or less flat layer, in accordance with the results 
of MERCER and REEs (6; Fig. 1). In Fig. 4 (a higher magnification of a 
detail of this specimen) a rougher surface is found, but there too is no 
indication of a specific structure. 
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The influence of trypsin on scales. 

Fig. 5 and 6. Fragments of scales, exposed to the action of trypsin for 
24 hours. Fig. 5 (Cape wool). Only the more resistant inner part of the 
scale is left. It shows a ‘‘spongelike” or vesiculate structure. According to 
the views of MERCER and REES this vesiculate mass is Ky, whereas all Ky, 
has been removed. The same spongelike structure is seen in Fig. 6, which 
represents a part of a scale of a New-Zealand Crossbred woolhair, which 
was much thicker than the Cape woolhair. The inner structure of this scale 
appears to be rougher and some K, has remained. 

We wish to emphasize that there are two possible explanations for the 
vesiculate appearance of the interior of the scale: 1. the spongelike sub- 
stance which still remains after the trypsin treatment is Ky, whereas cavities 
are found where K, has been dissolved. This would mean that in the 
intact scale the interior part consists of two components. 2. The spongelike 
structure might be due to the manner in which E.M. preparations are made. 
All specimens are dried out. It might be possible that the Ky inside the 
scale is homogeneous, that it is transformed into a gelatinous mass by 
trypsin treatment, and that this, on being desiccated in vacuo, becomes 
vesiculate. Micrographs of gels (vanadin pentoxyd e.g.) showing a 
vesiculate structure are given by FREY-WYSSLING and MUHLETHALER (3). 

In Fig. 6 is shown an all too common feature in electron micrographs of 
wool. By desiccation in vacuo the wool shrinks. When the material is only 
loosely attached to the collodionfilm the layer of gold is left intact. On 
the other hand, when the fibrils or the scales stick to the film, the latter, 
being pulled together by the shrinking specimens, is thereby stretched all 
around the wool fragment; the goldlayer, however, not being elastic, cracks 
and becomes discontinuous around the objects. Moreover, too strong 
irradiation may damage objects as well as gold layer. These phenomena 
can give rise to misinterpretation of electron micrographs. 

Fig. 7. Trypsin preparation of a scale. This E.M.-graph shows a striking 
similarity with Fig. 4 of MERCER and REES (6). According to these authors 
the K, layer is etched away by the trypsin and the underlying Kg is 
visible. 

Fig. 8. Trypsin preparation of a scale. Longitudinal folds are to be seen. 
The scale is bent. According to the opinion of MERCER and REES (6), part 
of the K; is etched away and the “roughly parallel folds’ of the Ks are 
shown. 

Fig. 9. We found this material together with larger fragments in pre- 
parations we made by grinding wool between emery roughened glassplates. 
It seems identical with that shown in fig. 5 of MERCER and REES (6). The 
authors take it for ‘‘cell contents of scales”, 

The smallest particles shown are of a diameter of 200 A. In ground 
wool we found this material together with larger wool fragments, so that, 
when MERCER and REES are right, it is probable that it is indeed scale 
material next to cortical cell material. 
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The cortical cells. 


In samples which had been prepared by grinding as well as in those 
which had been exposed to the action of trypsin the cortical cells show a 
subdivision in fibrils and microfibrils 4). 

Fig. 10. A fibril, isolated by scraping an untreated wool fibre across the 
edge of a razor blade. The subdivision is apparent. Compare with fig. 6 
of MERCER and REEs (7). The micrograph shows that a mechanical action 
is sufficient to loosen the microfibrils. : 

Still such microfibrils are rare in ground wool material. Usually we 
found more or less small pieces of material which do not show subdivision 
(see fig. 1). 

Fig. 11. Tip of a fibril, liberated by sulfuric acid and trypsin. Clear 
fibrillisation. The microfibrils consist of (more or less parallel) still finer 
microfibrils. A subdivision of these microfibrils is not to be seen. 

In most cases the microfibrils lie parallel, embedded in an amorphous 
substance. This micrograph gives support to the view of FARRANT, MERCER 
and Rees (8) that there are: a. an amorphous matrix and Db. a fibrillar 
structure. Nevertheless we emphasize that the amorphous substance might 
be due to the dissolving action of the trypsin and is not necessarily a part 
of the untreated fibre. 

The finest microfibril (protofibril?) observed can be seen as a branch 
of the microfibril indicated in the micrograph by x. The diameter of this 
fibril is 200 A. 

The microfibrils are formed of rows of little irregular fragments which 
can be called “micellar strands’. We have no indication that the micro- 
fibrils are formed by rows of regular particles as in the micrograph of 
MERCER and REES (8), which particles are keratin-molecules according 
to these authors. 


Summary. 


1. Mechanically loosened scales, observed with the E.M., show no 
specific structure, the inside is a solid mass. 

2. The scales, exposed to the action of trypsin, show a “‘spongelike” 
interior. 

3. Cortical cells, desintegrated by the action of trypsin, show fibril- 
lisation. 

4. Microfibrils of a diameter of about 200 A have been observed. 

5. The smallest particles, obtained by grinding wool, have a diameter 
of about 160—200 A. 

6. Many of our E.M.-graphs show a striking conformity with those of 
MERCER and REES (6, 7, 8). 


4) FREY-WYSSLING and MUHLETHALER (2) use the terms: fibrils, microfibrils and 
micellar strands for cellulose fibres. It might be suitable to use the same terms for the 
woolfibres, though these terms are not well defined. 
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Mathematics. — On the Geodesic Representation between Twodimensional 
Riemannian Spaces. By A. URBAN. (Communicated by Prof. J. A. 
SCHOUTEN. ) 


(Communicated at the meeting of January 31, 1948.) 


Introduction. 


T. Y. THOMAS has introduced 1) the vector density a a4“ Ku of weight 
two, where a*“ are the contravariant components of the fundamental tensor 
of a Riemannian space, a = det. (aiu) and Kz is the first derivative of the 
Gaussian curvature K. This vector density is an invariant with respect to 
the projective transformation, which transforms the geodesics of a 
Riemannian space into those of another one. 

In the present paper there are found some other invariant vector densities 
and a scalar density of weight five. The scalar density mentioned above 
enables to construct a connection, which is projectively invariant. 

1. Let Vn [’V2],n>1, be a Riemannian space with the fundamental 
tensor ain = ayi [ain = ’aui]2) of rank n. Both tensors are assumed to be 
referred to the same coordinate system (x) and the components 
aju (&*) [’aiu(£*)] are assumed to be of class C4 in the variables &*. Let 
TViju[/Tiu] be the CHRISTOFFEL symbols of the second kind belonging to 
aiu[’aiz]. Furthermore let V,[’V,] denote the symbol of the covariant 
derivative with respect to Ij, [’I%,] and let Kia” [’Kija’] be the 
Riemannian curvature affinor of the tensor azz[’aiz] 3). 

If there exists a geodesic correspondence between Vn and ’Vn, that is 
if there exists a mapping of Vn on ’Vu, which maps every point P(é*) of 
Vz. ona point ’P(é*) of Vn with the same coordinates so that the geodesics 
correspond, the objects Ij, and ’I';, in the corresponding points are 
related by 


Tgeeloe App. t+ An pie ae. 2 Pe ee () 
where pi is a gradient vector. 
A function, which is invariant with respect to (1.1), is called a geodesic 
(or projective) invariant. 


The curvature affinors Kj;i; and Ki, are related by 


eee ar? Au Olin) a a < xo es (G2) 
where 
def. 


Ps i Mi Pi + Pu Pi. . . . . ° . ° (1.3) 


1) Cf. (6). References are to the Bibliography at the end of this paper, 
SARA g yO DUO ae We Lae Tle 

SCE (57 Lyppetid,.4 13. 

2k, (5) Fil, p. 106, 
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For the symmetric tensors 
def. def. 
Kira Ke avand (Kase KGa 
we obtain immediately from (1.2) 
: wa = Kyu + (n—1) Puae?) UM Pe ee ie oe aes (1.4) 


If ’qu,...2, is a covariant affinor of class C1 and of order s, we get by 
means of (1.1) 


s 
Vu "Ay. -Hs =Vu Ue =e = idamingey (4| Hj 41---45|Pej)s (1.5) 


When we apply this equation to the symmetric tensor ‘Kyi defined by 
(1.4), we have 


y 2 y 
"Vw "Kuja = Vio Kup + + (n—1) [Kad + ae Al Kus] pr (1.6) 


If we introduce the WEYL projective curvature affinor P4j;7 , which 
is invariant with the transformation (1.1) 


Da Pig So) eae eee ae 


and which reduces in the case of Riemannian space to 


y Sea? 2 ¥ 
Papi = Kaya + i=3 Aj Kear, a. Aen ee ae (1.8) 


and if we use 


|e eee x 
Pe = oy (Pn — Tox) oe ee Pee (1.9) 
as follows from (1.1), it is seen from (1.6) that the functions 
def. 1h es 
Auut = 2 Vio Kup — 5 Pia pas of . . . . (1.10) 


are invariant with the transformation (1.1) 


oe = a Pe . . . . . . . . (1 | 1) 


The functions Ao#i; may be expressed in another form. We find 
from (1.8) 


Vo Pasi” = Vo Kai’ + = Vu Kus AL 


See Che (a) ileope Lage 

8). Ch (5); IL.-pwi79: alsa (1), pr ek. 

7) The functions Au, may also be introduced for a symmetric affine connection. 
It can easily be proved that they correspond to the quantities 17; ;, defined in (1), p. 100; 
cf. (7), where a consequence of this fact is derived. 
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On the other hand we have from the identity of BIANCHI 


er ietieee Sar Kigit Ofte ba See te(1 113) 
Hence we have from (1.12) and he 


Ve Pig? = 


Kan. ) Pe, BOP Oe we eee: (1.14) 


In consequence of this equation and of «6.0 we have for n ~ 2 


Aga = (n —1l) & VP Pa: as 


5 Pax r:,. . (1.15) 


(If we put in (1.5) w= wy =a =.= Ms, and if we write 
def, 
"d)s = 'Qu...u» We obtain 


Vn “Uws =V;, “ds es ‘Aws Pe 3 =, © eR) 


If ’quw), 0 in the coordinate system (x) considered, it follows from 
(1.16) that 


» Vi ‘dus — MV a Us 


ees. ba 
Pu 2s "As ( ) 
If s=2 and ‘qin = ‘ain, we have 
© Vu ane 
Peart (1.18) 


according to a result of LEvy and BRAMLEY 9).) 

2. In the following we assume n = 2, In this case the WEYL curvature 
affinor Pj; vanishes identically. Consequently the functions (1.10) may 
be written in the form 

def. 


Low = Anus =e Ki CVAD Ge a Se ih ey oe 6 (2.1) 


and the relation (1.11) reduces to 


Kis am == Kis ‘acu. an theme) ie.) ey ee (2.2) 
where K[’K] is the Gaussian curvature of the tensor aju [’aiu] and 
Kw = 00K [’Ka = 0.'K]. From (2.1) and (2.2) it follows that the affinor 
Lui is a geodesic invariant. 

Let us introduce the bivector density G4“ = G4l of weight + 1 with 
the components G11 — G22 = 0, G12 = — G21 = 1. Then the covariant 
vector density of weight + 1 


def. 
ere Game 2 B33) 
is a geodesic invariant 19) and 
eee Kae Aghee e! Pe nok eee eae tee) 
8) This relation is a special case of the equation (32.16) in (1), p. 89. 


a Ch (4). 
10) This theorem was established by T. Y. THOMAS in (6), 
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as follows immediately from the definition of Lous and (2.3). A necessary 
and sufficient condition that Mts vanishes at every point of Vo is that 
K = const. The proof follows immediately from (2.4). 

In the following we consider only spaces Vz with K + const. Therefore 
the condition Ia = 0 is not satisfied for every point of a given Vg, but it 
can hold for some points. Hence a necessary condition that a mapping 
which maps every point P(é*) of Vz on a point ’P(&) of Vz be a geodesic 
correspondence between V2 and ’V¢ is that it maps any point of Vo, for 
which Ki = 0, into a point of ’V» for which Ki = 0. 

The contravariant vector density of weight + 2 


V =O M,=— FL OMG 2... . (25) 

is a geodesic invariant and 
thao IC er et eee ac 

In fact because of 
Aiea 2a Can) ae Oe ca, eee 
where eau = ea, is defined by eipE4” = A,, we may write 

J Ky apy COM CASI a owas ee ee ee 

from which (2.6) follows. 


The vector densities ta and J+ are related by the geodesically invariant 
equation 
5 [ea NR ee ME er bac os 
as follows from the definitions of Mt and 2. In the same way it follows 
that 24 = 0 if and only if Ms = 0. 
Let us now look for a geodesically invariant scalar density expressed by 
means of Ma and 94. Nt, N* would be such an invariant, but it vanishes 


identically as follows from (2.9). Another invariant is given in the following 
theorem. 


Theorem I. The scalar density 
def. 
pate aie i eiee! ey Me ee OW rk ha 
of weight + 5 is a geodesic invariant. It may be expressed in the form 


=a KP (va ka) Kell. 3 oe ow cee 


Proof. The covariant derivative of Ma changes with the transformation 
(1.1) according to 


Ove; eile — Vi M.—2 Au Pw) M,—3 PA Mr — Vi; M.— WM, Pu—4 ae Pa. Ne 1 2) 


it) CE (6). 


12) The scalar density G may also be introduced for a symmetric affine connection. 
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Consequently by means of (2.9) we get 
Poa Oe eit eV, te ©, 27, (2,13) 
(2.11) may be established from (2.10) by using (2.4) and (2.6). 


Theorem II. A necessary and sufficient condition that © vanishes at 
all points of a Riemannian space V2 with K = const. is that the orthogonal 
trajectories of the curves K = const. be geodesics. 


Proof. Let us assume © = 0. Then we have by means of (2.11) 
KO Va Kao Ka, ae ee re yh P00 


where o is a suitable scalar. As we consider only the spaces Vo with 


K = const., the equation K = const. determines a congruence of curves 
of the space Vy. Let &’ = &"(t) be the parametric equations of a curve of 


LE Ge. o: 
this congruence. Its tangential vector Te satisfies the equation 


Ee aD) radia ba Dy peed ta anart ncih wot Pie) 


from which it follows that the Ky are the covariant components of a 
tangential vector of the orthogonal trajectories of the curves K = const. 
On the other hand, Ky satisfies the equation (2.14) and therefore the 
orthogonal trajectories of the curves K = const. are goedesics. Conversely, 
let the orthogonal trajectories of the curves K = const. be geodesics. Then 
the equation (2.14) holds. From (2.14) and (2.11) we have @ = 0. 


Example I. Let be a,, = f(&1), ayg = ao, = 0, agg = §1; © vanishes 
identically. 

Example II. If azz —=o(é”) V2 Ku + 1(€") Ki Ku, © vanishes identically. 

Example III. Let be ay; = ké&?, ayo = a1 = 0, avg = £1 (610, &2>0, 
0< k= const.); 


o 75 | (€?)? — k? (E1)? 
S= 5 ke (E*)8 (€7)° 


© vanishes only at the points £2 = +k é, 


3. The scalar density S may also be found in another way as a trans- 
vection of two vector densities, which are both geodesic invariants. To 
construct these vector densities let us consider first the covariant derivatives 
of Mta and Yes: 

1 def. 
a) Bua=VpWh | 
2 


def. (3. 1) 
b) Bi 5 ae 


2h 


which are affinor densities of weight + 1 and + 2 respectively. With (1.1) 
they transform as follows 


1 1 

a) Bua = Bua —— WM, Diam 4M, Pus ) 
2 2 

b) By =P + Alp, W—5 pp NM 


and they are related by the equation 


2 1 i 
SU Clg iy MMe re eed De Cte) 


In fact the relation (3.2a) follows from (2.12) . (3.3) follows immediately 
from the definition of Jt+. Furthermore we have 


(3.2) 


2 i 2 
T= /E PB, = Be — EY M, p, —4ppM, . . « (3.4) 
from which we obtain (3.25). 


1 Z 
By means of Bu, and roe a scalar density 


def. 2 1 
See Soe 


may be formed. This is not a geodesic invariant because it transforms with 
(1.1) as follows 


55 S15 — 3 St ae ie ie eae ee 
as is evident from (3.2a, 6) and - of 


Since pa = $(/I, — £4) where le = Ty, ones = Tk, we get from (3.2 a, b) 
and (3.6) the following functions 


1 


def. 1 
a) Ta = Bua + 4D + $4 Dual, 
2 deb 20) , 
ND a yee SS by oneness a? Seo 
def. 
eT = Paey, 
which are geodesically invariant. They are related by the equations 
ei 1 
a) U;) = 6* Ty, | 
(3.8) 
b) Sil Ae oe \ 


From the densities Mtu, N4, Bin and %8;" we get a new set of vector 
densities 

a) B= DM, Bi ’ (weight + 3) 

b) Ry Ba (Weight 43) 

c) t= hi Bre (weight + 3) 

d) Re = NY Bi" (weight + 4) 


(3.9) 
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satisfying the relations 
Bet R.=0, We ere ee So eer 5710) 
hee 6 ee ah 
With the transformation (1.1) they transform as follows 
a) B.= Bu + My py 
b) R= Ry, — My pW” 
c) R= Ny — 4 Dy py W 
d) ‘Ke — he — 4 Ne p, NY, 


Accordingly the vector density 


(3.12) 


def. 1 2 


Cie te eke ae es fn oe (S81) 
is a geodesic invariant. The equation (3.10) follows immediately from the 
1 
definition of Yu, Rx and (3.3). Furthermore we get by means of (3.3) 
3 1 
Sy Et de naka, meron (3314) 


from which (3.11) follows. The proof of (3.12a, b,c,d) is evident. As a 
consequence of (3.11) we obtain 


ate One oo ool 5) ae oem (Sit) 


Now the vector densities 


1 def 1 
a) $.=—R,—4B Mt, (weight + 3) 
2 def. 2 
b) B.—=R,—4 BM, (weight +3)? - - - (3.16) 


3 dels 


c) P= Rx—4PBIMe (weight + 4) 


are geodesic invariants as follows from (3.6) and (3.126, c,d). They are 
related by 


Le Rae ee ae (317) 


as follows from (3.3) and 

$403 1 2 2 

eet eae (Se = AS), es a (3.18) 
and the equation 


Re = Ge B,, tees Becta, oe “ac (3i19)} 
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being a consequence of the definition of 24 and (3.11). Evidently 
1 2 
Ry = me ptm an Bue . . . . . . . (3.20) 


Pe, a7 3 
Since the vector densities $x, Bu and SB" are geodesic invariants, we 
can use them together with both vector densities Mu, MN“ for the deter- 


3 1 
mination of geodesically invariant scalar densities Mu PB", NY Px and 


2 
MN“ Yu. For these scalar densities the following equations hold 
1 2 3 
Si pia SiO a ae ais ete) eae eee 
oe 
because in consequence of the definition of the vector densities Bu, Pu, 


spe, MN“ and by means of (2.10), (3.19) we get 
1 1 1 
a) JS =e ee Bas, 
2 2 1 
b) Ste ae fete N Ra—S ep - + + (3.22) 
‘ap ell pe = MM, Ee iS. \ 


4. In the sequel we consider only the Riemannian spaces V2 for which 
© does not vanish identically and furthermore we confine ourselves to 
the regions in Vj where © 0. As © is a scalar density which is invariant 
with the transformation (1.1) we may use it to find a connection which is 
invariant with (1.1) 13). 


Theorem Hl. The quantities 
def. 
slaee= Tye 2 Aa Picea Wee c ain tee 


where 
def. 


P,. —=— i On log a+ is Ou log ae ee ee ae (4.2) 


are the coefficients of a connection which is. geodesically invariant. 


Proof. It is well known that the set of functions 


fire — =I, a + Aa I pre cet Se Sea 4 Au Qn) log is ees (4.3) 


is independent of the transformation (1.1) and transforms with coordinate 
transformation as follows 


Titw = iy Ay Ay Abr + AT Die +3 Ae dun log A,. . (4.4) 
def. 0? & 


def. 
where A = det. (A;) and Qi = Seon Sinse © is a scalar density 


18) Cf. (2), where similar considerations are used, 


2v¢ 


of weight + 5, which is invariant with the transformation (1.1), we have 
Ow log A = $ (Ae Ou log Spy — Ow log Sjey). 4)... (4.5) 


If the expression (4.5) for d,log A is substituted into the equations 
(4.4), we find that the *Ij, are the coefficients of a connection. Since & 


and JJ}, are invariant with the transformation (1.1), the *I%, are also 
invariant with (1.1). 


Obviously the connection *Ij, is symmetric. Its curvature affinor 
*Riui may be written in the form 
peat = 2 Ou litie «te oo 6 ee uta) 
where 


def. 
bin — bua = K ain + Py, . . . . ° ° (4.7) 


def. 


Pa = Praa — VeP oe Pi Pe ow ee meet (48) 
From (4.6) we find 


def. 
ht Piped Sethe EA | haa ire eames, eh A) 
hence the connection (4.1) is equivoluminar. 
Because of (4.6) the relations *Riiii = 0 and bin = 0 are equivalent. 
Hence a necessary and sufficient condition that the connection *Ij, be 
integrable is that the fundamental tensor ajy satisfies the equation 


K ain + Pin — 0. . * . . . . . (4.10) 


Theorem IV. A necessary and sufficient condition that the connection 


*I;, be Riemannian and not integrable is that the tensor bin be of rank 
two and that 


dT bin ie Q., bin . . : . . . . (4.1 1) 
where *\/~ denotes the symbol of the covariant derivative with respect to 


*I5, and where Qa. is a gradient vector. 


Proof. Let us assume that the connection *Ij, is Riemannian and not 


integrable, that is, let us suppose that there exists a symmetric tensor 


*aju — *aui of rank two for which 


"Va “age a 0 . . . . . e . . (4; 1 2) 


and 
ft > 11 ena iene tga maf: Hf is) 
The conditions of integrability of the equations (4.12) are 
Ve a a). Eo a, ccs (4.14) 


14) G[x] denotes the component of © with respect to (x). 
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which equations are reducible by means of (4.6) to 
Buln bars) 0s a ce Mate) cee ts, meee = (4.15) 
Hence we have 
bin — OQ Cae . . . . . . . . (4.16) 
where @ £0 because of (4.6) and (4.13). The rank of the tensor biu 
must be the same as the rank of the tensor *azuz, that is two. Now from 
(4.16) we obtain 


Nis bip — (On log 0) Dan. . . . . . . (4.17) 
If we put 


def. 
Q. = 0slog ¢=— 4b “Va, bin, ta as ee 


we get (4.11). Qa is obviously a gradient vector. That proves that the 
conditions are necessary. Conversely from (4.11) it follows immediately 
that these conditions are sufficient 15). 
The condition that biz is of rank two can be replaced by the condition 
K?a+Ka'(—A,(P)+A,(P,P))+P°F#O0, . . (4.19) 


where 


def. def. def. 
P* = det. (Piz); A, (P, P) =a Py Ps Lhx(P)— a ViP,. (4.20) 


The proof follows from the relation det. (biz) + 0. 


Theorem V. Let the connection *I;, be Riemannian and not integrable. 
Then for the fundamental tensor *aiu holds 


reli —c b-? S: bin . . . . . . . (4.21) 
def. 
where h = det. (biz) and 0 4c = const. 


Proof. Let °I;, be the CHRISTOFFEL symbols of the second kind 
belonging to the tensor biy. From (4.1) and (4.11) we get 


Tint} (Qi An+ Qu Ai— Q, b” by) =i +2 AGP. (4.22) 


from which follows 
def. 
Quesd yesh nes 3 Paid = Dh, a tad Valea 
Now (4.21) is a consequence of (4.23) and of (4.2), (4.16) and (4.18). 
If Vy and ’V» are hypersurfaces in Rs and if the assumptions of 
theorem V are satisfied, the equations of *V» with the fundamental tensor 
“au in Rs may be found in the well known way 16). 


Prague, Charles University, Seminary for geometry. 


Boye Ge 5). 1 pees 
16) Cf. (3), pp. 429—434, 
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Mathematics. — A note to a paper by C. J. Bouwkamp. By W. T. TUTTE. 
(Communicated by Prof. J. G. VAN DER CORPUT.) 


(Communicated at the meeting of January 31, 1948.) 


In a paper published recently in these Proceedings (On the dissection 
of rectangles into squares, III (Vol. 50, pp. 72—78)), C. J. Bouwkamp 
called attention to certain pairs of “‘conformal squared rectangles’. We 
use here the terminology employed by Dr BouwkamP. Following him we 
also denote by A the paper of R. L. Brooks, C. A. B. Smitu, A. H. STONE 
and W. T. TuTTE entitled “The dissection of rectangles into squares’”’ 
(Duke Mathematical Journal, Vol. 7 (1940), pp. 312—340). 

In particular Dr BOUWKAMP pointed out three pairs of conformal 
rectangles in which the two members of each pair are of different orders. 
In his notation they are (i) IX, 130, c and XII, 585, f; (ii) X, 224, a and 
XIII, 1008, 6; and (iii) X, 224, b and XIII, 1008, e. He noted that, for 
pairs (ii) and (iii), “upon transformation on the same size, four common 
elements are found in each case’’ 1). 

There is an interesting electrical interpretation of these results. 

If P,, Ps, Pt and Pu are vertices of an electrical network N, then we 
denote by [rs, tu] the fall of potential from Pt to Pu given by KIRCHHOFF’s 
Laws in the case in which a current equal to C(N), the complexity 2) of 
N, enters the network at P; and leaves at Ps. This is in accordance with 
the notation of A. 

Let X be the set of integers (1, 2,3) and Y the set (4, 5, 6). Let (p,q) 
and (r,s) be each an ordered pair of distinct integers. We suppose that 
for each of these pairs the two integers belong either both to X or else 
both to Y. If all four of p, q, r and s belong to the same set X or Y we 
write 


€pq, rs — \{ 


but if p and q belong to one set X or Y, and r and s to the other, we write 
€pgq, his od ks 


Consider the two electrical networks N, and Ng shown in figs 1 and 2 
respectively. It may readily be verified, either by evaluating determinants 
or by counting trees 3) that the complexities of N, and Ny, C(N,) and 
C(Nz2), are 6 and 27 respectively. 

Taking the conductance of each wire to be 1, we consider the distri- 


1) In pair (i), three common elements are found (not two as stated by Dr. BOUWKAMP). 

2) A, p. 315; C. J. BOUWKAMP, Paper II (These Proceedings, Vol. 50, pp. 58—71), 
job, SEL 

3) A, pp. 317—318. 
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butions of currents in the two networks when, in each case, a current / 
enters at P; and leaves at Py. It is at once evident on inspection of the 


G 
* P 
ff B 
B 
Fig. 1. Network Ny, of complexity 6. Fig. 2. Network No of complexity 27. 


diagrams that if w and v are two integers, either both in X or else both in 
Y, then the ratio 


Fall of potential from Pu to Py in N, 


= C12, ur- 


Fall of potential from Pu to Py in No 


We transform to ‘‘full flows’ 4) by multiplying the currents in N, and 
Nz by C(N,)/I and C(N2)/I respectively. The above equation then 
becomes 

[12, uv]; _ C (N;) a; 

(12, uv), ear (N2) €12, uv = 5 ©12, uv. 
(Quantities referring to N, and Ng are distinguished by suffices 1 and 2 
respectively. ) 

By using the symmetry of the networks we can generalize this at once to 


eee = bere prey, ee NOE Hae (1) 
where, for each pair (p,q) or (r,s) the two members belong either both 
to X or both to Y. 

It is a remarkable fact that equation (1) remains valid when the net- 
works N, and Ng» are modified 5) by any sequence of operations of the 
following kind; we choose two integers u and v belonging to the same 
set X or Y, and join P, and P, by a wire of arbitrarily chosen conductance 
c in each network (c having the same value in each network). Moreover 


4) A, § (2.13); C. J. BoUWKAMP, Paper II, p. 62.: 
5) The modified networks will be denoted by N’; and N’2. 
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the complexities C(N’,;) and C(N’2) remain in the ratio 2:9. There is 
no difficulty in proving this by induction, using the formulae of section 
(2.3) of A. 

If therefore, after we have added the new wires, we can derive a squared 
rectangle from each network by taking P; and P» as poles, then the two 
rectangles will be conformal, and corresponding full sides will be in the 
ratio 2:96). Further, those elements in the two rectangles which are 
represented by corresponding added wires will also be in the ratio 2:9. 
Such elements thus become equal when the two conformal rectangles are 
made equal in size. 

If the added wires join the pairs (P;P,), (P4P5) and (P2P3) we obtain 
the pair of conformal perfect rectangles IX, 130, c and XII, 585, f. On 
transforming these to the same size we find just three pairs of equal 
squares, corresponding to these three added wires. 

If the added wires join the pairs (P,;P3), (PeP3), P4P5) and (P4P¢) 
we obtain the pair X, 224, a and XIII, 1008, b. If the added wires join 
the pairs (PjP3), (P4Ps5), (PsP) and (P4P.¢) we obtain the pair X, 
224, b and XIII, 1008, e. The four common elements noted in each case 
by Dr BouwKAmp when the two rectangles are made equal in size thus all 
correspond to “added” wires. 

In each of these pairs, the full sides of the rectangle of lower order have 
a common factor 2, and the full sides of the other rectangle have a 
common factor 9 (because of the ratio 2/9 in formula (1)). We could 
therefore predict from the reduction theorems of A (pp. 325—326) that 
the reductions of the two rectangles divide by 2 and 3 respectively, without 
actually working out the values of the elements. 

Similar conformal pairs, which are however compound 7), can be obtained 
by replacing the “added wires” by polar networks of squared rectangles, 
which can be regarded as resistances whose value is (in general) different 
from unity. 


Trinity College, Cambridge, England. 


8) In each rectangle the full sides are C(N’;) and [12, 12], (i= 1, 2). (By A, 
(Bic TE 

*) A, § (5.21); C. J. BOUWKAMP, Paper I (These Proceedings, Vol. 48, pp. 1176—1188), 
ja} WNT, 


Neurology. — Sarcoma caudae equinae with hypothalamic and bulbar 
disturbances (syndrome of Simmonds). By B. BROUWER and F. E. 
PostHuMuS Meyjes. (From the St. Elisabeth's Hospital at Haar- 
lem and the Dutch Central Institute for Brain Research at 
Amsterdam). 


(Communicated at the meeting of February 28, 1948.) 


In the investigation of the physiology and pathology of the hypophyso- 
hypothalamic region it is necessary to make a sharp distinction between 
the function of the pituitary gland and the hypothalamus. In experimental 
physiology this is usually tried, but in clinical pathological examinations 
it is often impossible, because the hypophysis and the bordering part of the 
base of the brain are frequently affected together. Hence the hypophyso- 
hypothalamic area in man is generally regarded as a unit and the disorders 
are studied from this point of view. In the last years however there is a 
tendency to analyse the disorders in man also separatedly because now 
and then pathological changes are observed, localised exclusively either 
in the pituitary gland or in the hypothalamus. GAGEL and FOERSTER 12)(1939) 
summarized the results of these observations and compared the hormonal 
disorders with the neurogenetic disturbances of function. The data about 
the purely hypothalamic disorders, studied in serial sections, are not 
sufficiently conclusive. In the following pages we report the clinico- 
pathological findings in a girl, who had shown a complicated clinical 
syndrome in which hypothalamic symptoms came to the foreground, while 
the hypophysis was intact. 


Clinical observation. 


The girl is one of a pair of twins; her twin-brother is normal. A sister of the father is 
suffering from tuberculosis of the lungs, but otherwise the family is healthy. The patient 
had scarlet fever at the age of 2 and bronchitis four years later, but she developed 
normally and was an intelligent, lively and active girl. At the age of 14 she was nervous, 
complained of fatigue and had vague fears, looked pale and was getting thinner. At the 
third of January 1945 she was examined by one of us (Dr. P. M.). At that date she 
complained of headache, diplopia and tingling in the left side of the face, A paralysis 
of the left abducens nerve and a paresis of the left oculomotor nerve were found. 
There were disturbances in the sensibility of the Jeft trigeminal nerve and the right 
knee- and ankle jerks were absent. The patient was very thirsty since several months, 
She was clinically examined from February 3rd till April 16th, 1945 in the St. Elisabeth's 
Hospital in Haarlem. The chief symptoms were the following. The patient was pale, but 
the morphological picture of the blood was normal and the SAHLI was 80. The blood- 
pressure was 110—80. The reaction of PIRQUET was negative. There was polyuria, but 
no albuminuria or glycosuria. The left oculomotor nerve was now totally paralysed. 
The left pupil was wide, did not react on light, but the reaction on pilocarpine, eserine 
and 2% ephedrine was normal. At the otological examination no alterations were found. 
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Réntgenological examination of the skull, the ossa petrosa and the chest did not show 
abnormalities. At the lumbar puncture the pressure was not increased and the tests after 
QUECKENSTEDT gave physiological results. The total amount of protein was increased 
(120 milligram %), the amount of glucose was normal. The colloidal reaction of LANGE 
was 0111123300, the mastix reaction 321400. There was pleocytosis (216/3), the cells 
being chiefly lymphocytes; tumour cells were absent. 

A pathological process in the region of the left os petrosum was suspected and X ray 
therapy was given. During the following weeks the condition improved. The headache 
and the disturbances of the abducens and oculomotor nerves disappeared. The apathy 
and polyuria however remained unchanged. She was sent home but came back after some 
weeks with weakness of the right leg. There was a hypotonic paresis of this leg with 
absence of the tendon reflexes. Also the left ankle jerk could not be evoked. Furthermore 
the patient was suffering from enuresis nocturna. In August 1945 she was examined 
at Amsterdam by one of us (Prof. B.). The patient was under-sized and the parents told 
that her growth had stopped since the last years. The mammae were not developed and 
there was no public hair-growth and very little in the axils, The movements of the eyes 
were normal, but the left pupil was slightly larger than the right one and did not react 
very well on light. There was no nystagmus, the cornea reflexes were normal and the 
ophthalmological examination revealed no abnormalities in the retina. The sensibility of 
the face was not impaired. There was a paresis of the left trigeminal and of the right 
facial nerve. The upper extremities were normal but there was a hypotonic paresis of 
the right leg with absence of the right knee reflex and of both ankle reflexes. There was 
no BABINSKI sign. 

In the following months the condition was getting worse and the patient was brought 
again to the St. Elisabeth’s Hospital. She vomited frequently, had anorexia and was 
drowsy. She had fever and the sedimentation rate of the erythrocytes was accelerated 
(81mm). The bloodpressure in three consecutive days was 106/78, 82/60, 86/50. Injection 
of pitressin had no influence on the bloodpressure. There was a typical diabetes insipidus 
(7 a 8 Litres in 24 hours), the specific gravity of the urine was maximal 1003. After 
injection of piton the diuresis went down to 2 or 3 Litres in 24 hours. The patient was 
often incontinent for urine, There was a total paralysis of the right facial nerve and the 
sensibility of the left side of the face was disturbed again. The condition of the legs was 
the same as in former examinations and the spinal fluid showed the same alterations as 
described above. Again X ray therapy was given. The condition improved, the fever and 
the paralysis of the right facial nerve disappeared. Towards the end of December 1945 
also the left leg was paretic and the left kneereflex was weaker than before. The symptom 
of KERNIG was positive on both sides and sensory disturbances were found on the lower 
parts of the legs and the feet. Again diplopia had appeared. Meanwhile it was clear that 
the patient had not developed mentally during the last years. She showed an infantile 
psyche. The diabetes insipidus had not improved. The basal metabolism was — 10%. 
She stayed at home during 1946 but in the beginning of 1947 she was treated again in the 
St. Elisabeth's Hospital. The emaciation was extreme, although extra food had been 
regularly given. The body weight was only 28} kilogram, She never had menstruation. 
The diabetes insipidus remained unchanged till the last weeks of her life, when the 
polyuria diminished. Chemical bloodexamination showed no symptoms of hyper- or 
hypoglycaemia. The basal metabolism was — 24%. The patient remained childish and 
has not grown since the last observation. The movements of the left eyeball and the 
sensibility of the left side of her face were disturbed. Both legs were paralysed and the 
muscles were atrophied. At electrical examination complete degeneration of the nerves 
and muscles of the legs was found. The tendonreflexes were absent, the sensibility for 
all qualities was abolished in the lumbar and sacral segments. Also the deep sensibility 
of the toes was absent. There was paralysis of the bladder and the rectum. She died in 
coma at the age of 19 on the 27th of February 1947. 

The clinical diagnosis was made of a chronic progressive meningo-myelo-encephalitis 
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with special localisation in the hypothalamus, the midbrain, the pons Varoli and the lower 
part of the spinal cord. A sarcomatosis of the meninges was suspected but tumourcells 
never had been found in the spinal fluid, 


Anatomical investigation. 


The post-mortem examination was done in the Institute of the pathologist Dr. O. H. 
DIJKSTRA. The chief results were as follows. In the chest no alterations of any 
importance were found. The liver, the gallbladder, the spleen, the stomach, the intestines 
and the bladder were normal. There were no microscopical abnormalities in the pancreas. 
The adrenal glands were slightly reduced in size but did not show microscopical changes. 
The kidneys weighed only 130 grams but were furthermore unchanged. The uterus was 
juvenile and the cervix was tall. The ovaria were pretty large, but at microscopical 
examination no follicles of DE GRAAFF could be found. The sella turcica was not altered. 
The hypophysis was small, but otherwise well formed and no pathological changes were 
found at microscopical examination. There were no cysts and the amount of eosinophile, 
basophile and chromophobe cells appeared normal. The cerebrum was macroscopically 
unchanged. The lower part of the spinal cord was removed. The cauda equina was 
occupied by a tumour, which also surrounded the intumescentia lumbalis of the spinal cord. 
The microscopical diagnosis of this tumour was sarcoma globocellulare. (Figure 1.) The 
vertebral column was not altered. Dr. DIJKSTRA gave the brain and the lower part of the 
spinal cord to the Dutch Central Institute for Brain Research for further examination. 

The weight of the cerebrum was 1340 gram. There was a slight leptomeningitis 
chronica near the midline of both hemispheres, but otherwise the surface of the brain did 
not show alterations. The region of the tuber cinereum and the optic nerves with the 
chiasma were normal. The cerebellum was not reduced in size. After cutting the brain 
in a frontal plane no changes were visible. The ventricles were not enlarged. In the 
region of the cauda equina the above mentioned sarcoma was seen. Pieces of various parts 
of the cerebral and cerebellar cortex were removed for staining after the method of NISSL 
and with haematoxyline-eosine. Sections of the region of the dentate nuclei were treated 
in the same way. The left side of the hypothalamus and the neothalamus with the 
bordering parts of the cerebrum were prepared for serial sections, alternatingly stained 
after the methods of WEIGERT-PAL and VAN GIESON, the right half for studying the 
serial sections after NISSL and with haematoxyline-eosine. Parts of the pons Varoli and 
of the medulla oblongata were also prepared for examination in serial sections, stained 
after NISSL and with haematoxyline-eosine. The lower part of the spinal cord was 
examined after the methods of WEIGERT—PAL, VAN GIESON, NISSL and with 
haematoxyline-eosine. 


Description of the microscopical conditions. 


a. Hypothalamus and bordering parts of the brain. The series through 
the right hypothalamus reaches somewhat more orally than the series 
through the other side and contains the region, situated immediately in 
front of the anterior commissure. In these cellpreparations no changes are 
found. From the level of the anterior commissure the right and left side 
may be described together. These series contain apart from hypothalamus 
and the region surrounding the third ventricle also the neothalamus and 
metathalamus, the globus pallidus, parts of the putamen and the caudate 
nucleus and the bordering parts of the basal cortex of the frontal and 
temporal lobes. The examination of the series teaches that the cells and 
fibres in the neothalamus are unchanged with the exception of the bundle 
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of Vicg p’AzyrR (see below). This is also true for the striate bodies. The 
capsula interna and the corpus callosum are well myelinated. The archi- 
tectonic of the basal parts of the pallium is not disturbed. 

In the oral parts of both series, containing the regio preoptica, no 
abnormalities are seen. The septum pellucidum and the chiasma are well 
myelinated. The various cellgroups in the regio pre-optica, the nucleus 
amygdalae and the substantia innominata are normally stained. In the 
nervous parenchym no tumourcells are seen, which is also true for the more 
caudal sections. In the small rests of the meninges some accumulation of 
lymphocytes is visible. 

As soon as the hypothalamus appears in these series important patho- 
logical alterations are found. In the description of the various parts of the 
hypothalamus we follow the nomenclature of LE Gros CLARK 18), The optic 
tracts are well stained, but the nuclei supraoptici are degenerated and 
almost no normal cells are seen. (Figure II.) In the VAN GIESON sections 
secundary increase of gliafibres is visible and also in the NISSL sections 
many neuroglia cells are found. The ependym of the third ventricle 
does not show pathological alterations but the nuclei paraventriculares 
have suffered very much. (Figure III.) Here and there normal ganglion 
cells are present but a well circumscribed nucleus paraventricularis cannot 
be found and the number of the gliacells is increased. The fornix des- 
cendens, which was well stained in the most oral sections of these series is 
a little paler in the WEIGERT—PAL preparations of this level of the hypo- 
thalamus but not so intensively degenerated as in the more caudal part 
described below. We have not seen the myelinated supra-optic commisures. 
In the WEIGERT—PAL sections of the oral half of the hypothalamus a 
difference may be seen between the dorso-lateral and the medio-ventral 
part. In the former the normally fine myelinated fibres are present, but in 
the latter they are absent. The border between these two area's is formed 
by the fornix descendens. A similar difference is seen in the NISSL, 
v. GIESON and haematoxyline-eosine preparations. (Figure IV.) The nuclei 
tuberi dorsales at the latero-dorsal border of the hypothalamus are spared. 
Many cells are also present in the region of the nucleus anterior and 
especially in the nuclei hypothalami laterales, where the large cells are 
well stained. In the oral half of the hypothalamus the nuclei hypothalamici 
dorsomediales and ventromediales have suffered intensively. The ganglion 
cells are almost totally replaced by numerous small gliacells and in the 
VAN GIESON sections abnormal redness is seen in several places, caused by 
increase of gliafibres. The extension of the pathological changes is about 
symmetrical on the left and right side. The third ventricle is not enlarged. 
There also some accumulation of lymphocytes is visible in the small rests 
of the meninges at the base of the brain. 

In the caudal part of the oral half of the hypothalamus the degenerated 
medio-ventral area is somewhat more extended than in more orally situated 
regions. In the WEIGERT—PAL sections the fornix descendens is much too 
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pale and in the NISSL preparations increase of gliacells in these bundles is 
found. Surrounding the fornices cells are seen, which may be regarded as 
parts of the nuclei perifornicales. In contrast to the normal conditions in 
the dorsal nuclei tuberi there are only a few cells which are the rests of 
the nuclei tuberi ventrales. The large cells in the nucleus mamillo-infundibu- 
laris are also well stained at this level. In WEIGERT—PAL sections the ansa 
lenticularis is normally myelinated. 

In the caudal half of the hypothalamus the bundle of Vicq p’Azyr 
shows in the WEIGERT-—PAL preparations a partial secundary degeneration. 
The number of its fibres streaming into the nucleus anterior thalami is 
reduced, but the ganglion cells in this nucleus are preserved. The radiations 
H, and Hg of Fore are intensively myelinated. The fornix descendens is 
still more affected than in the oral regions. The difference between the 
degenerated medio-ventral and the spared dorso-lateral part is also seen 
here but gradually the conditions in the caudal half of the tuber are 
improving. The cells in the nucleus hypothalamicus posterior, which were 
affected in oral sections, are much better stained at this level and in the 
sections, where the mamillary bodies appear no abnormalities in this nucleus 
are found. The mamillary bodies have the normal round form but the 
number of myelinated fibres in the capsule is very much reduced. 
(Figure V.) The degenerated rests of the fornix enter the ganglions and 
the secundary degenerated bundle of Vicg D’Azyr radiates from these 
bodies in the direction of the nucleus anterior thalami. The myelinisation 
in the corpora mamillaria is insufficient. The cells are present, but several 
of them are deformed and degenerated. There is also an increase of 
gliacells in the mamillary bodies. In the most caudally situated areas the 
changes in the mamillary bodies are less clear. The commissura supra- 
mamillaris is normal and the cellgroups in the supramamillar region are 
present. From the remaining part of the sections at this level it may be 
noted that the corpus subthalamicum, the ““Kammsystem” of EDINGER and 
the pes pedunculus are not affected by the pathological process. In the 
tractus mamillo-tegmentalis of VAN GUDDEN no degeneration is visible. The 
pedunculus corporis mamillaris could not be studied because the sections 
were cut off too far in the medioventral part. The choroid plexus is 
unaltered. In the rest of the basal meninges some accumulation of 
lymphocytes is seen. In the hypothalamus sensu strictiori no perivascular 
infiltration or haemorrhagies are found and the walls of the bloodvessels 
may be regarded as normal. The extension of the parenchymatous 
degeneration in the hypothalamus is shown in figure VI. 

In the most caudal levels of the series the nucleus ruber and the substantia 
nigra are unchanged. The same is true for the taenia thalami and the 
ganglion habenulae. The bordering parts of the pallium with the cornu 
Ammonis and the fascia dentata do not show alterations. The NissL-series 
through the right half of the neothalamus and the subthalamus does not 
reach as far as the WEIGERT—PAL and VAN GIESON sections of the left side. 
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In these latter the corpora geniculata externa are found unchanged. The 
same is true for the oral part of the corpus geniculatum mediale and of the 
corpus quadrigeminum anticum. The commissura posterior is well myeli- 
nated, the pulvinar is not altered, the aquaeductus Sylvii is not enlarged 
and the surrounding gray substance is normal. The oral parts of the 
oculomotor nuclei are present in this series. The cells and the fibres of 
this nerve may be regarded as normal. 

The oral part of the pons Varoli is studied in serial sections from the 
region of the corpus quadrigeminum anticum to the area of the trigeminal 
nuclei. No pathological changes are seen here. Also the nuclei of the 
trochlear nerve are spared. No sarcomatous cells or symptoms of encepha- 
litis are found. The region of the abducens and facial nuclei is investigated 
in serial sections, stained after NISSL and with haematoxyline-eosine. These 
nuclei are not altered and also the remaining part of the pons Varoli with 
the tegmentum is normal. In the basal rests of the meninges perivascular 
infiltration of lymphocytes is visible. Serial sections of the caudal part of 
the medulla oblongata, also stained after NissL and with haematoxyline- 
eosine, teach that the reticular nuclei with the nuclei laterales oblongatae, 
the hypoglossus nuclei and the inferior olives are not altered. At the level 
of the pyramidal decussation a secundary degeneration in the medial parts 
of the column of GOLL exists, which is the continuation of the changes in 
the spinal posterior columns (see below). Lymphocytic reaction in the 
meninges is visible at this most caudal level of the rhombencephalon. 

In the various sections of the pallium no changes are found. In the 
cerebellar cortex the zona molecularis and the zona granulosa interna are 
well stained. The number of Purkinje cells is not reduced but many of 
these are poorly stained in the NISSL preparations. In the sections, examined 
with BIELSCHOWSkY’s silver method, the climbing and tangential fibres are 
normally stained. In the conus terminalis of the spinal cord many sarcoma 
cells are visible between the surrounding bundles of the cauda equina. In 
some places these tumour cells have also penetrated into the lateral and 
posterior columns of the cord. In the lower lumbar part of the spinal cord 
no tumour cells are found in the nervous parenchym itself. The ganglion 
cells of the nuclei of CLARK and in the anterior horns are well stained. 
There is a secundary ascending degeneration of the posterior colums and 
the borders of the lateral and anterior columns are too pale in the 
WEIGERT-PAL preparations. (Figure VII.) In some places of the meninges 
tumour cells are present. In the level of the upper part of the lumbar and 
the lower part of the thoracic region the changes are limited to a secundary 
degeneration in the medial part of the posterior columns. Here and there 
some sarcomatous cells and many lymphocytes are present in the meninges. 


The clinico-pathological findings may be summarized as follows, A girl, 


at the age of 14 develops a slowly progressing clinical syndrome, character- 
ized by three groups of symptoms: 
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1°, General disturbances, existing in retardation of growth, psychical 
and somatic infantilism, diabetes insipidus and emaciation. 

2°. Fluctuating palsy of the left 3rd and 5th and of the right 7th 
cranial nerve, partially disappearing again. 

3°. Symptoms of an affection of the cauda equina and the lower part 
of the spinal cord. 

The patient died in coma at the age of 19. The clinical diagnosis was 
chronic progressive meningo-myelo-encephalitis, with special localisation 
in hypothalamus, midbrain and pons Varoli and in the lowest part of the 
spinal cord. Sarcomatosis was suspected but at repeated lumbar punctions 
only increase of protein with positive colloidal reactions and pleocytosis 
were found. Tumourcells were never seen in the spinal fluid. At the post- 
mortem examination a sarcoma globocellulare in the cauda equina was 
present while the brain seemed macroscopically normal. Histological 
examination of the cerebrum showed absence of sarcomatous cells, a 
parenchymatous degeneration of various cellgroups in the hypothalamus 
and a slight lymphocytic reaction of the meninges. 

The symptoms of the affection of the cauda equina are explained by 
the malign tumour and the palsies of the cranial nerves have to be ascribed 
to the chronic lymphocytic reaction in the meninges, because the nuclei 
in the midbrain and the pons Varoli were unaltered. The parenchymatous 
degeneration in the hypothalamus may be regarded as a toxic degeneration, 
caused by the tumorous process, as is described in other cases of the 
literature (see BROUWER and SCHLESINGER“)). 


Discussion. 


The analysis of our observation is confined here to the comparison of 
the hypothalamic symptoms with the anatomical data. The diabetes 
insipidus has to be explained by the bilateral degeneration of the nuclei 
supraoptici as is proved by the destruction of these nuclei in animals 
(BROERS, FISHER, INGRAM, RANSON and others). This is not always so in 
man. Cases are described in which these nuclei were destroyed, while the 
patient had not shown this syndrome and on the other hand clinical 
diabetes insipidus has been observed, while the hypothalamus and the 
hypophysis were unaltered. Many investigators ascribe the disturbance 
of the carbohydrate metabolism, seen in hypothalamic lesions, to a damage 
of the paraventricular nuclei. Our observation is a new example of the 
experience, that in chronic lesions these nuclei may be seriously damaged 
without having caused symptoms of glycosuria or hyperglycaemia. The 
retardation in the sexual development is frequently seen in experimental 
and pathological damages of the hypothalamus. Our observation suggests 
that this is the consequence of the degeneration of the grey substance 
surrounding the third ventricle, especially of the ventro-medial and dorso- 
medial hypothalamic area. An important point in this respect is the normal 
condition of the hypophysis. This fact is also of significance for the 
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explanation of the other general and endocrinal disorders. The whole 
clinical picture, characterized by anorexia, fatigue, chilliness, apathy, loss 
of fat, retardation of growth and sexual development, the subnormal basal 
metabolism and slight anemia with arterial hypotension, resembles — apart 
from the diabetes insipidus — the syndrome of SIMMONDS. Only the fall 
of body temperature was not pronounced and the hypoglycaemia has been 
missed in our patient, but this syndrome is seldom complete. It is generally 
regarded as a consequence of the destruction of the hypophysis, especially 
of the anterior glandular part (cachexia hypophyseo-priva). 

There are however some cases in the clinico-pathological literature, 
indicating that several symptoms out of this group may be evoked by 
purely hypothalamic lesions in man. LANG 16) observed these in a cystic 
tumour of the infundibulum with a normal hypophysis. PLUMMER and 
JAEGER 29) found the same in a glioblastoma of the tuber cinereum. These 
authors ascribe this syndrome to the compression of the hypophysis, which 
however, was histologically intact. URECHIA and ELKEsS 23) found in several 
cases alterations in the hypothalamus and regarded these as the cause of 
the cachexia. GAGEL 13) described a boy, who was extremely emaciated, 
although he had polyphagy. At postmortem examination a medullo-blastoma 
was found which had destroyed the greater part of the hypothalamus, 
while the hypophysis was unaltered. LHERMITTE, DE MARTEL, GUILLAUME 
and AJURIGUERRA 17) have seen progressive cachexia in a spongioblastoma 
of the region surrounding the third ventricle with a normal hypophyseal 
gland. FEUCHTINGER 1°) proposed to change the name of the syndrome 
of SIMMONDS into the “hypophyseal-diencephalic emaciation’’, 

In most of the clinico-pathological observations the damage of the 
hypothalamus was extensive and hence it had not been possible to ascribe 
these clinical symptomes to the affection of special groups of nuclei. Our 
anatomical examination has taught, that chiefly the following nuclei were 
degenerated: 


1. nuclei supra-optici; 

nuclei paraventriculares; 

nuclei dorso-mediales; 

nuclei ventro-mediales; 

nuclei tuberi ventro-laterales; 

the anterior part of the nucleus hypothalamicus posterior: 
the anterior part of the corpora mamillaria; 

the nuclei intercalati, 
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In their careful report on the hypothalamus and fat-metabolism GILDEA 
and MAN !4) concluded that “emaciation instead of obesity may develop 
as a result of lesions either in the pituitary or hypothalamus. The emaciation 
often follows obesity and most evidence suggests that the former is the 
result of larger lesions than the latter.” In our observation however the 
loss of fat has not been preceded by a stage of adiposity and the damage 
of the hypothalamus was limited to special areas. 
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Our patient has not grown since the beginning of her disease, Retardation 
of growth, often found after hypophysectomy in young animals, is also 
seen after experimental division of the stalk. MAHONEY and SHEEHAN 19) 
f.e. introduced a silver clip between the pituitary body and the tuber 
cinereum in young dogs and observed many metabolic changes, also 
retardation of growth. In monkeys however the effect of the operation 
was negative. The difference between the two species had to be explained 
by the anatomical difference in the pituitary stalk. In the dog many 
alterations in the hypophysis were found, while in monkeys this gland 
remained normal. There is much controversy about the question whether 
retardation of growth may be evoked by purely hypothalamic experimental 
lesions, ASCHNER?) (1929) has always insisted that by compression or 
damage of the hypothalamus in young animals the same symptoms are 
evoked as by hypophysectomy, i.e. dwarfism, adiposity and genital 
hypoplasy. 

CaMUS and Roussy 9) however could not confirm this with certainty 
and BAILEY?) does not go further than the conclusion, that it is not 
improbable that purely hypothalamic lesions may cause retardation of 
growth. Recently M. CAHANE and F. CAHANE 8) reported on circumscribed 
diathermic destruction of, the tuber cinereum in rats, which was followed by 
arrest of growth. At the postmortem examination the number of eosinophile 
cells in the hypophysis was decreased. There are some carefully examined 
examples in the clinico-pathological literature, in which dwarfism was seen 
in tumours of the hypothalamus, while the hypophysis was intact 
(GOLDSTEIN 15), GAGEL 12)). In these cases the pathological process was 
very extensive. This was smaller in the case of BERBLINGER5), but here 
also the stalk was occupied by the craniopharyngeoma. Also in the 
observation of BARTELS 4) with dwarfism a large tumour in the hypotha- 
lamus was found, the anterior part of the hypophysis being normal; the 
neurohypophysis was occupied by the craniopharyngeoma. In APITZ’s 1) 
interesting observation of dwarfism, caused by a craniopharyngeoma of 
the hypothalamus there was also a dystopia infundibularis with tumourous 
tissue between the anterior and posterior part of the hypophysis. In almost 
all the other observations of dwarfism caused by pathological processes 
in this region the hypophysis was also affected. In the case described here 
there was no dwarfism but only arrest of growth since the first period of 
her disease, which points to the correctness of ASCHNER’s conception. 
The chief significance of our observation in this respect seems to us to be 
the limited degeneration of various cellgroups in the hypothalamus, while 
the hypophysis was intact. 


Summary. 


In this article the result of a clinico-anatomical investigation is given in 
which a sarcoma in the cauda equina had evoked a meningeal reaction 
around the spinal cord and the brain and a localised toxic parenchymatous 
degeneration of various cellgroups in the hypothalamus. These latter 
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alterations gave the explanation of the diabetes insipidus with the metabolic 
changes in the sense of a central syndrome of SIMMONDS combined with 


arrest of growth. 
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Fig. 6. Extension of the pasenchymatous degeneration in the hypothalamus (black). 


san ty 
OER 


Fig. 3. Degeneration of the nucleus paraventricularis. 
(Nissl.) 


Fig. 4. Degeneration of the tuber cinereum, 


(Nissl.) 


B. BROUWER and FE. E. POSTHUMUS MEYYJES: Sarcoma caudae 
equinae with hypothalamic and bulbar disturbances (syndrome of 
Simmonds). 


Fig. 1. Sarcoma globocellulare. 
(Haematoxyline-eosine) 


Fig. 2. Degeneration of the nucleus supra-opticus. 


(Nissl.) 


Fig. 5. Degeneration of fibres in the corpus mamillare. 


( Weigert-Pal.) 


Fig. 7. Secundary degeneration in the spinal cord. 


( Weigert-Pal.) 


Chemistry. — Changes in diameter of gelated coacervate drops of the 
complexcoacervate Gelatin-Gum arabic, resulting from a change in 
the pH, or from neutral salts added to the surrounding medium. III. 
By H. G. BUNGENBERG DE JONG and J. M. F, LANDSMEER. 


(Communicated at the meeting of November 29, 1947.) 


4. Factors controling the rate of displacement of the swelling-pH curve. 


In the preceeding section *) the salt treatment was applied for a constant 
time and a displacement resulted which was the graeter the higher the 
chosen salt concentration. 

This effect of the salt concentration might be due a. to a certain dis~ 
placement characteristic of each salt concentration, and which will not 
further increase with time, b. to different velocities of displacement, 
depending on the salt concentration. 

Though we met already in 2. indications in favour of explanation b., 
we have made experiments, which would ennable us to choose either 
a. or b. In this series of experiments the complexgel-globules are exposed 
for different spans of time (up to 5 houres) to KCl solutions of different 
concentrations (40, 100, 150, 250 and 500 m.aeq.p.L.). 

As the procedure for measurements in order to enable us to study the 
2 components a. and b. of the displacement (see the end of section 2) 
would be too cumbersome for this programme, we used a simplified 
procedure by which only component a. was determined. 

We omitted to determine the swelling pH curve before the salt treatment, 
as the mean pH value of its minimum was already known from section 2. 
Further we also omitted to measure the diameters during the salt treatment 
and only determined the swelling pH curve after a well defined treatment, 
as regards concentration and time. 

We therefore simply put a number of object-slides, covered with 
gelglobules (taken from the stock in the refrigerator) in a flat glass tray, 
filled with the desired KCI solution, and took one by one at stated intervals 
from the tray, which we then used to measure the swelling pH curve (on 
three geldrops). In order to obtain reproducible results, it was necessary 
to tilt the glasstrays gently during the salt treatment by means of a 
mechanical device. Table VI gives the pH values for the minimum for 
each of the three drops, while the diameters of these drops at their minimum 
is added in parentheses. 


*) See H. G. BUNGENBERG DE JONG and J. M. F. LANDSMEER, Proc. Kon. Ned. Akad. 
v. Wetensch., Amsterdam, 51, 137 (1948). 
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An inspection of the table reveals that the displacement is not determined 
by the KCI concentration only but by the time of contact with the KCl 
solution as well. So we see from this that of the above alternative case b. 
applies: the displacement with a given salt concentration is function of 
time, in which the rate of displacement is determined by the salt con- 
centration. The velocity of displacement, however, is not only a function 
of the KCl concentration but of the sizes of the gelglobules as well. This 
is evident from the fact that we generally find a higher pH value for the 
minimum after the same salt treatment for small gelgobules (compare with 
each 3 values those in parenthesis). 

With the aid of graphs we have therefore computed the pH value which 
a gelglobule of 12 scale divisions would show. These pH values given in 
the table in fat print, have been used in fig. 5, which gives an idea of 
the rate of displacement of the swelling pH curve, while the latter is 
represented in the figure by the pH values of their minimum points only 
(the component a of the displacement, see above). 
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We see from fig. 5 A, that after a rapid change the process slows down 
very considerably. A representation, which allows us to follow also the 
courses of the curves after brief treatments is given in fig. 5B, in which 
we have used the logarithms of the time in minutes as abscissa. 

The figure has two curves for treatment with 500 m.aeq.p.L., the lower 
one corresponding with the data of table VI at 21° C and the higher 
(dotted) one corresponds which with measurements performed a few days 
jater at 23.5° C. We see that the rate of displacement is probably also 
dependent on the temperature. We have therefore made some experiments 
at different temperatures, using a specially constructed cuvette, which 
could be cooled or heated by streaming water of the temperature desired. 

In these experiments which were of the type described in section 1., we 
used a new preparation of complexgel globules *). 


4) At this place we thank Mr. A. M. VAN LEEUWEN for his valuable help in the 
experiments and also in some others reported in this communication, 
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Fig. 6 gives a comparison of the treatments at 18.8 and at 22.9° C for 
10 minutes alternately with diluted acetate buffer (pH 3.7, always con- 
taining 2 m.aeq.p.L. Na acetate) and with this buffer to which 500 m.aeq. 
p.L. KCl was added. 

We see the strong influence of the temperature. At 18.8° C a reversal 
of the swelling character tends to occur only after several salt treatments, 


i) d Ls 


o 
i 
eo 

=> 


at 22.9°, however, this reversal occurs very soon already. The three 
gelglobules, taken for the experiment at 22.9°, did not differ much in 
diameter, for which reasen the influence of the diameter on the rate of 
the changes was not clearly seen. This influence is obvious in the experi- 
ment at 18.8° C, where the differences in sizes of the drops was a little 
greater. We clearly see, that the largest drop had to be given at least 


len ep, Ff Fig. 8. 


one salt treatment more than the other two before the black dots came 
on the same level with the white ones. 

In a further experiment we compared the treatment with 500 m.aeq.p.L. 
at 9.9° C and at 22.4°. See fig. 7, which needs no further comment as it 
clearly shows the very strong influence of temperature (and also the 
influences of the sizes of the gelglobules). 
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In this experiment we followed the procedure described in section 2. 
by which we also determined the swelling pH curves before and after the 
salt treatment. The minimum before KCl treatment was found at pH 3.51 
after the treatment at the mean values pH = 4.13 (9.9° C) and pH = 4.69 
(22.4°). The shifting of the minimum towards higher pH values was 
therefore 0.62 at 9.9° C and 1.18 at 22.4° C, which once more demonstrates 
the accellerating influence of higher temperatures, 

In the individual pH values for the globules the influence of their sizes 
was also clearly visible. In the series at 9.9°, we found 4.06 (10.6); 4.13 
(8.1); 4.20 (5.0), in the series at 22.4° the values were 4.63 (9.2); 4.70 
(6.5) and 4.73 (4.9), while the values, added between brackets, represent 
their sizes in scale divisions at pH 3.7 before KCl treatment. 

It may be added that another influence of temperature was visible during 
these experiments, viz. that the steepness of the branches of the swelling 
pH curve is much smaller at lower temperature. Compare fig. 8, which 
gives two such curves (before the salt treatment), in which the ordinate 
values are expressed in percentages of the ordinate value at the minimum. 


5. Discussion. 


All experiments described in the preceeding sections can be simply 
explained by assuming that the negatively charged component of the 
complexgel, the gum arabic, which is attached by electrostatical forces to 
the positively charged gelatin, does not share in the formation of the gel 
structure. 

So long the electrical attraction is sufficient, the gum arabic remains 
attached to the positively charged frame work of the gel structure formed 
by the gelatin. If, however, this attraction is diminished by salts added, 
the gum arabic, which is mobile in principle, really gets a chance of 
diffusing out of the gel globules, into the liquid streaming along the glo- 
bules. This hardly occurs in a short time with smaller salt concentrations 
up to 40 m.aeq.p.L. KCl, but at higher concentrations the conditions for 
this loss of gum arabic becomes more and more favourable. 

As the liquid, surrounding the gel globules, is constantly streaming 
through the cuvette, the gum arabic, which leaves the gel globules, is lost 
for good and all. Hence, the irreversible character of the change in proper- 
ties brought about by the treatment which such higher KCI concentrations. 

This change in character of the properties, manifests itself in a reversal 
of the swelling behaviour by adding KCl to the dilute buffer. Whereas 
originally KCI causes a swelling of the gel globule, after a sufficient KCl 
treatment the gel globules shrink, if KCl is added to it (see figures 1, 2, 6 
and 7). 

This reversal of the swelling behaviour is exactly what should be 
expected in consquence of a rigorous loss of gum arabic from the gel 
globule, as it will then closely approach the nature of a gel globule, which 
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only consists of swollen gelatin. But we know that a positively charged 
gelatin gel shrinks when salts are added >). 

All other experimental results are in accordance with the above 
postulated loss of gum arabic from the complexgel globules, such as, for 
instance, the displacement of the swelling pH curve towards higher pH 
values (see the figures 4 and 5). Accordingly it must be expected that 
this displacement will come to an end, when all gum arabic has diffused 
out, leaving gel globules, which contain gelatin only. The pH at the mini- 
mum of the swelling-pH curve of a gel globules which have so rigorously 
been treated with salt should then be found at the I.E.P. of the gelatin used. 

We have, therefore, prepared gel globules existing of gelatin only 
according to a method described previously 6) and have measured quite 
in the same way as in the sections 2. and 3. the swelling-pH curves. 

By the same graphical method we found values between pH = 5.04 
and 5.09 for the pH at the minimum. 

But they are the very values which were obtained under the most 
rigorous conditions in section 3 (e.g. in table VI the very small globules 
after a 5 hours’ treatment with 500 m.aeq.p.L. KCI, and in fig. 5 A also 
larger globules with the same KCl concentration at 23.5° C, which value 
was no further changed after 24 hours’ treatment). 


The influence of the size on the rate of displacement (section 3) is 
quite in accordance with the above explanation, (diffusing out of the gum 
arabic) for the time necessary for a same procentual less of gum arabic 
is shortened if the globules are smaller. 

There are, however, two points in section 3 which seem not to be in 
accordance with this diffusion: a. the very considerable slowing down of 
the rate of the displacement in fig. 5 A, and b. the very great influence 
of temperature, 

As to a., a certain amount of slowing down of the rate of displacement 
on itself does not form the main difficulty, as the concentration gradient 
must necessarily decrease in the beginning as diffusion proceeds. But as 
the globules are spherical, the diffusion will continu at a greater rate at 
the end, whereas in reality the displacement continues very slowly. We 
think the very considerable slowing down could be explained by con- 
sidering, that the gum arabic is present as kinked macromolecules and that 
a certain fraction of the latter is in a favourable position to diffuse out, 
the remaining fraction being more or less enmeshed in the gelatin gel 


®) H.G.BUNGENBERG DE JONG and J. PH. HENNEMANN, Kolloid Beih. 36, 123 (1932), 
see p. 137—138 and fig. 4. 

6) H. G. BUNGENBERG DE JONG, Proc. Kon, Ned. Akad. v. Wetensch., Amsterdam, 41, 
646 (1938). Because of the poor visibility of these globules, when swollen at either side of 
the minimum, we used globules slightly stained with a dye not interfering the experiment. 
To this end we added some collargol to the gelatin solution before adding the (NH4)2SO4 


solution, The coacervate drops, which after cooling down and washing out furnished our 
globules, are then stained a slightly brown. 
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structures, so that its diffusing-out is considerably hindered, though not 
completely. 

A factor which favours the diffusing-out will, no doubt, be the swelling 
of the gel globules, which accompanies the decrease of the effective 
attraction of negative gum arabic and positive gelatin. 

And this effect, being the graeter, the higher the salt concentration, 
explains why the loss of gum arabic is considerably increased by increasing 
the salt concentration (see fig. 5). 

The great influence of temperature may be explained on similar lines, 
the gelatin gel frame work being evidently more deformable at higher than 
at lower temperatures (compare the swelling-pH curves in fig. 8). This 
influence will be very great at the higher temperatures, e.g. 23.5° C, which 
lays already near to the temperature at which the complexgel globules 
melt down to complexcoacervate drops (near to 27° C). 

For the explanation of the irreversible change in the swelling behaviour, 
described in section 1, fig. 4 has a central importance. 

Though this figure gives the positions of the swelling-pH curves after a 
treatment with different KCl concentrations for a constant time, it also 
represents, as is clear from the results obtained in section 3, the successive 
positions of the swelling-pH curve at constant KCl concentration and 
increasing times of treatment. 

This whole series of the changes in the positions of the curve takes 
place with decreasing velocity (this follows from the slowing down dis- 
cussed above) and the ‘‘mean” rate of this passage depends on the height 
of the KC] concentration, and is the faster the higher the salt concentration. 

These different ‘‘mean rates of passage’ explain a further detail of the 
experiments in section 1. In that section we worked at constant pH (= 3.7). 
When we examine fig. 4, we see that the points at pH 3.7 have different 
ordinate values on the successive curves. As the successive curves also 
indicate (as discussed above) the successive positions of the swelling pH 
curve for one constant salt concentration and increasing time, we notice 
that the gel globule must first shrink a little, pass through a minimum 
diameter and afterwards must increase 7) as the loss of gum arabic proceeds. 

Indeed, if now the ‘mean rate of passing” is sufficiently slow (as for 
the experiment with 100 m.aeq.p.L. KCI in section 1. we get a change of 
observing this initial small decrease of the globules before the large 
increase sets in (see the trend of the black dots in fig. 1). 

If, however, the ‘‘mean rate of passing” is much greater, it may be that 
with the chosen experimental procedure the first detail (the decrease of 
the ,,B” values) cannot be observed, but only the rapid increase (see black 
dots in fig. 6 and fig. 7). 

Laboratory for Medical Chemistry 
University of Leyden. 


7) This change in diameter as time goes on, may be expected, not only for pH 3.7, but, 
as can be seen from the relative positions of the curves in fig. 4, for any other point on 
the orriginal swelling pH curve as well. 


Geology. — Sur les granites alpins de la Corse. Par H. A. BROUWER et 
C. G. EGELER, 


(Communicated at the meeting of February 28, 1948.) 


En Corse on peut distinguer les granites de la partie occidentale, qui 
sont des granites hercyniens, et les granites du pays de nappes dans la 
partie orientale de l'ile. Une partie des granites du pays de nappes forme 
la base de la nappe supérieure non métamorphique. Ces granites sont 
charriés sur la nappe inférieure ou nappe des schistes lustrés. D’autres 
granites du pays de nappes se trouvent dans les schistes lustrés sans 
relation avec la nappe supérieure. Les granites dans les schistes lustrés en 
partie ne sont pas indiqués sur la Carte Géologique de la Corse 1 : 80.000, 
par exemple la masse considérable atteignant le sommet du M. Pigno entre 
Bastia et le col de Teghime, quoique HOLLANDE 1) ait déja décrit ce granite 
(protogine) en 1877. SALOMON—CALVI2) mentionne plusieurs masses de 
granite entre Patrimonio et Bastia, qu'il considére du méme Age que les 
granites hercyniens de la Corse occidentale. PILGER 3) considére le granite 
d’Oletta et des granites a l'Ouest de Bastia, a l'Ouest de St. Florent et 
au Cap Corse comme des intrusions syntectoniques dans les schistes 
lustrés. COLLET 4) pense que PILGER a posé ce probléme mais qu'il n’en a 
pas fourni la preuve irréfutable. 

Nous avons étudié les granites a l'Ouest de Bastia, a l'Ouest de St. Flo- 
rent et au Cap Corse a plusieurs endroits et nous avons pu confirmer 
intrusion de ces granites dans les schistes lustrés. Nos propres recherches 
ne nous permettent pas de confirmer la conclusion de PILGER qu’a l'Ouest 
de St. Florent le granite syntectonique a été charrié sur des granites her- 
cyniens autochthones. 


Intrusions granitiques a l'Ouest de Bastia. 


Les roches de la nappe des schistes lustrés au voisinage des roches 
granitiques sont principalement des roches basiques et ultrabasiques méta- 
morphiques. Nous avons étudié en détail les contacts le long de la route 
de Bastia a St. Florent et le contact au Sud de Cardo 5). Les roches en 
contact avec les granites au Sud de Cardo et 4 l'Est du col de Teghime 


1) M. HOLLANDE. Géologie de la Corse. Annales des Sciences géol. 9 (1877). 

2) W. SALOMON-CALVI. Vorlaufiger Bericht iiber eine geologische Reise nach 
Korsika. Sitz. ber. Heidelb. Akad. d. Wiss. Math.-naturw. KI., 7, 17 (1932). 

3) A. PILGER. Der alpine Deckenbau Korsikas und seine Granit-Intrusionen (1937). 
Abh. Ges. der Wiss..Géttingen, Math.-Phys. Kl., III Folge, 19, 1—43 (1939). 

4) L. W. CoLLet. La Corse, Elbe et l'Apennin, du point de vue tectonique. Bull. 
Soc. géol. de France, 5e sér., 8, 742 (1938). 

®) Les localités sont indiquées sur la planche II de la publication de PILGER (op. cit.). 
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sont surtout des schistes 4 glaucophane et épidote qui souvent sont riches 
en muscovite. Prés des contacts ces roches montrent des phénoménes d’in- 
jection et d'imbibition. On peut distinguer trois structures différentes: une 
structure oeillée (fig. 1), une structure a lentilles allongées (fig. 2) et 
une structure rubanée causée par l'injection lit par lit. 


Schistes 4 glaucophane imbibés et injectés. 
Fig. 1. Structure oeillée. Des concentrations arrondies d'albite, souvent associées A du 
guartz et de Ja muscovite (incolores dans la figure) et des concentrations de quartz pure 
(noires dans la figure). La mésostase schisteuse est constituée principalement de glauco- 
phane, épidote et mica blanc. 


Fig. 2. Structure 4 lentilles allongées. 


A l'Ouest du col de Teghime les roches au contact sont surtout des 
roches vertes a chlorite, épidote, lawsonite, pumpellyite, amphibole et 
feldspath albitique. Ces roches peuvent étre reconnues en partie comme 
des gabbros métamorphiques. Elles sont injectées de veines granitiques, 
gui souvent contiennent des trainées riches en lawsonite, pumpellyite, 


épidote et zoisite (analyse I). 
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Fig. 3. Schistes a glaucophane injectés, le long de la route de Bastia au Col de Teghime, 
On trouve des injections lenticulaires de granite gneissique a muscovite, paralléles a la 
schistosité. Les schistes sont impregnés de quartz et d’albite. 
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Les minéraux, constituant la presque totalité des granites, sont l’albite, 
le quartz et un mica blanc. Quelques échantillons contiennent du microcline. 
Les injections, dont la structure est souvent gneissique, sont en partie 
paralléles a la schistosité des roches encaissantes (fig. 3). On trouve toutes 


Fig. 4. Schistes 4 glaucophane oeillés, traversés par des filons leucocrates, le long de 
la route de Bastia au Col de Teghime. 


les transitions entre des intrusions grandes et homogénes et de petites 
lentilles allongées suivant la schistosité. Dans ces lentilles la teneur en 
quartz peut augmenter jusqu’a une disparition compléte de l'albite. Des 


Fig. 5. Contact des schistes a glaucophane riches en épidote et muscovite avec le granite 
a muscovite gneissique, le long de la route de Bastia au Col de Teghime. Les roches sont 
traversées par des veines granitiques. 
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veines de pegmatite et d'aplite traversent les injections et les roches 
encaissantes en plusieurs endroits (fig. 4 et 5). 


La composition chimique de deux granites gneissiques de la Corse 
orientale est la suivante: 


nl 
— 
— 


SiO, 70.05 12.52 
Al,O3 14.44 13.10 
FeO; 0552 123 
FeO 0.86 0.96 
MgO 0.50 1.08 
CaO 4.34 1.91 
Na,O 5.64 4.31 
K,0 2.34 Das? 
H,0 + 0.64 0.43 
is Ge | 0.07 0.07 
CO; 0.41 0.61 
TiO? 0.20 0.22 
PO; 0.19 Onis 
MnO = = 
99.39 100.20 


I. Granite gneissique 4 albite; route de St. Florent au Col de Teghime, a l'Est de 
Barbaggio. Anal, TH. A. F. NETELBEEK. Le granite contient des trainées paralléles 
riches en lawsonite, épidote etc. 


II. Granite gneissique a albite; Tr. de Fornali, a l'Ouest du Golfe de St. Florent. Anal. 
A. J. BUDDING. Le granite est constitué presque entiérement d’albite, de quartz et de 
mica blanc. 


Intrusions granitiques a l'Ouest de St. Florent. 


Dans la région a l'Ouest du Golfe de St. Florent les roches de la nappe 
des schistes lustrés au voisinage des roches granitiques sont surtout 
d'origine sédimentaire. Les roches étudiées a l'Ouest de Punta del Cepo 
sont des schistes micacés quartziféres et des schistes micacés a glau- 
cophane. La composition des granites prés des contacts ressemble 4 celle 
des granites a l'Ouest de Bastia (analyse II). A Punta del Cepo les 
granites contiennent du feldspath potassique, ce qui, d’aprés PiLGER (op. 
cit. p. 8), serait caractéristique pour les parties intérieures des intrusions. 
La structure schisteuse des roches intrusives est plus prononcée qu’a l'Ouest 
de Bastia et souvent ces roches montrent un plissement intensif sur une 
petite échelle. Les injections granitiques sont allongées et plus ou moins 
paralléles a la schistosité (fig. 6). Quelquefois elles sont traversées par des 
veines de quartz. 


Intrusions granitiques prés de Centuri (Cap Corse). 


Dans la région prés de Centuri nous avons étudié surtout les contacts 
le long de la route prés de l’Orche. Ici les roches de la nappe des 
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schistes lustrés sont des schistes & muscovite, des schistes quartziféres a 
séricite et des roches éruptives métamorphiques du type des amphibolites 
a épidote. Les roches de ce dernier type sont riches en sphéne; le feldspath 


Fig. 6. Intrusion concordante dans les schistes micacés a glaucophane, a l'Ouest de Punta 
del Cepo (Golfe de St. Florent). 


est souvent entiérement séricitisé ce qui est peut-étre le résultat d'un 
métamorphisme de contact. 

Les roches granitiques consistent, comme celles décrites plus haut, de 
quartz, d’albite et de mica blanc. En partie elles montrent de petits grenats. 
On trouve aussi des masses assez grandes (fig. 7) moins gneissiques et 


ee 
0 im 


Fig. 7, Intrusion discordante d'un granite A albite et muscovite dans des roches amphi- 
bolitiques riches en sphéne, a l'Est de l'Orche (Cap Corse), 
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des roches avec des tendances pegmatiques, qui sont riches en muscovite. 
Dans les micaschistes les intrusions sont paralléles a la schistosité. 


Rapports des intrusions granitiques et de l'orogénie. 


Tous les caractéres au contact des roches granitiques indiquent que 

leurs masses sont arrivées a l'endroit ot on les trouve a présent dans |’état 
non consolidé. Nous n’avons pas fait des observations qui indiqueraient 
des déplacements importants aprés la consolidation compléte des granites. 
D'autre part des phénoménes de contact, indiquant une température élevée 
du magma, font défaut. La richesse en albite et mica blanc indique aussi 
que les roches granitiques sont cristallisées d’une solution résiduelle. 
' Des zones de mylonites n'ont pas été observées dans les granites ou le 
long de leurs contacts. Des plissements intensifs sur une petite échelle ont 
été observés localement. Les structures cataclastiques, déja mentionnées 
par PILGER (op. cit.) montrent que les mouvements tectoniques ne s’étaient 
pas encore arrétés complétement aprés la consolidation d'une partie des 
granites. D’autre part, des masses de granites peu gneissiques, sans con- 
cordance avec les roches environnantes, autant que les filons discordants 
de pegmatite et de quartz, prouvent que ces roches sont aussi en partie 
post-tectoniques. 

En vertu de ces faits il nous semble que la mise en place des granites 
intrusifs dans les schistes lustrés, a été en grande partie contemporaine 
des derniers plissements alpins et en partie postérieure de peu 4 ces plisse- 
ments. 


Amsterdam, Institut géologique de l'Université. 


Chemistry. — Electrochemical behaviour of ion-exchanging substances. 
Potential measurements on plant roots. V. By G. J. WERVELDE. 
(Communicated by Prof. J. M. BiJvoET.) 


(Communicated at the meeting of February 28, 1948.) 


A theory to explain the difference in electrical potential between a 
plant root and a surrounding electrolyte solution was given in a few 
previous papers (1, 2, 3). A DONNAN distribution of the diffusible ions 
across the root wall was assumed to be brought about by the presence of 
non-permeating acidoid and basoid groupings inside the root wall. Disso- 
ciation of these groupings provides the non-diffusible ions which are 
essential for the DONNAN equilibrium. As a preliminary step towards des- 
cribing the rather complicated situation at the root wall, the root substance 
was assumed to behave as a weak “‘root acid’’ with a given dissociation 
constant. It was even possible to calculate approximative values for the 
dissociation constant and the concentration of this acid from potential 
measurements. 

The assumption that only one acid is present most certainly does not 
correspond to the actual composition of the plant root and obviously the 
next step should be to correct our theory so as to meet this objection. 

The DONNAN distribution of permeating ions in its simplest form is 
only affected by the concentration of the non-diffusible ions and not by 
their nature. Thus in case of a mixture of non-diffusing acidoids, each 
one having its own concentration and dissociation constant, the sum of the 
dissociated parts of these acidoids will be the determining factor in the 
DONNAN distribution. For a given mixture this sum varies only with the 
pH value. We may express this mathematically by saying that the sum in 
question, which will be denoted by z,, is a function of pH. In the figures 1 
and 2 the summation has been carried out for a couple of arbitrarily chosen 
mixtures, 


TABLE 1. 
Figure 1 Figure 2 i 
Conc. pK Conc. pK 
Curve | 0.03 3 0.05 3 
fy 0.03 4 0.01 4 
Ae 0.05 5 0.08 5 
ip ne 0.02 6 0.04 6 
iw 5 0.02 rl 0.02 7 


The concentrations of the dissociated parts of five individual acidoids 


have been plotted out against pH. The constants for the acidoids are given 
in table 1, 
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The curves indicated by the numbers 6 are the summation curves. 
Different mixtures will show different curves. In this paper an attempt will 
be made to represent the value z, as a linear function of pH. Figures 1 and 
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2 show that in some cases this assumption may be quite near the truth even 
for a wide pH range. But even in those cases where the linear relationship 
does not hold, the error introduced will be smaller the narrower the pH 
range of the experiment. 
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Considering a similar case as we did in previous papers, with K+ and 
Cl- as the only permeating ions besides H+, we find the following 
situation at the root wall. 


wall 
root solution 


components (Z, +2, .+.+Z7) K* H* Cl Kt H* Cl- 


concentrations zy Y, Y2 22 G & Cy +3 


The following relations can be written down 


7 i — ae =~ Pee Dy atery a. te 
Zy 2g Yay U2 ne ak cee 

and finally we have the linear relationship 
Cio Kain uot Ra ee) 3 


where K, and Kg are constants. 
Elaborating (I), (II) and (III) we find the following relationship 


hee 
Rae? Ke ee ee 
v v 
If K, and Ky are known, we are able to calculate the value of v for 
any given pair of values for c, and co. The value v is connected with the 
membrane potential by the NERNST-equation 
RT 


E—E,=-j Inv . ok cat Oe. Lage ee ee) 


where Ey is the e.m.f. in the measuring circuit when v = 1. On the other 
hand, if potential measurements are carried out on a plantroot with un- 
known constants K, and Ky, equation (V) enables us to find the values v 
corresponding to the values of c, and co that are used in the experiment. 
Substituting these in equation (IV), we get a number of equations from 
which K, and Kz can be solved. Two equations would be sufficient, but 
usually more equations are available and as in general no pair of values 
for K, and Ky will fit all the equations, K,; and Ky should be estimated 
in such a way as to make them fit best to the equations. A procedure to 
find the best fitting pair of values is given by VAN UVEN (4). For those 
who are not familiar with this type of calculation, a calculation scheme is 
given here. The experiment provides us with n equations of the type (IV), 
which may be written as 


a, K; + K,=q, 
aK, t+ K,=q 


anK, + Ky=4n 


oer 


Values aa and aq are calculated for each equation and denoting a sum- 


mation over all equations by [__], we finally solve the required values K, 
and Ky from the equations 


[aa] K, + [a] K, = [aq] 
[a] K, + nK, = [q] 


As a final check new values for v and E can be calculated by means of 
the values found for K, and Ky. The new values will in general be a little 
different from the experimental ones because of the adjustment. 
Calculations as described above were carried out on two series of 
measurements, that have been under consideration in a previous paper (3), 
where they have been used to calculate the constants of hypothetical ‘root 
acids’. It will be seen that the new conception, considering the root sub- 
stance as a mixture of acidoids, is superior to the old one, inasmuch as 
a better fit of the recalculated E-values with the experimental ones can be 


obtained. 
TABLE 2. 
c1>100 | 107! | 107? | 1073 | 10-4 | 1075 
Wheat | Fes. 26Fic 222) 1D isGal ise Wtis 
Triticum vulgare | Peale, (old) 282 he 271 3 22701 175 aS eet iG 
(LUNDEGARDH) Ko — 020195 
E..).. (new) } Kp=—0.0762| 282 | 266 | 223 | 176 | 137 | 111 
ads E... 263 | 240 | 202 | 169 | 161 
Solanum tuberosum | Feaic. (old) 265 26) ye 237 198 wis 1 66n) 143 
(own measurements) { RK, =— 0.0065 
Este. (new) ) p= — 0.0457 265 | 261 | 240 | 201 | 170 | 157 


As a demonstration of the type of information that may be obtained by 
the method described above, an account will be given next of a series of 
measurements carried out on young roots of four cereals, all of them grown 
under identical conditions in culture solutions. In table 3 the experimental 
potential values are given side by side with those, calculated by means of 
the constants given in the second column of the table. The value of cy was 
assumed to be 10-5 normal. 

All experimental values given in the table are averages of measurements 
on 6 individual roots. 

It should be mentioned that in the course of the calculation work it was 
found to be advisable to exclude the values for cy — 10-1 from the cal- 
culations, because a slightly different choice of the extrapolation value Ey 
(given in the column headed c,; >10°) has a great influence on the 
usually rather small value E,~jo.—1 minus Eo, while at the same time 
the latter value has a rather dominating effect on the K, and Ky, values to 
be calculated. This does not mean that we could as well eliminate the 


Ae 


measurement for c; = 10-1, since we need this value to estimate the extra- 


polation value Ey with some accuracy. 


TABLE 3. 
ef 908) 107? | 10) a 10) 
ee A a a ee WE oe er I ee 
Rye oe 207.5 | 186.8 | 149.8 | 126.3| 123.5 
Secale cereale var. ( Kj=—0.0114 ' 
“Petkus short straw’ | eale. ) Ky=— 0.0856 | 218-0 |212.8| 186.8) 149.9) 126.2) 119.1 
Wheat Buus: 197.3 | 183.0) 155.5) 126.3| 118.0 
Triticum vulgare ( K,j=— 0.0089 
var. “Juliana” Beale, ) Ky=—0.0710 | 207-5 | 203.7 | 182.9 | 148.1] 126.3 | 120.2 
Oats ae 189.3 | 175.8|143.7| 111.0) 104.6 
Avena sativa K; = — 0.0057 
vars wAdelaan® Beate. Ky = — 0.0439 | 196-0 | 193.5 | 175.9] 140.6 | 113.5 | 104.1 
ey E.. 186.8 | 175.8| 152.0| 124.3 | 118.7 
Hordeum vulgare oon aes 
var. “Groningen | pia, ) KI=— 9: 190.5 | 188.6] 176.1| 145.9| 125.4} 120.0 
( Ky=— 0.04586 
winter barley 


It will be seen that some differences between the experimental and 
theoretical values remain. Especially some of the values for cy = 10-3 
show what seem to be significant differences. WAN DER MOLEN and 
TENDELOO (5) found that by shifting the value chosen for cy a still better 
agreement may be obtained, but this procedure has not been tried out here, 
because some other possibilities to explain the deviations are still under 
study. 

So for the present we will accept the calculated values for K, and Ko 
as giving an approximate description of the electrochemical behaviour of 
the plant roots investigated. In figure 3 the values z,, calculated by sub- 
stitution of the constants K, and Ky in equation (III), have been plotted 
out against pH. Care has been taken to keep within the limits of the pH 
range in which the pH inside the root was held during the experiment, 
because, as has been pointed out before, the linear relationship between 
z, and pH probably only holds for the narrow pH range of the experiment. 
Notwithstanding the inadmissibility to extrapolate the curves, figure 3 is 
rather promising, since the value z, is identical with what might be called 
the “relative adsorption capacity” of the root, ie. the capacity to bind 
positive ions. Many investigators consider this type of exchange adsorption 
as the first step in the ion-uptake by roots. There is no doubt that if we 
were able to determine the adsorption capacity of the root by the method 
described, we should have made considerable progress towards under- 
standing the process of the mineral nutrition of plants. 

It would be premature to generalize the results obtained here for the 
different cereals, since we found that there is a great variation in the 
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electrochemical behaviour of individual roots, even if collected from one 
single plant. The same applies to roots grown under different conditions. 
Extensive investigations will have to show whether differences between 
species or between varieties are consistent under different conditions. 


2ix 0° 
&3 
| ar 
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3 4 S 6 
Fig. 3. 
Summary. 


To explain the difference in electrical potential between a plant root and 
a surrounding electrolyte solution a theory was developed previously, based 
on the assumption that the root consists of an acidoid with a given con- 
centration and a given dissociation constant. In this paper the theory is 
extended to the assumption that a mixture of acidoids is present. The electro- 
chemical behaviour of the root can still be described by two constants, 
that can be calculated from potential measurements. These constants give a 
direct indication about the adsorption capacity of a plant root. 


Wageningen, Agricultural College. 
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Applied Mechanics. — On the torsional and flexural stability of thin 
walled open sections. By P. P. BIJLAARD. (Communicated by Prof. 
F,. A. VENING MEINESZ.) 


(Communicated at the meeting of February 28, 1948.) 


In preceding papers!) we gave a method by which the critical load 
P., of certain structures could be expressed in the critical loads, P;, Po, 
etc. that would obtain if the structure would be absolutely rigid with respect 
to certain kinds of deformation. To this effect we considered the equilibrium 
between outer and inner bending moments or between deflecting and 
restraining forces on an element Hdxdy. 

In this paper we will extend our method by considering also the 
equilibrium between outer and inner torsional moments. In order to 
demonstrate this method we will examine the concrete case of a column of 
open section under compressive load. We assume that the section has no 
axis of symmetry. In fig. 1 the centroid and the center of shear of the 
section are denoted by C and S respectively, the X-axis being the axis of 
shear centers, whilst Y- and Z-axes are parallel to the principal axes of 
inertia. We assume that a small buckling has occurred, by which the shear 
center obtains deflections v and w in Y- and Z-directions respectively, 
whilst moreover a torsional rotation m with respect to the shear center S 
occurs. According to fig. 1 this brings the shear center and centroid in S’ 
and C” respectively, so that the components of displacement of the centroid 
are v—Zop and w+ yop in Y- and Z-directions respectively, yo and Zp 
being the coordinates of the centroid. 

Let us first consider the equilibrium between outer and inner bending 
moments. If only a deflection v in Y-direction would occur, the critical 
load would be, if buckling in the elastic domain 


z 
pi! Shes! Mees eee. 


a 


in which a denotes the freely supported length of the column and J, is the 
centroidal moment of inertia of the section with respect to an axis parallel 
to the Z-axis. In that case the inner moment Mi would equal the outer 
moment My = P,v, both working in a plane perpendicular to the Z-axis. 
With actual buckling however, the outer moment, working in the latter 
plane, will be Pc, (v-—zop), Pcr being the real critical load, but the inner 
moment will not increase, neither by the deflection w, nor by the rotation 
yp, because it is a property of the center of shear S that a torsional rotation 


1) BIJLAARD, De Ingenieur in Ned. Indié, no. 3, 1939, Proc. Kon. Ned. Akad. v. 
Wetensch., Amsterdam, no. 10, 1946, no. 1 and 2, 1947. 
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with respect to S yields only a torsional moment and no resulting flexural 
moments 2). Consequently the actual inner moment remains P,v, so that 
the equation of outer and inner moments, working perpendicular to the 
Z-axis, yields 


Pe eSeese leap) yer exe pees, SU} 


Fig. 1. 


After this explanation it needs no further comment that the equilibrium 
between outer and inner flexural moments, working perpendicular to the 
Y-axis, leads to the equation 


PAROS SAS 9 oeran mamma 0 
in which 
2 I 
P,= soar (2) 


2) An excellent treatise about the center of shear, of which the conception is due to 
Swiss engineers, is found in: STUSSI, Baustatik I, Verlag Birkhauser, Basel. 
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and I, is the centroidal moment of inertia of the section about an axis 
parallel to the Y-axis. 

In order to compare the outer and inner torsional moments with respect 
to S we have to examine first the influence of the deflections v and w on 
the torsional moment. With a rotation m the outer torsional moment, 
caused by the compressive force odA on an element dA of the cross 
section A, is proportional to odA, to the displacement rp and to the 
distance r between the element dA and S, so that it may be equated to 
dM,, = k,r2yodA, in which k, is a factor of proportionality. For the total 
compressive force in the cross section this yields an outer torsional moment 


Mo =k gpofrdA=k pol, . so e@are eta 


in which Ip is the polar moment of inertia of the section about the shear 


center. In the same way the displacement v yields an outer torsional moment 
about S of 


Mao=—k Asem. wk & «eee 


Equating My in eqs. (3a) and (3b) yields, that the displacement v causes 
the same outer torsional moment as a torsional rotation 


y= —A fy tl poe 2-25 Og Fn eB 


9 being the polar radius of gyration about S. In the same way we find that 
the displacement w is equivalent to a rotation 


Pe yulr A + 5 2S h Vo Wee) 
If the column would fail by purely torsional buckling, v and w being 
zero, the critical load would be 3) 


1 a? 
Py= a (Gh+ECe a). lh oe een 


in which Gl¢ is the torsional rigidity and EC» is the warping rigidity. 
Using now, for convenience, another factor of proportionality ky, it is 
evident that at the moment of buckling the inner torsional moment M:: will 
equal the outer-torsional moment Mj) = koP3y. With actual buckling, 
however, the deflections v and w will cause excess outer torsional moments, 
by which the total outer moment becomes 


Mio = kz Per (pv + Pw + %) = he Por Gates e). 
0 0 
At the other hand the deflections v and w do not influence the inner 
torsional moment about S, as they cause in the cross section shearing 
stresses t of which the resultant passes through S, so that the actual inner 
torsional moment remains M+; = kgP3q. Equating outer and inner torsional 
moments yields, 


Per (— Bet But) = Pao. litem, aie ttTT) 
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So we have obtained three buckling equations, (1), (II) and (III). 
Bringing all terms into the first members, we get 
(P.-—P,)v—Per ta 7-0 
(Per —P2)w + Per yo p =0 


Per 


(5) 
x (90+ 400) + (PP) =0| 
0 


yielding only values of v, w and » different from zero if the denominator 
determinant of the system is zero, so that the buckling condition is 


| Per—P, 0 — Zo Per | 
| 0 P.-—P, Yo Per at UF Spee 
(Zo Per Yo Per r3 (Per — Ps) 


by which an equation of the third degree in P-r is obtained, being 

i—r2 + y2 “h z2) oot + {(P; + P, + P;) cP, ta Fa y3} | Sent (7) 
—(P, P,+ P,P;+ P;P,)r Pep + P; P, P327=0 : 

which equation is identical to that, obtained by KAppus3) from three 

simultaneous differential equations of the fourth order 4). 


If the section has one axis of symmetry, for example for a Tee section 
(fig. 2) or an angle (fig. 3), so that zg — 0, eqs. (I), (II) and (III) yield 


(P.-—P,;)v=0 
(P.-—P2)w + Per yop =0 (8) 
P., 
Pe 9010 + (Px —Ps)9=0\ 
0 


The first equation yields P-r = Pj, referring to purely flexural buckling 
in the XY-plane, not being influenced by the torsion. The latter two 
equations yield the condition 


| | 
| P —PpP P r 
nag 2 ee ae 
| Yo Per r? (Per — P3) | 
from which we obtain the critical load 
1 


Per = {P, + P;—)(P,—P;)? + 4 P, Ps y2/r2} . (10) 


2 (1— 93/5) 
being identical with that, obtained by Kappus from his simultaneous 
differential equations. 

Fort an angle (fig. 3) yy = b 2/4, 1p = 2hb3/3, so that r?>= I p/2bh = b?2/3 
and y?/r?2 = 3/,, b and h being the breadths and thicknesses of the flanges 
respectively. 


3) Kappus, Luftfahrtforschung, na. 9, 1937. 
4) See also TIMOSHENKO, Ossature Métallique, No. 9, 1947 and GOODIER, Journal 
of Applied Mechanics, No. 3, 1942. 
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Introducing this in eq. (10) yields 
P.-= 0,8) P,+ P;—V(P,— Py 15 2, Ps 


whilst previously 5), when we compared only flexural moments, in order 
to compute the decrease of the buckling stress of the flanges by bending 
of the angle as a whole, we got the simple relation 


Pipe Py Pp PUP ae 


which proved to be at the safe side, but sufficiently accurate, as we could 
check by comparing it with the result of our exact computation. For an 
angle with b = 5 cm, h = 0,25 cm and a free supported length a = 100 cm 
this exact computation yielded a buckling stress 5) 6-r = 0.000875 E, whilst 
with eq. (12) we found ocr =0.000856 E. For the same angle eq. (11) 
yields o-r = 0.000879 E. 


Fig. 2. 


If we demand that P-, shall not be lower than P,, which may be equaled 
to P./#, eq. (11) leads to the requirement 


Py 25 Pi 1125 2. pa eee (13) 
whilst according to eq. (12) we should have 
Pete Lite, .. ee (14) 


It is remarkable that, although, with computations on torsional buckling, 
bending of the column is taken into account, with problems of “plate 


5) Footnote 1, first paper, 
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buckling” (French: voilement, German: Beulung) it is assumed that the 
axis of the column remains straight 6). In principle torsional buckling does 
not differ from plate buckling; it is plate buckling under the simplifying 
assumption that the cross sections of the plates do not bend. With an angle 
this assumption holds good, so that eq. (11) gives practically exact results. 


Tig. 33: 


HARTMANN ©) computed the critical stress of a column with a Tee section 
by the formula for torsional and flexural buckling, by which he found for 
the elastic domain o-r = 6030 kg/cm? (page 125). 


Fig. 4. 


Later (page 197), when he deals with plate buckling, he calculates the 


6) See for example HARTMANN, Der Briickenbau, 3 Band, 1946, p. 191. 
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same column, but says that, as the buckling stress of the column as a 
whole is higher than the buckling stress of the plates, the line of inter- 
section of web and flange remains straight. The latter statement is of 
course wrong. Using an approximative method, he finds then a buckling 
stress ocr — 0.65 - 6150 = 4000 kg/cm2, also for a half wave length 
equaling the total length of the column, by which the impression is 
established, that torsional buckling and plate buckling are quite different 
things. However, in this case the bending of the cross sections of the plates 
can practically have no influence, as with half wave lengths a of many 
times the breadth b of a plate the critical load for plate buckling according 
to fig. 4, which we could denote as P4, is very high, the smallest critical 
load being obtained for a/b = 1.65. Therefore the critical stress in the latter 
case will be practically equal to that for pure torsional buckling according 
to eq. (4). Indeed eq. (4) yields for this Tee section, with a length of 
400 cm and cross sections of flange and web of 48 X 1.92 cm? and 
30 X 1.71 cm2 respectively, P-r = 573 tons, yielding the same critical 
stress ocr — 4000 kg/cm?, found by HARTMANN by taking into account the 
bending of the cross section of the web, the effect being evidently practi- 
cally zero. That by taking into account the flexural elasticity he finds 
6030 kg/cm?, being higher than 4000 kg/cm? instead of lower as it should 
be, appears to be caused by the fact, that with his former calculation he 
uses the actual cross section, which he idealizes later to plates of constant 
thicknesses. If we calculate the idealized section with eq. (10) we find 
indeed ocr = 3840 kg/cm? instead of 6030 kg/cm2, by which this misunder- 
standing has been cleared up. 

The exact general buckling condition for built-up sections, in which 
consequently flexural as well as torsional as well as plate buckling is taken 
into account, was derived by ourselves, for the elastic as well as for the 
plastic domain 7). For a Tee section, with sy = 0 and 6, = &™ the buckling 
condition reduces to 


(a? r? u — a? q? v) sinh a, b sin a, b — 

— a, a,(q?u+ rv) cosh a, bcos a, b + 

+ a, t (a? r? — $6, sq’)sinha,bcosa,b+ p>. . . (15) 
+ a, t (a2 q?-+4 6,517) cosh a, b sin a,b — 


—2a,a,qrz=0 


in which u = s— }6-r?, v = s—}6-q?, z = s + 40-qr and 


UJ ' ' U . ' ' . ' '  f , ’ Ui ’ ' , ' , ee 

nee h \3 (a, r°2—a>q") sinh a; b' sin a)b’—a}, a(q’? +r?) cosh a; b’ cosa, b'—2 ay;anq'r 
—_— / ’ t og 129 De , , ' 2. , ’ ’ ’ 
h (a? +a?) (air? cosh a,’ sin a2 b'—a2q? sinh a; b' cos a,b ) 


7) BIJLAARD, De Ingenieur in Ned. Indié, no, 10, 1939, Publ. Int, Ass. f. Bridge and 
Struct. Eng., Ziirich, Vol. 6, 1940—1941, 
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For the elastic domain 


a5 V+ Az +A Vhoc,/N, G—a 94°, — a2 - vA", t= 9 7,4 pala, 
s= (d?/N)(B2#?—A oer), N= Eh3/12 (1—»?) 


whilst for a},2, q’ and r’ the same relations obtain, with the difference that 
h and WN are replaced by h’ and N’. As follows from fig. 2 b, h and 2b’, 
h’ denote the breadths and thicknesses of web and flanges respectively, 
whilst a is the length of the column. A and B are the cross sectional area 
and the flexural rigidity Eh’(2b’)3/12 of the flange. 

As we explained however above here, in cases where the smallest critical 
stress is obtained for buckling in half wave lengths of many times the 
breadths of the plates, eq. (10) will give accurate results. For a column 
with Tee section with a length a = 700 cm and of which flange and web 
have both cross sections of 30 X J cm?2, eq. (10) yields for example, with 
P, and P3 equaling 95,2 and 81,8 tons according to eqs (2) and (4) 
respectively, a critical load P-r = 56.5 tons or ocr = 942 kg/cm? whilst eq. 
(15) yields oer = 942 kg/cm? too. Consequently the column buckles under 
a load which is only 59.4 % of the Euler load. 

Equations (10), (11) and (12) obtain for the plastic domain as well, 
but according to our theory of plastic stability we will have to replace 
then in eqs (1) and (2) for P, and Py, value E by the buckling modulus, 
for which we prefer the tangent modulus E+ = do/de 8), whilst in eq. (4) 
for Pz; we have to replace G by EF and E by Ez. Value F = 1/(2+2y+3e8), 
in which y is Poisson's ratio and e = Eép/ocr, whilst ep is the plastic 
strain with a stress o = ocr, having to be measured from the stress-strain 
graph for pure compression. 


8) BIJLAARD, Proc. Kon. Ned. Akad. v, Wetensch., Amsterdam, no. 7, 1947 and Mitt. 
a. d. Inst. fiir Baustatik, no. 21, Ziirich, 1947. 


Mathematics. — On the Theory of Deduction, Part II. The Definitions 
of Classical and Intuitionist Negation. By K. R. Popper. (Com- 
municated by Prof. L. E. J. BROUWER.) 


(Communicated at the meeting of November 29, 1947.) 


IV 


We now turn to the discussion of negation — more especially, of the 
intuitionist negation of BROUWER and HEyTING, and its relation to other 
negations. In the present section, we shall discuss the simplest characterizing 
rules for, and definitions of, the intuitionist negation of a, denoted by “a”; 
the classical negation of a, denoted by 9) ‘“‘a*”’; and a third negation of a, 
denoted by “a” i.e., the ‘‘minimum definable (non-modal) negation of a”, 
or the ‘weakest definable (non-modal) negation of a’. 

The definitions and characterizing rules of a’ and a* given in my earlier 
papers are adequate, but a little complicated and intuitively not as obvious 
as, for example, 3.71 to 3.82. A characterizing rule for a’ which in its 
simplicity is comparable to 3.71 etc. is this 1°): 


(4. 1) at bi <>a,b-. 


This may be put into the words: ‘The intuitionist negation of b is the 
weakest of those statements which are strong enough to contradict b.” 
The corresponding explicit definition is: 


(D 4.1) a//b' — (c)(cha+>c, br). 


Thus intutionist negation is, as it were, characterized by contradictoriness 
alone. One might be tempted to think that classical negation is similarly 
related to complementarity; but this is not the case. The dual of 4.1 leads 
to a new kind of negation which is weaker than classical negation. We call 
this negation “a” (the ‘minimum definable negation of a’); its char- 
acterizing rule may be written: 


(4. 2) a". b+>+a,b; 


%) In Py p. 220, note 1, I have used instead of “ai” and “ak” two more complicated 
symbols. In P3, sections III ff., I have used the symbols “ai” and “a¢’. I have 
now replaced ‘“a‘” by “ak’’ because I found that the “‘c’’ in “a¢’’ was misleading, occurring 
as it does together with the statement-variable ‘‘c’’, 

10) Rule 4.1 and all other rules in this section are purely derivational (in the sense 
of Py, p. 230), ie. they can all be non-vacuously satisfied by non-logical (or factual) 
statements. Were we to write “a /\ bt" instead of “a, br”, or “ra\/ b” instead of 
‘ea, b’, our rules would no longer be purely derivational, since these rules would need 
logical (demonstrable or refutable) statements to satisfy them. The reason why my 
earlier definitions are more complicated then the present ones is that I did not then use 
“r” and “77” with more than one argument; this makes it impossible to obtain rules as 
simple as our present ones if we wish to remain within derivational logic, which I 
consider highly desirable for non-modal logic. (The definitions of the modalities, of course, 
cannot be purely derivational; cp. Ps, end of note 20.) 
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that is to say, a™ can be characterized as the strongest of those statements 
which are weak enough to be complements of a. We can11) transfurm 
(4.2) into the corresponding definition 


(D 4. 2) a//b™ ——> (c) (ae c<e<>+ b,c). 


There exist two simple rules for classical negation (see 4.311, f., below) 
which are analogous to 4.1 and 4.2, but less striking. The simplest and 
most striking characterization I have been able to find is the following 
explicit definition 12) 


(D 4. 3) a//bk <> a,b+ Gra, b. 


That is to say, the classical negation of b can be defined (as Aristotle 
might have defined it) as that statement which is at once contradictory 
and complementary to b. 

Classical negation, according to this definition, will exist in a language 
L if, and only if, there exists in L to every statement a a statement a‘ 
which is both contradictory and complementary to a. It is fairly clear, 
from this definition, that intuitionist negation a‘ or its dual a”, or perhaps 
both, may exist in a language in which classical negation does not exist; 
and we shall prove all this by an example (in section V). 

Some characterizing rules for classical negation, if written in terms of 
relative demonstrability, are only slightly different from 4.1 and 4.2, and 
may be described as generalizations of these rules; 4.31 is equivalent to 
D4. 3, and so is 4.32, which is the dual rule of 4. 31: 


(4. 31) ar bt,c<— a, bec. 


(4. 32) a,b +c<—arbd,c. 


41) The method here used to obtain relatively simple formulae incorporating the 
condition ‘the weakest (or strongest) statement such that ...” is capable of fairly wide 
application, This may be illustrated by the example of the definition of identity. We use 
“Idt (x,y) as the metalinguistic name of a statement-function expressing identity 
between individuals represented by the individual variables x and y. (Note that, in this 
characterization, ‘‘x’’ and ‘‘y’’ must not be put into quotes.) We introduce the abbreviating 
notation: 


alaxy «+ (w) (a//a (5) 6 a//a (})). 


We can define Idt (x,y) as the weakest statement strong enough to imply what 
HILBERT-BERNAYS (I, p. 65) call the ‘second identity axiom’, as follows (cp. Pi, D 6.2, 
and the correction to it in P3, note 1): 


al/Idt (x, y) <> (b) (z) ((b/|bx) > a, B (2)/b (2) & (((c) (u) (c//ex} > 
+> b,c (®)/cl%))) > Bla). 


Adopting the method used in 4.1 of formalizing ‘the weakest statement such that’, this 
may be replaced by the rule (or the corresponding definition): 


a|Id¢ (x, y) —> (b) (z) (b||bsy> a, b (2)/6(3)). 


12) The presence of 3.71 or of 3.72 is assumed. For the derivational character of D 4.2 
see note 10 above. An identical definition is given in P», p. 284, rule 7.7. 
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The close relationship to 4.1 and 4.2, respectively, is clear, but the rules 
are intuitively less satisfactory than D4.3 — especially in view of the 
fact that D4.3 is an explicit definition. Two other characterizing rules, 
each of them equivalent to D4. 3, may be obtained by inverting 4.1 and 4. 2: 


(4. 311) a, bk» <> arb. 
(4. 312) rak,b<—>arb. 


The first of these may be expressed in words: “The classical negation of b 
is a statement that contradicts every statement a which is at least as 
strong as b”. This is similar to 4.1, but, surely, more involved and less 
striking. 4.312 may be read: “The classical negation of a is a statement 
which is complementary to every statement b which is at most as strong 
as a.” 

Each of the rules and definitions 4.1; D4.1; D4.3 (in the presence of 
conjunction or disjunction); 4.31 to 4.312; can be shown to be equivalent 
to the corresponding definitions given in my earlier papers. 


Vv 


In the presence of classical negation, that is to say, of characterizing 
rules for, or of a definition of, classical negation, it is possible to prove 


(5211) a!//a* 
(5. 12) am lla® 
and therefore also 

(5) a!//a™ 


This follows simply from the fact that the characterizing rules for a! 
and a™ allow us to prove equivalence for every statement which satisfies 
these rules. (This is, precisely, the point which makes what may be called 
a “fully characterizing rule’’ equivalent to a definition.) But a* satisfies 
the characterizing.rules for a’ and for a". Thus we obtain 5.11 to 5.13. 

This result may be generalized. Whenever we have two logical functions 
of statements (or two formative signs) S, and Sy, which have been intro- 
duced by way of two sets of primitive rules, R, and Ro, such that Ry is 
obtained by the omission of some rules of R,, then we can prove in the 
presence of Sj, the equivalence of (the full expressions of) S, and S. 
whenever both are definable. For example, if we introduce “a > b” by rule 
3.71 and another function, say “aD b”, by the two 18) rules (of which 
the first is like 3.71) 


lenyal) at+bIc<e—a, bre; 
(5. 22) a,bIc+tb<—arb; 
13) The second of these two rules is discussed in section VII below (rule 7.3%); for 


another discussion of the same rule see Py, pp. 215 f. (rule 4.2e) 
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then, since 3.71 or 5.21 can be transformed into a definition, we can prove 
(5. 23) a> b//a > b, 


in spite of the fact that 5.22 is independent of 5.21, that is to say, that 
its addition changes the meaning of the sign ““D”’ 

The problem arises whether, in the presence of both a’ and a” in a 
language L,, a* is always present, so that 5.13 holds, or whether a‘ and 
a™ can coexist in L; without becoming equivalent. 

We shall prove that the second alternative holds, by constructing, as 
an example, a language L, in which a’ is equivalent to Ja, i.e. to the modal 
statement which asserts that the state of affairs described by a is im- 
possible 14), and in which a” is equivalent to Ula, i.e. to the modal state- 
ment asserting that the state of affairs described by a is uncertain (not 
necessary). 

We have, of course, to choose a language L, in which at least one non- 
logical statement exists, since we have otherwise la//Ua, which would lead 
to a'//a™, i.e. to the case we wish to avoid. We shall construct a language 
L, which contains one factual statement s, together with all the compounds 
which may be constructed from it with the help of the four functions 
characterized by 3.71 to 3.82 and of the definitions for a’, a”, Ja, and 
Ua. (a*, of course, does not occur.) We shall have in L, (1) demonstrable 
statements such as s >; s\/ Us; (2) factual statements such as s; s/\ Us; 
s \/ Is, and (3) refutable statements such as s/\Is; 5s Xs. 

In order to show that a! may be here without contradiction identified 
with Ja, and a” with Ua, we construct an arithmetical model of our 


$2,999 6b G2? 


metalanguage, interpreting our variables ‘a’, ‘‘b’’, etc., as variables whose 


values are the three numbers 1, 2, and 3, and “‘aj,...,an/b” as the 
statement asserting that the greatest of the numbers aj,..., an is at least 
equal to b. 


On the basis of our characterizing rules for la; Ua; a/\ b; a V b; a> b, 
and a X45, this interpretation forces us to accept the following: “a /\ b”’ 
is to be interpreted as the greater of the two numbers a and 5b; “a V/V b”’ 
as the smaller of them; etc. We obtain the matrices (also useful for showing 
that D 4.3 is independent of 4.1, etc.): 


1 3 i Mivtapnen Atos: diecotiog 113 ya 433 both 3a 
2 3 1 | 2244 “2 122 2 113 2 332 
3 1 | ae a |e 3 | 333 


14) Ja, Ua, and the other modal functions are defined in P3, section VIII. A simpler 
definition (taken from Po, p. 283, note 20) of Ja is given in section VII below, D7, I. 
The dual of this definition is: 


a//Ua <> (c) ((c/a V c/b) & (a/b > ac)). 
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In order to show that in L,, a///Ia and a™//Ua, we can use the 


generally valid dual rules: 


(5. 31) a‘//a >Ja 

(5. 32) a™//Ua Xa 

or alternatively 15) 

(5. 41) a fla>Nagea) 
(5. 42) a™//(a>a) Ka. 


Evaluating with the help of our numerical tables either 5.31 and 5.32 
or 5.41 and 5.42, the equivalences a‘//Ja and a"//Ua can easily be shown 
to be valid in Lj. 

This result is not in general true, but the fact that it holds for Ly 
establishes that, without risking a contradiction, we may postulate a‘//Ja, 
provided that classical negation does not exist in the language under 
consideration. This justifies the well known intuitionistic identification of 
a' with ‘‘a is impossible’. 

Our result is by no means trivial since from our definition of a! (which 
is equivalent with the implicit characterization of HEYTING’s calculus) we 
obtain 
(5.5) a, b/a' > bia‘, 
while we cannot obtain the corresponding formula for Ja from its definition; 
if we could, the equivalence of Ja and a* could be established in the 
presence of a*, which is obviously not possible, in view of our definitions 
of Ja and a*. The place of 5.5 is taken by the weaker rules 
(5651) a, b/Ia> b/a’. 

(5. 52) al/Ia> b/Ta. 

The fact that a rule which is like 5.5 but with ‘Ja’ instead of “a?” 
cannot be shown to follow from our definition of Ja might be considered, 
at first sight, as speaking against the intuitionist identification of a! with 
Ja, But the problem is whether a! is equivalent to Ja in the absence of at. 
That this is the problem may be seen from the fact that intuitionism admits 
that the law of the excluded middle holds in a wide range of cases, which 
means, in our way of speaking, that for certain statements a it may happen 
that a’ is complementary to a and thus coincident with a‘. 


1) It is remarkable that both ai and a™ can be defined in terms of “>" and its dual 


“\\", while a* cannot be so defined (as proved by our example L;). We see that every 
language containing “>" and “\(" necessarily contains ai and a™ (possibly undistinguish- 
able from a‘) while it need not contain at, — It may be mentioned that the theory of the 


anti-conditional “\K’’ is quite interesting. We have, for example, the dual of 7.40 (see 
section VII, below), i.e.: 


atrbXec,d<-—(e) (br e, coated). 


We also obtain, with the modus ponens, its dual: 


aaS> bb araXb,b 
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A complete formal justification of the intuitionist identification of a! 
with the impossibility of a could be obtained by proving the following very 
general 

Conjecture: If a language L does not contain the classical negation of 
every of its statements but does contain a‘ and Ia for every statement a, 
then the following holds: if, for some b, there does not exist a b*, then Ib 
is the weakest statement contradictory to b, so that b! is equivalent to Ib. 

I have so far not been able to prove or disprove this conjecture. (The 
problem is a straightforward calculation in our metalinguistic calculus, and 
most probably not difficult to solve; cp. its formal presentation at the 
end of section VII.) Meanwhile, our example of a language L, for which 
this conjecture holds establishes that, for a language which does not 
contain classical negation, we may postulate that a! is identical with Ja, 
without fear of contradiction. 

It should be noted that 5.5 is the only one of the more important rules 
which a! and Ja do not share. Among the more important rules which can 
be derived from the definition of Ja and which hold for a! as well are: 


(5. 6) a fat 
(5.7) a pla’—a- [a 
(5.71) lar a>rtlla 
(5. 8) at lla 
(5.9) art lb=> b+ Ta. 


Equally important is that the following classical principles (which also 
hold for a” and Ua) cannot be shown to hold generally of either a! or Ja: 


(5. 6’) 8, a” 

S)7") a™Ha>rha 

(5. 8’) a™™ 44 

{5.5.3 a”, b—>b* - a. 
VI 


We shall now extend our considerations to other kinds of negation, 
even to fairly remote and unusual ones. Neglecting (1) Ja and Ua, which 
were considered in the last section, we shall now consider (2) a*; (3) a’; 
(4) a”; (5) fa, ie. the self-contradictory compound of a (for which fa//fb 
holds) definable, for example, by 


al/fb <> (c)(a/b + a/c); 
and ultimately (6) three negations, a/; a!; and a", each of which is to be 


considered as introduced with the help of one of the following three primi- 
tive rules, respectively: 


(6. 1) a, b/ci + a, c/bi. 
(6. 2) a, b/c a, c'/b. 
(6. 3) a, b/c a, c"/b". 
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(These three rules will be shown not to be equivalent to definitions, that 
is to say, they are not fully characterizing rules in our sense.) 6.1 is 
equivalent to the axioms which introduce the negation a/ of JOHANSSON’s 
so-called “Minimalkalkiil”. In view of 6.2, we may call a! the “left-hand 
side negation of a’’ (in contradistinction to JOoHANSSON’s a/ which, in view 
of 6.1, is a “right hand side negation”). a" may be called the “neutral 
negation”; it is neutral with respect to right-sidedness and left-sidedness, 
as is at which, indeed, can be fully characterized by the converse of 6.3, 
viz. by: 

(6. 4) a, b¥/ck + a, c/b. 


The following diagramme indicates the way in which the rules of the 
six negation a‘, a’, a, a/, a', and a” are satisfied. 


ak 


peer aoe 
ere 


I 


a a 


ute 
a” 
The arrows indicate, for example, that a* satisfies the rules holding of all 
the others, or that a! satisfies the rules holding of a/ and a”, and that the 
latter ones are satisfied by all others (except a” which is so weak 16) that 
it does not satisfy even 6.3). 

We shall now show that the three negations listed under (6) cannot be 
defined. 

In order to show this for a/, we introduce the following auxiliary 
definition of “tb”: 

a||tb <> (c)(b/a «+ c/a) 
“tb” may be called the ‘‘self-complementary compound of b’. We obtain 
ta//tb. 

It can now be shown that tb satisfies 6.1. On the other hand, a* also 
satisfies 6.1. Thus, if a/ were definable, we would obtain ta//a/ and 
a‘ //a/ and therefore ta//a*. But this is possible in contradictory languages 
only; since we have (a >a)* + and + t(a>a), it is clear that ta//a* 
would lead to a//b. Thus there cannot be a definition equivalent to 6.1, 
and a/ cannot be defined 17). 


Similarly, 6.2 is satisfied by fa and a*; thus a! cannot be defined. 
16) There are, of course, dual rules of 6.1, 6.2, and 6.3, two of which are satisfied 
by a™, just as 6.1 and 6.3 are satisfied by ai. Note that our diagramme does not contain 
the duals of a/, al, and ak, and that it is therefore not fully symmetrical. 

77) For JOHANSSON’s calculus, see HILBERT-BERNAYS II, 449f. The fact that his 


negation cannot be defined, and that this impossibility can be proved, is mentioned in 
Po, p. 286. 
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6.3 is satisfied by ta, fa and a‘; thus a" cannot be defined. 

The fact that JOHANSSON’s negation a/ cannot be formally distinguished 
from ta (which is not, by any stretch of imagination, to be called a 
negation) speaks strongly against its adoption. a! seems slightly preferable 
since fa has something in common with Ja; for fa is equivalent to Ja when- 
ever a is either factual or demonstrable. a” is, perhaps, the best of the three 
negations under (6). 

But the fact that none of the three is definable speaks very strongly 
against all of them; indeed, I suggested in P, that the term “formative 
sign’ should be applied only to signs whose meaning is definable by 
definitions in terms of deducibility. Should this suggestion be accepted, 
then we would have to say that those signs of a language L which represent 
JOHANSSON’s negation, or the others under (6), are not formative. 

On the other hand, the very fact that these three signs cannot be defined 
makes it possible to combine them in the same language L with classical 
negation without running the risk of destroying their distinguishableness; 
which is not possible for the signs under (3) and (4). 


VII 


We now turn to some concluding remarks about the existential 
assumptions connected with intuitionist and classical negation. They will 
provide, at the same time, examples of the kind of existential problems 
which are far from trivial and which arise, and can in principle be solved, 
within the general theory of derivation. 

It is well known that intuitionism does not assert that there does not 
exist a classical negation of any statement; on the contrary, BROUWER has 
not only asserted that the law of the excluded middle is valid for certain 
entities, but has even given a proof 18) of its validity for a certain range 
of entities. This means, from our point of view, that there exist some 
statements a to which statements b exist which are both contradictory and 
complementary to a. Where intuitionism deviates from classical logic is in 
its assertion that such statements b do not exist to every statement a. 

In other words, intuitionism asserts, for the language which it considers. 
(the language in which mathematicians deal with infinite sets): 


(744) (a) (Eb) (c) (che be Pa cr). 
The corresponding assertion or postulate of classical logic is 
Cie") (a) (Eb) (c) ((ch# be a, cr) G(r a,ce— ber c)). 


which, of course, implies 7. 1'. 

Now intuitionism does not only assert 7.1, but it denies 7.1%; that is. 
to say, it asserts besides 7.1! the following principle which is a negation 
(an intuitionist one) of 7.1‘: 


(7.2!) (Ea) (b) (Ec) (d) (e) (((ce b> a, c+) & (Ha,c+> br c)) > dre). 


18) Cp. L. E. J. BROUWER, Intuitionistische Betrachtungen tiber den Formalismus. 
(Sitzungsberichte Preuss. Akad., 1928, V, esp. pp. 51 f.). 
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In other words, the fundamental assertion of intuitionism — the one 
by which it is distinguished from classical logic — is an existential 
assertion; it asserts the existence of a statement a for which the application 
of the classical principle 7.1* leads to a contradiction. (This is the force 
of the clause “d+ e” which allows us to deduce a contradiction from a 
tautology.) 

Intuitionism does not consider an existential assertion such as 7.2’ as 
legitimate if it cannot be supported by an actual construction of an example; 
it is therefore a crucial task for intuitionism to give an example of a 
statement which, if treated classically, leads to a contradiction. In other 
words, the proof 19) of the contradictoriness of classical mathematics must 
be of crucial importance for intuitionism. It is an agreement with this result 
that BROUWER considers the proof of the contradictoriness of classical 
mathematics as one of the most central problems of intuitionist mathematics. 

We now proceed to state some principles equivalent to 7.2'. 

One such principle is obtained by asserting the existence of an intuitionist 
negation which is not classical. This may be written, considering 7. 1’ 
EYes i diet ih 


(7.21!) (Ea)(Eb)(c)(d)(e)((ch 6 ¢, at) & ((b+ c++ +, 2) > d re) 


In the presence of 7. 1/, 7.21‘ is equivalent to 7. 2!. 

A less obvious equivalence can be obtained if we remember 2°) that, in 
the presence of intuitionist negation and the conditional, classical negation 
can be derived from the following principle 7. 3* (cp. also 5.22): 


{7eS") a,b >c/b—> alb. 


In this form, the existential character of 7.3* is not very obvious, but 
it becomes obvious if we eliminate here the sign ‘>’, with the help of 


(7. 40) a, b >c/d <= (e) (b, e/c > a, e/d) 


which an alternative characterizing rule21) for ‘““>", obtainable from 
3.81 (or from the definition of “b> c’’). Applying 7.40, we can transform 
doa ante Tete @ 

(7. 4*) (a) (6) (c) (Ed) ((6, d/c + a, d/b) + a/b) 


which shows its existential character. Negating 7.4*, we obtain a principle 
7.4' which (in the presence of 7. 1‘ and of a formula asserting the existence 
of the conditional) is equivalent to 7. 2!: 
{7. 4'/) (Ea) (Eb) (Ec) (d) (e) (f) (((b,d/c + a, d/b) + a/b) > e/f). 
In this case, the equivalence is by no means obvious, but demands a fairly 
complicated proof, based, of course, upon BI.1 and BI. 2. It shows that 
the consequences derivable from this basis are not all trivial. 

As an example of an interesting and perhaps more difficult problem, 

19) This proof must, of course, be intuitionistically valid; and therefore, a fortiori, 
classically valid also. 

7°) Cp. note 13, and rule 5.22, above, and Pj, pp. 215 f: (rule 4.2e). 

*1) For the dual of rule 7.40, see note 15 above. 
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I may refer to the conjecture, formulated in section V, that a‘//Ia when- 
ever a! and Ja exist but not a‘. This conjecture can be proved or disproved 
by proving or disproving a metalinguistic conditional with the conjunction 
of the closures of BI. 1, BI. 2 and the definition of “+ a, b” and ‘“‘a, be" 
as antecedent and a consequent which asserts: “If a is (not equivalent 
to 6” and therefore) not the classical negation of b then, if a is the 
intuitionist negation of b, then a//Ib.” In order to formalize this assertion, 
we shall make use of the following comparatively simple definition 22 


of Ib: 
(D7. 1) a//Ib <> (c) ((a/c V b/c) & (b/a > c/a)). 
With the help of this, we can write the assertion in question as follows: 


(a) (6) (c) (d) (Ee) (Ef) (Eg) (((a/d —— + b, d) > e/f) + ((g/a —> 6, gt) > 
+ ((a/c V b/c) & (b/a > c/a))). 


If the metalinguistic conditional here described is refutable, and a counter 
example can be constructed, 28) i.e. a language for which it is not valid, then 
the problem arises of formulating the necessary and sufficient conditions 
under which it holds; for that it holds for some languages has been 
established by our example in section V. 


22) Cp. note 14, above. 
23) Note added in the proofs. I have now been able to construct various simple 
counter examples which refute the conjecture. 


Mathematics. — Square roots in Babylonian and Greek mathematics. By 
E. M. Bruins. (Communicated by Prof. L. E. J. BROUWER.) 


(Communicated at the meeting of January 31, 1948.) 


Introduction. 

Some years ago 1) we showed, that the approximation 1 < 197888 : 62351, 
which according to Heron — Metrica Axo — has been found by 
Archimedes in his zegi ahivdidwy xai xvdtvdowy, can be obtained from a 
hekkaidekagon, using 2 = 1093:773 and calculating only one square 
root as 


Vee+ta?=r+A(r+a). 


This lead us to a revision of the methods for calculation of square roots 
in Babylonian and Greek mathematics, stated below. 


§ 1. Square roots in Babylonian mathematics. 

a. The general methods. 

1. The cuneiform text BM 34568 contains as a first problem, omitting 
the calculations: 

The flank 4, the front 3. What is the diagonal? 

Supposed you don’t know it, you will have to add half of the flank to 
the front ... or one third of the front to the flank...... 

From this NEUGEBAUER concluded (MKT III, 20) to the general 
formulae 

d@=a’?+b? —~ d=a+}Hb, 
or d=b+ fa. 

It is clear, that these approximations will give a correct result only 
for a 3:4: 5-triangle. 

Now stressing the stereotype ‘‘supposed you don’t know it” and the 
fact that the solution of the second problem: a = 4, d= 5, what is b? is 
obtained by 52 = 25, 42 =16, 25—16|=9, 32 =9 so 6=3, it is in 
our opinion clear that the factors 4 and 1/3 were obtained using a general 
formula 


<3 ] 
a= VFR =a+ b=b+ ia 
For the Babylonian mathematicians it was so evident, that with a — 4, 
= 3 we must have 4‘ = 3 and wu = 2, that it was not necessary to give 


further explications. 


1) Euclides 1943, 1. 


Be 


2. Now we have 


2 
a aay 288 


Canceling a? and dividing by b/A we find 


1 2a 
Sas 


This formula can be deduced by a mathematician, who, on the same 
tablet, solves the problem 18 in which a+ 6+d=—=s and F=ab are 
given and d is to be calculated, according to the formula, formulated in 
general terms on the tablet: 


In this way the calculation of square roots is reduced to the use of tables 
of reciprocals. The values used, solving problem 1, are indeed 


4 —3—foand = =} 2-4 
Moreover tables of reciprocals starting with 
1 1 
contain the values 
2 0.30 
2.24 0.25 
3 0.20 


The values necessary for the solution of problem 1 can therefore also 
be found at the beginning and the end of the sections of reciprocal tables. 


3. Control: we calculate ¥2. Then a= b= 1 and ae psd, AU AS 
reciprocal tables give : = 0°.25’ so ¥2 = 1°.25’. Therefore 
wee ee KL 25 42°30" 


Waschow (Q.S.B, 2, 295) suggests, that this value was calculated 
with the Heron-formula starting with /2 =3/o. We think, that the values 
were taken directly from the reciprocal tables. Further explications are then 
superfluous indeed. The cuneiform text AO 6484 e.g. gives us: 

The diagonal of a square is 10. What is the side of the square? 

Multiply 10 by 42/30” (Result 7°5). Multiply 7°5 by 1°25 (Result 
Wes): 

b. Special methods. 


From a —* ae 23 a>b is evident 


28 2a 
ee a aa 
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b2 
1. The lower bound gives us: d=at >_- , ge oe. ee we 


HERON’s formula. 
b? 
II 


The first formula can be found in the cuneiform text VAT 6598, 
problem 6 with the data a = 40’ b = 10’ as is well known. The numerical 
operations are: 

10°2 = 1’40”. The reciprocal of 40’ times 1’40” gives 2’30”. One half 
of this 115”. Add to 40’. Result 41715”. 

On the same tablet the problem 7 gives us a second method for calculation. 
NEUGEBAUER has given an analysis of this method (Archiv fiir Orient- 
forschung 7, 99) and concludes that the text must be corrupt. 

The solution given on the tablet is: 

10’2 = 140”. 1’40” multiplied by 40’ — “‘the altitude” — 1’6”40’”. 

Double 2’13”20’’. Add to 40’ and you will find 42’13”20””, the diagonal. 

From this NEUGEBAUER deduced: The given method is an approximation 
of 


2. The upper bound gives =a+ = 


2a 2ae ee ¥. 2ab* 
2a?+ 6b? ~ 2a?+b? ~~ 2a?+ 5b?’ 


d= 


a formula, which can be obtained by iterative methods. The first term has 
been put equal to a, whereas 2 a2 + b2 = 55’ has been equalled to unity. 
The approximation d = a + 2 ab? is only valid because of the special data. 

Finally NEUGEBAUER remarks, that the rest on the tablet would in all 
probability have contained further iterations. Unfortunately — NEUGEBAUER 
concludes — the rest of the tablet has been destroyed. 

But the rest of the tablet contains one half of the figure of a rectangle 
and we can see that again a = 40’. On the rupture however we see the 
upper half of 6’40”, the area, and therefore it is beyond doubt that a new 
series of problems begins with problem 8. 

We may, on the contrary, remark that formula II can be completed to 


a-- ———  <_d< a+ -— 


2a oar aia 


as the upper bound is even greater than that given by I. 

Now the reciprocal value of 2a + 6 = 90’ = 1°30’ is 40’. Therefore 
we agree with NEUGEBAUER that the text is corrupt, but only is this respect, 
that everywhere in these problems on the tablet the number 40’ had to be 
followed by — the altitude — except after the 40’ which stands for the 
reciprocal of 2a + b, 

The full solution had to proceed, having calculated 1’6”40”’. Add to 40’ 
— the altitude — 41'6’40’ or double 271340” and add to 40’ — the 
altitude — 42’13”40’", thus giving both bounds for d. 


05 


To strengthen this interpretation we remark, that the writer of VAT 6484 
made a similar “mechanical” mistake on the same tablet in problem 5, where 
we can read a pure ditographical 2.30 tamar. 


Remark. In accordance with the Babylonian calculations we can also 
verify I and II starting from the evident inequality 


ax<d<a+b 
jl. da d+a>2a b? > 2a (d—a) d<a+t a 
2, d<at+b d+a<2a+b b?<(2a+5b)(d—a) d>ats7 5. 


§ 2. Square roots in Greek mathematics, 


a. According to the geometrical interpretation of irrationalities in Greek 
mathematics it is obvious, that the process in calculating G from 


is 30 
has to be, (fig. 1), putting O2 =a, Ob=b, OG=G, OH=H, 
OA=(A 

WeoaGaA 


ere G?= OR?= A.H=a.b. 


Fig, 1. 


Whereas the last relation gives us 


H= 2ab * feila ts) 


a+b wel 
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we see, drawing the tangents in a and b, immediately the relation 
aip= an: bloke heed ii 

The wellknown definitions of the arithmetical, harmonical and geo- 
metrical mean values A, H. G 

A: tow wiv xat doududy tnegéxovoay, tom de tregexopévny, 

H: tavi@ pion tov dxowy abr@y bregéyovoay xai bregexouerny, 

G: 6 tnd ty dxowy isos 1H and tod péoov tetQaydre, 
are thus evident. 


2. Beginning with an arbitrary value a = Ap we can now obtain by a 
process of iteration a series of upper and lower bounds ( Metrica A, 7) 


LS Apes te ee pemets C he el 
2 2 
G? G? 
ime Se ; SF A, ° Hg] G Ag 
HERON’S series. 
POLST __ 665857 


Css a A ae ye oe 408 “!*=470832'°"° 

3. The value for the upper bound G?:a obtained from an arbitrary 
lower bound a, can be much greater than is necessary e.g. G2 =3 a= 1 
b = 3, whereas b< 2 is evident. We can easily generalise the formulae 
correcting the relation 


ig Ce 
with 
(G—a) (8—G) = (a + £) G—aS—G? = positive, 
afp + G? 


This value is identical with the Babylonian formula II. The result is more 
accurate than that given by the hamonic mean as 


aB+ab  2ab __ (b—a)(b—8) 
at+B a+b (a+6)(a+) 


The general method to obtain a series of lower and upper bounds an, 
bn becomes 


>0 if b> 8B. 


- __ 89. by +. G* 
3 ei a2 + hy 3 
a? + G? 
by ba 
1 
e.g. i = 35 ie! ays 7k ap tee 
70226 
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This process has been given by C. MULLER (Q.S. B 2, 281). 
If the accuracy needed is less than that given by bs e.g. if an accuracy 


of about 1 Joo is sufficient, then we can correct by according to Heron's 
formula 


V3 < (26? + 3 X 152): (52 X 15) = 1351 : 780. 


As Archimedes did not need an accuracy as given by by in his xdxdov 
bétonors he could use 
265 re 135] 
(Sane — 780: 


The bifurcation in the scheme above can thus be explained. 
4. For sake of completeness we add that it is possible to obtain the 
Greek formulae for square and cubic roots from one general formula. 


d=a+x=b—y 
square roots cubic roots 
Awa —a* lax A, =@—a~3ax(x+a)3adx 
A,=b?—dw2by A, =b'—d’ 3 by (b—y) 3 bdy 
So in both cases 


x:y=bA,:af, 


Indeed, Heron, Metrica J’, x, computes B100 as 


42 df<—5 
100 — 64 = 36 125 = 100+ 25 
be Die oo ae 
Coie i80+100~* hie 


§ 3. The square roots in xixlov pétenats. 


If one reads Eutochius’ comments on Archimedes’ xvxlov pétonoic 
it becomes clear, that Eutochius only controled the results obtained in a 
direct way. The method used by Archimedes calculating the square roots 
— was not made clear. 

We shall show, that the above methods give Archimedes results by 
straightforward calculations. The lower bound will give us further 
information about the technique used to avoid too large numbers. 

I. The upper bound a < 3!/z, 

To obtain an upper bound Archimedes used an iterative method 
calculating the ratio 2R: Agn from 2R: An, An being the side of the n-gon. 
From figure 2 we have: 


An: Amn =(R+0n):R 
tA, +R 
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or 2R:An=p:q => 2R:An=pt+Vp?+q?:4- 


Beginning with a ratio that is too small and calculating lower bounds 
of the square roots with the “generalised harmonic mean formula’ we have: 


OR AG — 1) oe lie205a1 54 06 — 2A¢ 
2R : Ayo > 571: 153 
d?= 0? = 571" -- 153° = 349450 a= 591 


d?+a(a+1)_ 699322 __ 169 
2a+1l 1183 — a9 ga Is: 


2R : Aog > (571 + 5911%) : 153 = 11621% : 153 
d= 02, == (1162)),)? + 1537 = 13749439 ,, aasilis2 


__ 27486991o 4/16 359"/2"/16 
d= age = Ne riz2)). 


2R: Agg > (11624 + 117214) : 153 = 233414 : 153 
d= 97, = (23344),)? | 153° 5472192), = 25a0 


a= 


EROS REL Pe 1211 
od 4679. 2929 4679 > 2339! 4. 
2R : Agg > (2334/4 + 233914) : 153 = 467314 : 153 
diameter : contour > 467314 : 14688 >1: 667"'/o 


4673'/,° 
Now 7 X 66714 = 467214, soa < 31)z. 


II. The lower bound a>3 10 


re 
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From figure 3 we have: 
AB: an =p:q 
2R:an =Vp?+q?:q 
AH: an=p+Vp?+q?:q 
As AH:HC = AC:CS = (AC + AB): BC and 
AC2 = 4R2 = AH2+ HC2, 


B 


as 
A. 
Fig. 3: 


Now we will have to begin with too great a value for p:q and to 
calculate upper bounds of square roots: 


\d=4 (2 es £), 
We have 
AB: ag = V3:1<1351:780 2R= 1560 
(1351 + 1560) : 780 = 2911 : 780 
d2 = 29112 + 7802 = 9082321 3013 <d < 3014 
Aa (3013 + 3014 eee 
2R : ay2 = 301314 4 : 780: 
(2911 + 3013144 14) : 780 = 236999 : 3120 = 1823 : 240 
as follows multiplying by 4 and dividing by 13. 
d2 = 18232 + 2402 = 3380928 1838 <d < 1839 


BAT a 2685 
1338) = ay 


< 4 (3013 + 3014'/2) = 3013'/, "/, 


d<} (1838 + 1839 are 


In order to approximate the last fraction so as to cause a great 
simplification we shall before all wish to choose a fraction p/q with 
p+q=xX 10 as the next step begins 


(1823 + 1838 piq) : 240 = 3661 pq: 240 = (q X 3661 + p) : q X 240, 


Now cat > 2/3 and so the first fraction in the series 


3676 
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that can be used is 9/11, all others being = 2/3. The fraction 9/,, can be 
used indeed. So we have 


2R + 224 <4 18389/44 : 240 
36619/11 : 240 = 40280 : 2640 = 1007 : 66. 


Again 
d2 = 10072 + 662 = 1018405 1009<d< 1010 
326 \ _ 163 ; 
d<} [1009 + 1009 oa == Le 1009 < 1009'/, 


2R + 24g ee 10091), : 66 
(1007 + 10091/,) : 66 = 20161), : 66 
d2 — (20161/,)2 + 662 = 40692841/,, 2017<d< 2018 


995 \ | 995 
d<} (2017 S2017 ae SN 


which is very near to 201714. 
Now (20174)? = 406929714 1/,, > d?, so we can use 201714 indeed. 
2R : agg < 201714 : 66 


diameter: contour < 201714 : 6336 = 201714: (3 X 201714 + 284'4). 
1 


Now z< i= 3onis already known. By increasing the nominator we 
try to approximate 28414 : 201714 in the last fraction. 
70 X 284144 = 1989714 < 10 X 201744 = 201724 


71 X 28414 = 1989714 +28414 = 2018134 > 20172144 
So 
10 
neo aT 


Conclusion: 


1. All square roots were calculated by the general method. 

2. Intermediate fractions were approximated so as to cause a great 
simplification. 

3. Changing ‘“‘one-decimal” in “two-decimal’ nominators by a small 


change of the nominator in 3 ae correct value 3 m was calculated. 


71 


§ 4. a< 197888 : 62351. 


Heron's remark that Archimedes obtained this approximation in his tract 
“On blocks and cylinders” suggests, that the series of the tetragon has been 
used. A simple analysis shows then, that a 32-gon should have given a 


a a 


better value. The general scheme becomes now 
2R=A; =a 
2R.2 As = ria 
2R:Abwer+yet+a:a 
Here 


6 = a + d/d*=)2a2 and ‘therefore c2 = a (2r +a); rc? + a2 = 2a (ra). 
Taking the square root as “harmonic mean value” we have 


4a(r+a) 
is 2 ac Fe 


ewauthia Ua ies roemey a (2 a—d) 


eee 
VP + a= Y2a(e+a)= r+3a “r+3a ~ 


The last fraction can easily be simplified: 


a(2a—d) 2a—d 
oe ARE hae Sg Sioaer 


and therefore the factor of (r + a) is smaller than 1/;g asd >a. 
A rough approximation gives us in this way for the square root 


r+ 7, (rc + a) 
and 
2h  Lasg = 99 aye 162 


2R ol biay een (33 rot a) 256-a: 
Now if we take a = 773 then d = 1093, r = 1866 and 
mt <. 197888 : 62351. 
The approximation /2 > 1093: 773 can easily be found by successive 


corrections of numerator and nominator according to § 3 conclusion 3. 


~~ 10 11 0 
W275 so gcl2cz 


110 110 109 110 
80. <7 ee y2 <a < 77 
1093 1094 . 1090 

3 <2 <a93 < 779 


We conclude with the remark, that the harmonic mean value gives a 
better approximation than the direct application of Babylonian rules I, Il: 


VPpa cet Sart gig (eta) < r+ aglet+a) asd>a 
Vee 


=r +—___(r +a) > r+ y5(e-+a) as d< Pa. 


a? 
a eT 


The “Jower bound” given by Heron is also an upper bound. Therefore 
we cannot give a ‘correct’ deduction of this one. 


Mathematics. — La définition d'un systéme hypercomplexe1). By F. 
Loonstra. (Communicated by Prof. J. G. VAN DER CORPUT.) 


(Communicated at the meeting of February 28, 1948.) 


Dans son oeuvre ,,Moderne Algebra I’ (2me édition) M. B. L. VAN DER 
WAERDEN développe la notion du systéme hypercomplexe (§ 14, p. 46): 
Soient R un anneau ayant un élément unité, G un espace vectoriel sur R, 
alors on appelle G un systéme hypercomplexe en définissant une multi- 
plication pour les éléments u,v,... de G. Pour cette multiplication on 
demande, outre la loi associative et les lois distributives la propriété 
suivante: 


(aijgsow (av) =a (ue) pourra CR, te 2 ae 


Cependant cette derniére condition nous méne, comme M. G. W. DE VRIES 
a établi 4 une conférence du ‘““Mathematisch Centrum”, au résultat 


(cnt) (8 o) == a8 no = a> ne! G~ Sw ee 


D’abord il s’ensuit que (2) ne vaut que pour un anneau R commutatif, a 
moins que tous les uv soient nuls. Pour les anneaux des polynomes on 
serait réduit aux anneaux des coéfficients commutatifs, ce qui n'est pas 
l'intention. On pourra néanmoins éliminer la difficulté (2) en exigeant la 
condition plus faible (3) au lieu de (1): 


(an)u =a; (enHalea) Os oe ee 
pour tout ac R,uCG et pour chaque élément uj de la base de G. On 
aurra ainsi: 


(Say uj) (2 Bx x) = 2 Daj Br (uj un), o et au ta 


de sorte qu’on pourra calculer les produits uv, si l'on connait la relation 
U ju =L'yi, ui (5) pour chaque paire d’éléments de la base. Inversement, 
i 


soient R un anneau (ayant un élément unité), G un espace vectoriel sur R, 
Vik des constants de structures, alors la multiplication définie par (4) et (5) 
est distributive par rapport a l’addition; en outre il s’ensuit de (4): 


(auj)u = (au) SY Beug = Sa By uj ux = aj (Ya By ux) =u; (au) 
=a (u; S Bx ux) =a (u;u), 
de sorte que la condition (3) est remplie. Pour que la loi associative vaille 
il faut que uj(usui) = (ujux)ui pour toute combinaison possible de jk 


et i. Il résulte une difficulté de la condition (3): en pasant, au moyen d'une 
transformation linéaire, 4 une autre base, la relation (3) n'est pas invariante. 


1) C'est M. G. W. DE VRIES gui m’a donné lieu a cette remarque en rapport avec la 
validité de la relation (2), 


Mathematics. — On certain exponential sums. By PAUL TuRAN. (Com- 
municated by Prof. J. G. VAN DER CorRPUT.) 


(Communicated at the meeting of January 31, 1948.) 


1. In a recent paper!) I established the theorem that to the truth of 
the quasi-riemannian hypothesis — i.e. to the existence of a #% with 
3<0<1 such that the zeta-function of RIEMANN has in the half-plane 
o>d# at most a finite number of roots — is necessary and sufficient 
a certain estimation of the sum 


ht LOE eae ice ieee ELD 
NisSpsn" : ; 


Here p denotes — as throughout the whole paper — primes; further if a 
is a fixed number with 


we Oem ivene a4: lodges xf 12) 


and c;,Cy... denote numerical constants then fy,N’,N” of (1.1) are 
restricted by 


N of: Sh —< 
GS|pt=>SN<N’SEN..... (1.3) 


The required estimation states the existence of a f with 


Ps Se RP 


such that 
N e10 (log log N)? 


it,logp 
ni<p<nr bir Legs | to |? 


(12>) 


2. As I mentioned in the paper), an inequality of the type (1.5) — 
however replacing the exponent 1 of log p by an arbitrary y of the domain 


4>72=2, PLY NHR LE IS me BZ. TT) 


— I can prove in fact using VINGRADOFF’s ingenious arithmetical method. 
More exactly I proved in the paper1) for every y-value of the domain 
(2.1) the estimation 


3 N etlloglog.N)? 
Fy el tolog” p | i = ——— (2. 2) 
whew Trl Vel 
valid for 
= Sh =N <N’EN. ierieee eg ge) 


1) P, TurAN. On RIEMANN’s hypothesis I. Rec. Math. Mosc. 1947, p. 197—262. The 
method I have now greatly simplified and results generalised; all these I shall publish 
elsewhere, 


Bie 


3. The results 1. and 2. suggest two trends of investigation. First to 
estimate (1.5) using (2.2). Secondly to find necessary and sufficient 
conditions for the quasi-riemannian hypothesis in terms of sums (2.2) 
instead of the sum (1.1). Of course the two trends have common points. 
The detailed treatment of these results I shall publish elsewhere; here I 
shall quote only the main theorem in a somewhat condensed form. The 
existence of 


a=2, 4+ pel, t= %o2 . 2 sn ee, 
such that 


N eto (log log N)? 


e! tolog” p Cc 
N'<psnv Ve | to |@ 


(3. 2) 


with the restriction 


a=iarey ant NVSSN Ss PSP 2 Aas} 
is for the truth of the quasi-riemannian hypothesis necessary and sufficient. 


4. A comparation of the theorems of 1. and 3. reveals a curious 
situation. If y is an arbitrary value with property (2.1) then in order to 
prove the quasi-riemannian hypothesis we have to prove (3.2) with Bp > 3 
/ and are able to prove only with 8 = 4 at the present /; but if y — 1, 
then we have to prove (3.2) / or (1.5) / only with 6 > 0. The reason 
of this curious discontinuity is not clear to me. 


5. What has been said before, gives perhaps on enhanced interest to 
every method of estimating the sum in (3.2) with y 1. In this paper I 
shall show how the ‘method of density” due to HOHEISEL 2) and LINNIk 3) 
leads to a slightly improved form of the inequality (2. 2)—(2. 3). Explicitly 
stated I shall prove changing the notation a little, the following 


Theorem. For every » satisfying 


bESPSEUY sige yk nee al) 
and 


=a N SSN, 9t ot. a Coe 


we have 


XZ evitelos! 7] < cy ( (5. 3) 


N log’ N N log’ N 
V |r| t |7| to 
*) G,. HOHEISEL: Primzahl-probleme in der Analysis. Berliner Sitzungs-ber., 580—588 
(1930). 


$) U. V. Linnik: A new proof of the GOLDBACH-VINOGRADOFF theorem. Mat. 
Sborny. 19, 61, 1—8 (1946), 
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6. The proofs needs some auxiliary theorems; the first three are due to 
KusMIN 4), VAN DER CorPuT 5) and INGHAM 6) respectively; the fourth is 
essentially due to LANDAU 7). 


- Lemma I4). If 
0< O=a,—a; =a;,—a, =... =an—on-1=1-90. . (6.1) 
then 
S\=| Ter < 
= tia, pease 
| =| ze I< pe 
Corollary. If to a function f(x) twice continuously derivable for 
a<x<b there is a0< 6 <} such that here 
@=|f (x)|=1-0O ...... . (6.2) 


and the second derivative does not change its sign then 


2 
221 f(r) == 
Re a: ee 
Lemma II 5). If instead of (6.1) we have 
Gy42—24,4; + a,=r>0, go 1,2, de Pe) es AO 
then 
Reg } 6 
| S| = | = e2tity | = “Ves (2 + Ap—An-1) + Le ee (6. 5) 
_— ar 


Corollary. If to a function f(x) twice continuously derivable for 
a <x <b there are positive r and s so that 
lf’ (x) | =r, leh 9 | Se Samarra erm og (30 6) 
then 
as 
r 
Lemma III¢). Denoting as usual by N(#,w) the number of roots of 
the zeta-function of RIEMANN in the domain (s =o + if) 
o>s, O0<tSoa, 4=S0<1, od, 


then for a suitable cg 


| 2 erin 
a=v=b 


vee Ap Gy psy Plane | 


N (3, w) < cg w'"'—”) log? w. 
Lemma IV 7). If A(n) denotes the symbol of DiRICHLET then for T > 3. 


Mt tte oe ee dP < 5%, (log? n + log? T). 


ltg|ST @ 


4) Reproduced in the paper °). 

5) J. G. VAN DER CORPUT: Sur la methode de Weyl dans la theorie des nombres 
40, 836—846 (1937). 

6) A. E. INGHAM: On the difference between consecutive primes, Quart. Journ. 
Vol. VIII, 255—266 (1937). 

7) Essentially due to LANDAU. See e.g. his Vorlesungen iiber Zahlentheorie, Bd. I, 


113—115. 
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Proof. Since 


(1+log—!n + ét) (1+log—! n+it) 
eM es ase Psa op n-+4\* ds 
~ Oni s  () Siar) Qn y s 
(1 +log71n—it) (1 +log—!n—ir) 
and for 7 > 3 
1+log—! n+it 4 i d \ 
1 n 5 ds n 
— 4 | ——e(r)| < cio = T 
Dort 4 Ss 1+log In 1 n+4 
T og 
1 4log—!n—ir y 
where 
— — 
ely) aie ae 
LA 2st) 
we obtain 
(1 +log—! n+ir) (n-+-4) 
1 n zy 
ed, a d 
PONE ee J ait Sa Ss 
(1 4log—!n—it) 
@ log v nlog?n 
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Now to our T we can determine 8) 1 so that 
=t< T+ i 
and for o2=—4,t—=t 
% 
0) 


hence applying CAUCHY’s theorem to the parallelogram 
(—1 iz, 1+log'n+iz) 
we obtain if 
0= 0, + Ilo 
(we shall keep this notation throughout this paper) that 
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Since the contribution of roots with T <| te| <r is absolutely 


nlog T 
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8) See LANDAU’s Vorlesungen iiber Zahlentheorie, Bd. II, p. 120. 
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we have 
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Replacing n by (n —1) and subtracting our lemma is proved. 


7. First we investigate the sum with integer N’ and N” 
Opt gat eel (ape ee a (7,15 
N'SnSnv 
Now we replace A(n) by 
j= iy? (n+4)°—(n—4)2 
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where T = T(N, to) will be determined later. The error made is according 
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8. We estimate the first sum using the corollary of lemma I. 
Since 


t / 
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ed Od Pe 
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we have for x >e and —isy<l 
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further for all sufficiently large N's 


oe 
to 


- 1 
LF (x) = 4n Ny logN’ 
Hence this corollar is applicable with 
— 1 : fo Se 
~ 4% N/logN 
and we obtain using again (7. 2) 
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The remaining sum we split into the parts 
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9. Now we estimate |S3| rather roughly. Using partial summation in 
the inner summation this is 
Nv=1 
= — (N’ —4)e enitlog!+¥n 4 yy (n +4)2 (e-itolog! +7 n — e-itolog! *¥(n +1) ae 
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Hence this inner sum is absolutely 
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If we succeed in proving an upper estimation of the sum (9.1) in the 
form N*, x <1 then we need 
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This is certainly true owing to (5.2) if 
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Hence at first we consider that part of the sum (9.1) for which 


6, = 182 
e=—= 300° 
This partial-sum is absolutely 

<< Niw Px <a Ci9 Niw log? N 
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Estimating that part of the sum in (9.4) for which | te|<N*, where A, 
we determine later, we obtain using lemma III. this is absolutely 
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on®-1, Since 
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Since the sequence (n’e—!) is monotonic we obtain using the usual remark 
of DIRICHLET 
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For some 0@’s the whole inner sum of (10.1) satisfies of course this con- 
dition; owing to (5.1) this is certainly the case if 
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Se consists of at most two parts in each of which the summation is 
extended over consecutive integers. To each of these we try to apply the 
corollary of lemma I. with 


fa 
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Since the derivative of the numerator of f(x) is 


to a Rat -[(1—y) log’? x + log’-!x] >0, 


f(x) has at most one root in our intervals. Hence the range of summation 
of So consists of at most three intervals in each of which [’(x) does not 
change its sign and 


since 
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12. Now we estimate |S4| using lemma III. The contribution of the 
o’s with o <3 is obviously owing to RIEMANN-VON MANGOLDT’s theorem 


< C29 Ne log N . yN= C29 Ni log N a RP Oxi (12. 1) 
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The contribution of the roots in Py with fixed v is according to lemma III 
y+ 
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if N sufficiently large we can apply this corollary and obtain that the inner 
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Zoology. — On the function of the Golgi-apparatus in the exocrine 
pancreas cell. I. Structural variability of the Golgi-apparatus. By 
J. W. Sturrer. (From the Zoological Laboratory, University of 
Utrecht.) (Communicated by Prof. Cur. P. RAVEN.) 


(Communicated at the meeting of February 28, 1948.) 


Although the Golgi-apparatus is one of the most described cell compo- 
nents, little is known about its function. For the enormous number of 
papers relating to the subject I may refer to the reviews of HIRSCH (1939) 
and HIBBARD (1945). 

The exocrine pancreas cell is a very suitable material for the study of 
this problem. Three arguments may be put forward for this statement. In 
the first place with the usual techniques it is easy to make visible the 
Golgi-apparatus in this cell. Secondly, the pancreas cell forms micro- 
scopically visible products during its functional activity, the pro-enzyme 
granules. Thirdly, there is an undeniable topographical relationship 
between the Golgi-apparatus and these pro-enzyme granules. The last- 
mentioned fact points to the possibility that the apparatus is cooperating 
in the process of formation of the granules in the pancreas cell. 

It is important to know as much as possible of the structure of the 
apparatus in order to learn more about its function. Precise descriptions 
have been given by many authors (MORELLE 1925, 1927, NAssonov 1924, 
and others), but doubt has arisen with respect tosome points concerning the 
structure of the apparatus in the pancreas cell of the white mouse on 
account of the conflicting results of Ries (1935), Hirscu (1939, 1940) 
and JArvi (1940)1-2-3, Especially the discussion between HIRSCH (1940) 
and JArvi (1940)2 on the subject will be reviewed below. For the moment 
is suffices to remember the fact that each of the three last-mentioned 
authors used the impregnation technique with osmic acid according to 
Kopscu (as modified by KOLATCHEV) to study the same organ of the 
same animal. HirscH (1940) and JArvi (1940)1-2 even partly used the 
same sections. Nevertheless, their interpretations of the Golgi-images 
obtained in this way differ greatly. 

Therefore, the first aim of this paper has been to re-investigate the 
structure of the Golgi-apparatus of the pancreas cell of the white mouse 
after osmic impregnation, in order to find out whether technical failures 
can have caused contradictory statements, as mentioned above. After that, 
I have tried to give a true description of this structure and of its functional 
changes as it shows itself in fixed material after osmic impregnation. 
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Technical aspects of the problem. 


Among the impregrtation techniques for the Golgi-apparatus KoPscn’s 
method (as modified by KOLATCHEV) is the most adequate to apply to 
pancreas material, as it is the most selective one: Champy-fixation during 
24 hours and OsO,-impregnation during 3—8 days in a 1 % solution at 
35° C. The effects of this treatment on tissues have been fully discussed 
by Hirscu (1939). Therefore, it will suffice to make some remarks con- 
cerning especially important points. 

It is a well-known fact that even after KOPSCH’ technique and its modi- 
fications besides the Golgi-apparatus several other cell substances can be 
blackened. It is often a matter of some difficulty to decide which of these 
substances do belong to the Golgi-apparatus and which do not. RIES 
(1935) observed in the pancreas cell the structures called ,,lipochondria’”’ 
by him, to be blakened after impregnation with osmic acid and reckoned 
them among the Golgi-structures, but JARvI (1940)! proved them to be 
pigment granules which can be found in adult animals only. Hence, this 
paper has been based on material of juvenile white mouses as well as of 
adult ones and it was found again that “‘lipochondria’ do not occur in the 
pancreas cell of juvenile animals. 

After Champy-fixation, the outer parts of the piece have been badly 
fixed. This is caused, probably, by the different rate of penetration of the 
components of the fixing mixture. Moreover, these outer parts appear to 
be surfeited with osmium even after a moderate impregnation with osmic 
acid (MORELLE 1925). In sections, one can always distinguish several 
zones showing different degrees of impregnation and fixation. JARVI 
(1940)1 already presumed that Ries (1935) did not sufficiently take into 
account this phenomenon and, therefore, came to the false conclusion that 
the Golgi-apparatus of the pancreas cell periodically disappears. But even 
when one recognizes this danger it is difficult to decide which degree of 
impregnation should be preferred in order to study the structure of the 
apparatus. According to JARVI (1940)1~-3 the finest threads, connecting the 
Golgi-elements with each other, are not visible after light impregnation, 
but this author admits that a stronger impregnation may mask the finest 
details in thicker Golgi-threads. The same difficulties are important for a 
decision as to the most adequate thickness of the sections. 

In this paper special attention has been paid to lightly impregnated and 
very thin sections (I—3 «). Contrary to the most recent authors who 
studied the pancreas (Ries, Hirscu, JARvi) I have counterstained these 
impregnated sections with ALTMANN’s acid-fuchsin. The counterstaining 
technique yields several profits, whereas is causes no damage at all to the 
Golgi-apparatus. Badly-fixed cells can easily be recognized, the proto- 
plasm being overcharged with acid-fuchsin. In wellfixed cells the proto- 
plasm appears to form a lightly-coloured background to red mitochondria, 


yellow-red pro-enzyme granules, black Golgi-structures and white 
vacuoles. 
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Results 


The figures 1—9 on page 356 show a number of sections of exocrine 
pancreas cells in different stages of their activity, which can be found in 
the pancreas of every normal white mouse having permanently access to 
food. The sequence of these figures reproduces the well-known production 
cycle of the pancreas cell. 

The first two rows of cells (fig. 1—6) represent the process of for- 
mation of pro-enzyme granules. These cells are in the “‘restitution period” 
according to the nomenclature of Hirscu. At the end of this period, the 
cell reaches the accumulation stage (fig. 7); it contains a big mass of 
granules. The figures 8 and 9 show the extrusion of products, which is 
characterized by the occurrence of big vacuoles originating from the deli- 
quescence of pro-enzyme granules. 

Moreover, all these figures show the Golgi-apparatus, blackened with 
osmium. The figures suggest very strongly that the apparatus is changing 
gradually and in a definite way during the restitution period. Still, the 
data given in this paper do not prove this at all. In my opinion, a sub- 
jectively arranged series of different cells cannot be used in all cases, and 
particularly not in this case, to make a true reconstruction of a process 
that is going on in one cell. Therefore, only the following definite con- 
clusions can be drawn from the observations made in this investigation. 

The Golgi-apparatus of the exocrine pancreas cell has, as a whole, the 
structure of a continuous network in all stages of its activity. This may 
not be visible in very lightly impregnated sections, but it is obvious in 
stronger impregnated ones, even when the cells have reached the accumu- 
lation stage. This is in accordance with JARVI’s view (1940)1-3. The 
assertion of Hirscu (1940) as to the occurrence of isolated Golgi-elements 
does not hold for the pancreas cell as far as KOLATCHEV’s preparations 
can show. 

In very thin and lightly impregnated parts of a section small vacuoles 
can be observed being always in connection with the Golgi-apparatus 
(fig. 2—9). It is a very difficult matter to decide whether these vacuoles 
are lying in the centre of the blackened Golgi-threads or are only attached 
to them very closely. In the sections they are never quite encircled by 
black substance, but the fact that parts of the black rings are missing may 
be caused by insufficient impregnation. These Golgi-vacuoles have, prob- 
ably, been observed by MORELLE (1927) but it is doubtful whether JARvI 
(1940)1 has seen them. Speaking about meshes in the Golgi-net and 
vacuoles this author says on page 25: “Es muss daher besonders betont 
werden, dass es meistens wegen der Kleinheit und Zartheit der Strukturen 
nicht gelingt, die Form dieser Maschen treffend, entweder als Vakuole 
oder als Schlinge, genau zu charakterisieren’. Nevertheless Hirscu (1940) 
contends to have seen distinct Golgi-vacuoles in JARVI's preparations. 

Hirscu (1940) asserts the shape and mass of the Golgi-net to change 
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in a specific way during the restitution period. JARvI (1940)1 denies that 
any changes of that kind worth mentioning occur. However, a mere look 
at the figures 1—9 of this paper convinces one of the fact that important 
changes in the shape of the apparatus may occur. In some cells (fig. 1) 
Golgi-vacuoles are lacking completely, in other ones they are abundant. It 
is more difficult to decide whether the mass of the blackened substance is 
changing or not. This mass seems to decrease as the restitution of pro- 
enzyme granules makes progress, but this may be a false impression caused 
by the Golgi-net being stretched out as the mass of granules increases. 

All previous investigators of the pancreas agree that there can be a 
marked topographical relationship between the Golgi-apparatus and the 
pro-enzyme granules. In the accumulation stage (fig. 7) this may be a 
consequence of the circumstance that there is hardly any room left in the 
cell for the two to lie apart. But in other cases (for instance like that of 
fig. 4) little groups of granules are attached to the apparatus in such a 
manner that a functional relation is suggested rather strongly. However, 
as I pointed out on page 355, it is, in my opinion, not permitted to draw a 
conclusion from incidental indications like this. I shall revert to this point 
in the next paper of this series. 


Summary. 


In thin (1—3 wm) preparations of the pancreas of the white mouse, 
impregnated lightly according to Kopscu’ technique as modified by 
KOLATCHEV, and counterstained with acid fuchsin (ALTMANN) the fol- 
lowing observations can be made. The Golgi-apparatus of the exocrine 
pancreas cell has, as a whole, the structure of a continuous network in 
all stages of its activity. Small vacuoles can be observed in varying num- 
bers, lying always in connection with the apparatus. They cannot be 
mistaken for the protoplasm-containing meshes of the network. Important 
changes in shape of the apparatus may occur during the peroid of resti- 
tution of pro-enzyme granules. There can be a marked topographical 
relation between Golgi-apparatus and pro-enzyme granules, suggesting a 
functional relationship between the two without giving definite proof of this. 
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Zoology. — Insemination in Limnaea stagnalis L. By L. H. BRETSCHNEI- 
DER. Zoological Laboratory, University of Utrecht. (Communicated 
by Prof. Cur. P. RAVEN.) 


(Communicated at the meeting of February 28, 1948.) 


In connection with the descriptive and experimental investigations on 
the development of the egg of Limnaea stagnalis, executed in our labora- 
tory, I have studied the formation of the egg cell from its origin as a 
primary sex cell until oviposition. A preliminary communication of the 
results of this study has been given by RAVEN (in: WOERDEMAN & RAVEN 
1946). 

In this paper, the insemination of the egg will be studied. First, how- 
ever, the path travelled by the spermia on their way to meet the egg cells 
before insemination will be described. 


1. Topography of the male genital tract. 


In the pulmonates, with their intricate processes of mating and oviposi- 
tion, a complicated genital tract is found, which agrees in its general con- 
formation within this group, but exhibits, on the other hand, many species- 
specific characters (cf. SIMROTH & HOFFMANN 1928). 

The gynandric gonad of Limnaea consists of numerous acini, arranged 
in a cluster around the spermoviduct and enclosed within the hepatic 
gland. The acini are, as a rule, branched, and open into short secondary 
vasa efferentia, which unite to primary ones and finally enter into the 
spermoviduct (fig. 1). Two parts of the latter may be distinguished: 1°. 
the pars vesicularis, which shows a twisting course and has pouch-like 
evaginations, the vesiculae seminales, 2°. a straight narrow channel, the 
pars recta, running freely over the hepatic gland in an apical direction to 
the bifurcatio spermoviducti. Here the vas afferens branches off to the 
right as sperm-duct, the oviduct to the left. The vas afferens swells 
locally into the pear-shaped glandula prostata, containing a black pig- 
ment. From this point, the vas efferens runs as a long loop-shaped passage 
to the penis, which opens to the exterior on the right side of the head 
behind the lateral tentacle. 


2. The path of the sperm. 


The eggs are fertilized by spermia from the copulation partner. These 
have taken the following course to reach the site of insemination in the 
pars recta of the spermoviduct (fig. 1). The spermia leave the efferent 
ducts of the gonad and collect in the spermoviduct, filling especially the 
vesiculae seminales. Immediately prior to copulation the pars recta is 
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dilated considerably by the excess of sperm. At the bifurcatio the spermia 
make their way through the narrow vas afferens and reach the glandula 
prostata, where mucus and proteid substances, together forming the 
so-called sperm plasm, are copiously exuded. Through the vas efferens and 
the penis the sperm is carried at copulation to the pars vaginalis of the 
partner, where it is stored for the time being in the receptaculum seminis. 
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Fig. 1. The path of the sperm in the genital tract of Limnaea; diagrammatic. cil, furr. 

ciliary furrow. copul. copulation. insemin, insemination. secr. prosf, secretion of the prostata. 

secr. rec. sem. secretion of the receptaculum seminis. sp. sperm-balls in the ciliary furrow. 
sp. gen. spermatogenesis. ves, sem. vesiculae seminales, 


The wall of the latter secretes an orange-yellow pigment bound to proteids 
which mingle with the sperm. Small portions of sperm are formed again 
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and again by the ductus receptaculi and passed on to the vagina. These 
sperm-balls, which are clearly marked by their pigment contents, can be 
followed along a ciliated furrow running upwards along the entire length 
of the oviduct and in which the sperm is propelled by ciliary movement. 
In the spermoviduct the spermia meet the unfertilized oocytes and insemi- 
nation takes place. 


3. The oocytes. 


In the gonad, the oocytes have passed through a growth phase, in which 
they have reached their chemical and structural differentiation. It is fol- 
lowed by a rest phase of varying duration, in which no visible changes 
can be observed. During this period, the egg cell has a spherical shape; 
the egg axis is directed at right angles to the wall of the gonad; the 
nucleus is situated near the animal pole which points inwards and 
possesses a broader zone of cortical plasm than the vegetative pole which is 
situated basally. Ovulation takes place by withdrawal and, partially, by 
autolysis of the follicle cells, after which the egg passes into the lumen of 
the gonad. The ovulated egg cells from the numerous acini of the gonad 
are pushing each other through the short efferent ducts into the spermo- 
viduct where they collect. Whereas the length-breadth index of the oocyte 
has been near to unity up till now, and the eggs, therefore, are nearly 
spherical, now they suddenly get an irregular very elongated shape, 
which points to a considerable decrease of surface tension. 

Such an extremely low surface tension is found at two times during the 
development of the Limnaea oocyte, viz. at the beginning, when the young 
oocytes are oblong and exhibit amoeboid movements, and at the end, when 
they have collected in the spermoviduct. Probably, this second drop of 
surface tension is related to the insemination which takes place in this 
phase. 


4. Insemination. 


The following changes take place in the egg during its stay in the 
spermoviduct. The spherical nucleus shrinks considerably by extrusion of 
karyolymph into the cytoplasm. At the same time, the nucleoplasm con- 
denses and forms a small sphere, in which 16 small tetrads become visible, 
lying in an irregular position during pro-metaphase (fig. 2 and 3). In the 
cytoplasm in the neighbourhood of the nucleus, the strongly acidophil 
cytocentre appears, containing a vesicular centrosome. This takes the 
shape of an hour-glass, then it divides and the two centres separate, 
whereby fine acidophil fibrils extend from one to the other. In the imme- 
diate neighbourhood of the cytocentres the yolk granules in azan-stained 
preparations stain intensely with azokarmine, like the centres themselves, 
whilst they remain orangophil in the rest of the cytoplasm (fig. 4). Evi- 
dently, the centres influence the properties of the surrounding cytoplasm. 


~~ 


L. H. BRETSCHNEIDER: Insemination in Limnaea stagnalis L. 


Fig. 2. Limnaea stagnalis. Oocyte after insemination. Fig. 4. Division of cytocentre. 
Germinal vesicle with appearance of tetrads. Cyto- 
centre. Spermium in cytoplasm. 
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Fig. 5. Spermium in 


Dissolution of internal Pigne/a 
accessory sperm. cytoplasm. Oocyte with first maturation spindl in spermoviduct. 
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When the cytocentres have reached a position on either side of the 
shrunken nucleus, the nucleoplasmic islet containing the tetrads (and 
which we may call with BLEIER 1931 the paragenoplastine) begins to 
elongate and to orient itself along a line connecting the two centrosomes; 
in this way a small spindle is formed. Whilst the nuclear membrane is 
dissolved, around each centrosome an aster develops, which joins the 
paragenoplastine spindle (fig. 7). The tetrads arrange themselves into an 
equatorial plate. The basophil eu-nucleolus disintegrates and dissolves into 
the cytoplasm. 

In many cases it has been observed that these processes leading to the 
formation of a maturation spindle can take place incidentally in oocytes 
still situated within the follicle in the gonad and not yet inseminated, as 
will be described in a later paper. This proves that they occur indepen- 
dently of the presence of a spermium, and are not initiated by the insemi- 
nation. As a rule, however, the formation of the maturation spindle begins 
after ovulation, when the oocytes are on their way to the spermoviduct. 
As soon as they have reached the latter, one or more spermia penetrate 
through the egg cortex and enter the egg; other spermia remain clinging 
to the outer surface of the cortex (fig. 6). As soon as the spermium has 
pierced the egg surface, the hole in the cortex is closed by a basophil 
coagulum. Presumably, basophil granules which are present in the cyto- 
plasm in a small number and which shift towards the cortex, play a part 
in this process (fig. 8). In some cases, a small protuberance, consisting of 
basophil vacuolar plasm, was observed (fig. 9); mostly, however, the 


Fig. 8. Coagulation plug at point of Fig. 9. Protuberance at point of pene- 
penetration of sperm. tration of sperm. 


wound is closed by a basophil homogeneous plug. There are as many of 
these coagula as spermia have penetrated into the egg. The whole spermia, 
including the middle part and the tail, enter the egg; they move through 
the egg, and come to a halt with their heads immediately beneath the egg 
cortex, whilst the long tails are coiled up in the cytoplasm. When, as is 
mostly the case, polyspermy has taken place, all but one of the spermia 
are dissolved, whereby the head swells considerably and gets an irregular 
shape (fig. 5). These disintegration phenomena have been observed espe- 
cially in sperm heads situated under the egg cortex, whereas a sperm head 
in the internal cytoplasm remains small and compact; presumably, this is 
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the fertilizing sperm (fig. 6). During the passage of the inseminated eggs 
through the oviduct, where they are surrounded by the perivitelline fluid 
and the egg capsules and joined into an egg-mass, the fertilizing sperm 
undergoes no changes worth mentioning (fig. 6). The male pronucleus 
does not form before oviposition and maturation (RAVEN 1945). As soon 
as the egg cell is surrounded by the perivitelline fluid, it becomes spherical 
again. The spindle figure remains more or less near the centre of the egg 
(fig. 7); only after oviposition, it shifts to the animal pole. 


5. Summary. 


1. The structure of the male genital tract of Limnaea is described. 

2. The sperm, derived from the partner at copulation, is stored in the 
receptaculum seminis and transported in small portions along a ciliated 
furrow to the spermoviduct. 

3. Insemination takes place in the spermoviduct. The oocytes show an 
irregular and elongated shape, which is presumably due to a decrease of 
surface tension. 

4. The nucleus of the oocyte dissolves and a maturation spindle is 
formed, independently of insemination. The cytocentre of the egg plays 
an important part in this process. 

5. The insemination wound is closed by a basophil coagulum. 

6. As a rule, polyspermy occurs; one of the sperms, which is situated 
most centrally, becomes the fertilizing sperm; the other ones disintegrate. 
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Zoology. — On new, little known, or otherwise interesting species of 
Surinam Fishes. By M. BOESEMAN. (Communicated by Prof. H. 
BOSCHMA.) 


(Communicated at the meeting of February 28, 1948.) 


The present paper is a first report on the results of an, investigation of 
a collection of Surinam fishes presented to the Rijksmuseum van Natuur- 
liike Historie at Leiden by Dr. D. C. GEljskEs. The specimens were 
collected during the years 1942—1946, after Dr. GEIJSKES had been 
appointed to investigate the possibilities to promote the Surinam fisheries 
when, on account of the continuous threat of the german submarines, the 
normal import of food-fishes from the United States and Canada fell back 
to below the necessary quantity. 

Among the various species occurring in Dr. GEIJSKES’ collection there 
are some which proved to belong to species new to science or otherwise of 
scientific importance. Of some of these I am giving descriptions and 
particulars in the present paper. 


I. Paralonchurus elegans nov. spec. (fig. la, b). 


The first specimen apparently belonging to a species new to science is 
a Sciaenid, thus belongs to a family containing several well-known food- 
fishes, many of which are known to the native peoples by vernacular names 
(e.g., koebi’s, pronounce kubee’s). 

Only a single specimen of this peculiar species has been collected, but 
the obvious deduction that this species must be very rare is contradicted 
by the existence of a probably specific vernacular name: manja fisi 
(pronounce a as in arm, i as first e in event) in the native language called 
“negro-english”’. 

This specimen doubtless belongs to the genus Paralonchurus Bocourt, 
and, on account of its elegant shape, has been named Paralonchurus 
elegans. According to the descriptions of the species hitherto known, it 
must be very close to P. petersi Bocourt (eye very small, pectoral fins 
elongate and longer than head, outer teeth of upper jaw notably enlarged, 
scales cycloid, pseudobranchiae ‘‘somewhat developed’’). 


Type: coll. RM.N.H., Coronie sea coast, Bokelbere Creek, Surinam, 
14 March 1945, collected by Dr. D. C. GEIJSKES (no. 390), length 20 
(275.5) am. 

Description: 

Head 4 (5), depth 4.66 (5.9) in length; D X—I. 31 (1); A Il. 7; scales 
(= number of transverse series) above lateral line about 75—-80 (squa- 
mation damaged), below lateral line and behind anterior end of oblique 
pectoral base about 60, in lateral line 49 (+ about 35—40 smaller scales 
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on caudal fin), transverse between insertions of first dorsal and ventral 
fins about 5—1—13 in a vertical series, 6 (or 7)—1—21 in a very oblique 
series between the origins of first dorsal and anal fins. 

Body decidedly elongate, with the back slightly elevated; dorsal profile 
between interorbital and origin of spinous dorsal about straight, before 
interorbital growing convex and passing into the rounded apex of. the 
snout; head rather low and broad, more or less conical, with about circular 
diameter; snout blunt, with a median ridge on the apex, considerably pro- 
jecting beyond premaxillaries, 3.66 in head, the projecting part before the 
premaxillaries equal to diameter of eye; ventral surface of snout with 
several very conspicuous slits and pores (see fig. 1b); eye very small, about 
9 in head, 3 in interorbital space, situated in upper half and almost in 
anterior third of head; mouth horizontal, inferior; maxillary reaching 
distinctly beyond posterior margin of eye, length of upper jaw about 3 in 
head; teeth in bands, very broad on the upper, in a much narrower band 
on the lower jaw; outer row of teeth of upper jaw distinctly enlarged; 
preopercle with a serrated membranous edge; pseudobranchiae small but 
quite distinct and well developed; gill-rakers rather short and few, about 
2—1—8 on the anterior arch, the lower 4 very small; on chin, hardly behind 
symphysis, a papilla with a central pore and a row of 3 short barbels on 
each side; behind these rows of barbels a continuation along the inner 
margins of the two dentaries and interopercles consisting of 17—19 barbels, 
the posterior of these situated about one eye-diameter behind eye, all of 
about equal length, not or hardly surpassing half diameter of eye; lateral 
of the papilla on each side a small pore, behind these on each side a larger 
oblong one. 


The scales are rather large, not very strongly attached thus partly lacking ~ 


in our specimen; those on the head, breast, stomach, anterior parts of the 
body and along the dorsal fins slightly smaller, while the anterior scales 
of the lateral line by contrast seem slightly larger than generally; all scales 
cycloid; the curvature of the lateral line above anal fin. 

Origin of first, spinous dorsal fin above anterior end of oblique pectoral 
base, its spines rather weak, the longest (4th) 2.3 in head; soft dorsal fin 
rather low and very long, its base 2 in standard length, its longest 
(posterior) rays hardly more than one-third of head; both dorsal fins 
connected by a distinct membrane; anal fin small, spines weak, Ist spine 
very short and inconspicuous, 2nd spine slender and rather long, about 3 
in head; origin of A below 8th—9th ray of soft dorsal fin, its base about 
equal to half the distance between Ist dorsal spine and Ist dorsal soft ray; 
ventral fins short and small, inserted slightly before posterior end of 
pectoral base, length (without filament) almost half length of head; ventral 
spine very slender and much shorter than Ist soft ray, which has moreover 
a short filament about as long as eye-diameter; the pectoral fins large, 
reaching beyond origin of anal fin, their length surpassing 1/, standard 
length, about 1.5 head; caudal fin about as long as head, the apical margin 
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forming a very sharp angle, the outer rays short, those slightly below the 
middle longest (as far as can be seen in our specimen, the caudal rays 
being slightly (?) damaged). 

Coloration at present, after almost three years in alcohol: light brownish, 
all fins except first dorsal much darker brown or (especially the pectoral 
fins) black. According to a short note added by its collector, Dr. D. C. 
GEIJSKES, the colours have been, when alive: “brown-reddish, large black 
pectoral fin, small black ventral and anal fins, tail (caudal fin?) with 
bluish coloration, back seeming bluish green, eye gold-coloured”. 


The genus Paralonchurus Bocourt hitherto generally has been restricted 
to species from the Pacific shores of Central America, from California to 
Peru, only. MEEK and HILDEBRAND (1925, p. 671), however, regard 
Bocourt’s genus Polycirrhus as a synonym; accepting this point of view, 
only the first name, Paralonchurus, should be maintained, and this genus 
thus must be regarded as being represented also in the seas West of 
Panama, its area extending to the coasts of Brazil, Uruguay, and even 
Argentina (cf. MEEK and HILDEBRAND, l.c., p. 676: Paralonchurus brasil- 
iensis (Steind.) ). . 

However, according to the descriptions of the various species of both 
BocourtT's genera and the generic diagnoses as given by several previous 
authors, I am not quite convinced and inclined to doubt the truth of such 
an opinion. Therefore I provisionally wish to re-establish a division of 
MEEK and HILDEBRAND’s Paralonchurus, as has been done by, e.g., JORDAN 
and EIGENMANN (1887), GILBERT and STaRKS (1904), a division into two 
separate genera, and by JORDAN and EVERMANN (1898), a subdivision of 
the genus Paralonchurus into separate subgenera. 

A final decision whether this division should be generic or sub-generic 
can only be attained after a close examination of specimens of the various 
species, which, however, I have not at my disposal; such a decision, more- 
over, often in considerable degree depends upon personal views as to this 
subject. 

An accurate comparison of the various descriptions of species mentioned 
by MEEK and HILDEBRAND (l.c.) provides the following discriminating 
characters: 


Genus (or subgenus) Paralonchurus Bocoutt. 

General shape of body probably more slender, at least generally; soft 
dorsal rays (30?—)31—36; length of P at least equal to head, generally 
much longer; length of C equal to, or longer than head; scales cycloid (or 
possibly very inconspicuously ctenoid below the lateral line, cf. MEEK and 
HILDEBRAND, l.c., p. 676); scales on fins (except C) none; maxillary 
reaching (distinctly?) beyond posterior margin of eye; eye very small, 
8.5—9.3 in head; teeth in outer row of upper jaw notably enlarged; pseudo- 
chanchiae distinctly developed; barbels slender. 

Species: petersi Bocourt, elegans Boeseman. 
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Genus (or subgenus) Polyclemus Berg (= Polycirrhus Bocourt, pre- 
occupied, cf. MEEK and HILDEBRAND, lL.c., p. 671). 

General shape less slender, at least generally; soft dorsal rays 22— 
30(—32? in ornatus Gthr., 1880, p. 13, = brasiliensis Steind.); P generally 
considerably shorter than head; length of C shorter than head, except 
perhaps in brasiliensis Steind. (cf. MEEK and HILDEBRAND, l.c., p. 675); 
scales distinctly ctenoid (except on head); scales on vertical fins varying 
between few and “‘covering almost the whole fin’’ (cf. MEEK and HILDE- 
BRAND, l.c., p. 673), perhaps none on soft dorsal in rathbuni ?? (cf. id., 
p. 674); maxillary not reaching posterior margin of eye, generally hardly 
reaching posterior margin of pupil; eye moderately large, 4.5—6.6 in head; 
teeth subequal or equal, none notably enlarged; pseudobranchiae obsolete 
or absent; barbels (partially?) probably less slender. 

Species: dumerili Bocourt, brasiliensis Steind., peruanus Steind., rathbuni 
Jordan and Bollman, goodei (Gilbert MS) Jordan and Evermann. 

Where the characters of both (sub)genera seem to show a gradual 
transition, I suppose this to be caused by giving too wide a range of 
variation, generally originating from (probably erroneous) data in the 
older literature; this stresses the necessity of a re-examination of all 
species concerned. 

The species of Polyclemus Berg may prove to belong to different sub- 
genera, as was supposed already by JORDAN and EVERMANN (l.c., p. 1478). 


IJ. Plagoscion surinamensis (Blkr.). 


Among the five specimens obviously belonging to the genus Plagoscion, 
occurring in Dr. GEIJSKES’ collection, I hoped to find represented all or 
most species to be expected from this area, viz., P. squamosissimus 
(Heckel), P. auratus (Castelnau), P. surinamensis (Blkr.) and P. hetero- 
lepsis (Blkr.), but | was disappointed, as all five proved to belong to one 
single species: P. surinamensis. 

According to previous literature, the species squamosissimus and auratus, 
especially the first, should be regarded as most abundant, the species 
surinamensis and heterolepis, especially the latter, as very rare, at least in 
the neighbouring countries of ‘Guiana’. EIGENMANN (1912, pp. 472, 473), 
e.g., found among the specimens he collected in British Guiana only the 
species squamosissimus and auratus, though of both only one single 
specimen. 

As the occurrence of only surinamensis in Dr. GEIJSKES’ collection 
seemed a strange coincidence, a restriction of a rather abundant species 
to the Surinam area only being obviously contradictory with our zoogeog- 
raphical experiences with other species from this area, I re-investigated 
all further specimens of Plagoscion in the collection of the Museum: 2 
specimens of amazonica (== squamosissimus) (no. 741, “Surinam”, 
DIEPERINK), 1 specimen of surinamensis (no. 5995, ‘Surinam’, BLEEKER, 
1879), 6 specimens of surinamensis (no. 16258, Paramaribo, W. C. VAN 
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~Heurn, 1911), 1 specimen of auratus (no. 16257, Caméta, Brazil, Mus. 
Rio de Janeiro), 2 specimens of heterolepis (no. 6042, “Surinam”, BLEEKER, 
1879). . 

Of this material, the specimens of heterolepsis, BLEEKER’s types, indeed 
belong to the genus Sciaena Linnaeus, thus can be neglected here. OF the 
specimens of surinamensis collected by WAN HEURN, one small specimen 
(st. length 135 mm) proved to belong to Pachypops furcraeus (Lac.). All 
further Surinam specimens belong to P. surinamensis (Blkr.), having the 
2nd anal spine 2.7—4 in head, more than 100 cross-series of scales above 
the lateral line, the inner series of teeth of the lower jaw enlarged. But 
the strangest result must remain the fact that the specimen of auratus, 
according to a previous label earlier identified as squamosissimus,. also 
proved to belong to surinamensis, showing exactly the same characters (see 
above) as our further specimens of that species. 

As surinamensis was but rarely mentioned in literature, in obvious 
contradistinction with auratus, | was, on account of the facts stated above, 
inclined to consider a synonymy between these two species, accepting a 
very wide range of variation in those characters hitherto regarded as 
discriminating, but my material is not at all sufficient for such an opinion; 
moreover, these characters proved, in all specimens I identified as surina- 
mensis, to be reasonably constant, covering only a much smaller range of 
variation. 

A second and, as far as I can see, better supposition is that the area 
inhabited by P. surinamensis (Blkr.) reaches eastward to beyond the 
Amazon outlets, but that this species must be regarded as rare in that 
region, principally occurring in (and near) Surinam. P. squamosissimus 
(Heckel), on the contrary, principally inhabits an area situated more south- 
and westwards, south-westwards to Peru, probably being rare in Surinam 
and British Guiana, although its occurrence in Venezuela (river Orinoco, 
cf. STEINDACHNER, 1879, p. 151) and British Guiana has been mentioned. 
The same applies to P. auratus (Castelnau), which species, according to 
literature, inhabits about the same region, especially the Upper Amazon 
and its tributary rivers; it is probably even more rare in Surinam than 
squamosissimus, and perhaps the accurracy of data like EIGENMANN’s (l.c., 
occurrence in British Guiana) should be doubted. 

The final conclusion must be that BLEEKER's surinamensis should be 
regarded as by far the most abundant species of Plagoscion occurring in 
Surinam; its region of inhabitance reaches from slightly beyond the Amazon 
outlets eastwards, to Colombia (Rio Magdalena, cf. STEINDACHNER, 1878, 
pp. 22, 77; 1879, p. 152) westwards, at least if the proposed synonymy 
with Sciaena magdalenae Steindachner (JORDAN and EIGENMANN, 1887, 
p. 382) proves to be true. 

It must also be very interesting to investigate the distribution of P. 
surinamensis (Blkr.) inside Surinam, but the only accurate data on this 
subject are provided by Dr. GEIJSKES: 2 specimens from Surinam River 
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near Jodensavanne, December 1945 (144—186 mm); 1 from Paramaribo 
market, June 1942 (317 mm); 2 from the neighbourhood of Paramaribo, 
Surinam River near (plantation) Peperpot, 12 August 1944 (180—186 mm). 
The further specimens give as locality only “Surinam”, except those 
collected by VAN HEURN (Paramaribo), as has already been stated before. 
On account of this, further investigations in the Guiana’s should be made. 
The vernacular names in Surinam are according to Dr. GEIJSKES’ data: 
koebi, witi- or weti koebi, zoutoewatra koebi (= salt-water koebi) (all 
“negro-english”), witte koebi (== white koebi) (in vernacular ‘‘Surinam’”). 
The spelling of these names is according to Dr. GEIJSKES’ notes, thus 
Dutch; the pronunciation must be about as follows: kubee, weetee- or wati 
kubee, zowtuwatra kubee (a as in ask, path, etc.), witte kubee (i as in pity, 
e as in silent). 


Ill. Hemigrammus micropterus (Meek MS) Eigenmann and Ogle 
(fig. 1c). 


Hemigrammus micropterus Meek MS, in EIGENMANN and OGLE, 1907, 
pp. 13, 15 (Los Castillos, Wenezuela); —, EIGENMANN, 1910, p. 436 
(Habitat: Orinoco’), 1918, p. 150, pl. 18 fig. 3, pl. 78 fig. 6 (Los Castillas, 
Venezuela); —, FowLer, 1931, p. 408 (Pitch Lake at Guanoco, Vene- 
zuela); —, SCHULTZ, 1944, p. 349 (name and previous literature only). 


20 specimens, 25—34 mm, Coropina-creek near Republiek, 9 March 
1947 (collected by Dr. GEIJSKES between ‘‘waterhyacinth’’), 


According to the literature cited above, this seemed to be quite a rare 
species inhabiting Venezuela only: the first three publications obviously 
concern the same single specimen, MEEK’s type; FOWLER mentions two 
new specimens with a slightly aberrant darker coloration, while SCHULTZ 
had not even a single specimen at his disposal. 

In Dr. GEIJSKES’ Surinam collection, however, I found 20 specimens still 
distinctly showing the characteristic rhomboidal caudal spot, a narrow 
black lateral stripe, growing vague anteriorly, and not connected with 
the caudal spot, bands or rows of small spots of black pigment along the 
margins of the scales above the lateral stripe and around lateral line, 
especially broad and conspicuous on the back (development variable), and 
a row of oblique pigmented stripes across a narrow area along anal fin, 
while almost all further characters too show a convincing agreement with 
the descriptions of micropterus cited before. 

The few aberrations generally are very slight: predorsal region with a 
median series of 10—11(—12?) scales; lateral line occupying 5—9 
(generally about 7) scales; origin of A below or sometimes even slightly 
before posterior end of base of D; insertion of V slightly but distinctly 
before dorsal origin; V reaching to or even slightly beyond origin of A; P 
reaching to or generally slightly beyond insertion of V. All these can be 
accounted for by normal variation, none being of even sub-specific value. 
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More important is that I found on the anterior part of the dentary, on 
each side, but 4 pluricuspid teeth, followed by a short series of smaller 
conical ones; the 2nd pluricuspid teeth on each side is somewhat smaller 
and situated slightly more outwards. EIGENMANN (1918, p. 150) ascribes 
this species 5 pluricuspid teeth on each side, so this character should be 
re-examined in the specimens previously described or mentioned. Pro- 
visionally I am not inclined to regard this single differing character as 
sufficient for a specific discrimination and the establishment of a new 
species. 

Remains to be stated that I found a reasonably developed maxillary 
tooth, tetracuspid, only on one side of a single specimen. Some of the 
further specimens have very inconspicuous remains only, generally this 
obviously rudimentary character is completely wanting. 

As I see no substantial reason to do otherwise, I identify these specimens 
as Hemigrammus micropterus Meek. The area inhabited by this species 
thus reaches considerably more eastwards than was expected, while the 
rather large quantity of specimens collected by Dr. GEIJSKES as well as 
his statement that this must be quite a common species in the region in 
which it has been collected, seems to indicate that the principal habitat 
of this species lies eastward of Venezuela, probably in Surinam. However, 
it remains strange that this species hitherto never has been found in British 
Guiana, which might indicate that our material must be regarded as a 
separate, though very closely related, new species. 

As Dr. GEIJSKES promised me to sent more specimens of this species, a 
further statement on this subject will possibly follow. 
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Zoology. — A new subspecies of Natrix mairii (Gray) from Dutch New 
Guinea. By L. D. BRONGERSMA. (Communicated by Prof. C. J. 
VAN DER KLAAUW.) 


(Communicated at the meeting of February 28, 1948.) 


The study of a series of Natrix mairii (Gray) from Dutch New Guinea 
convinced me that these specimens represent a distinct subspecies, which 
apparently is as yet unnamed. For comparison I examined a number of 
specimens from Australia, and from the eastern half of New Guinea and 
adjacent islands. I am indebted to Prof. L. F. DE BEAUFORT (Zodlogisch 
- Museum, Amsterdam), Mr. H. W. Parker (British Museum (Natural 
History), London), and Dr. A. DiAKONOFF (Zodlogisch Museum, Buiten- 
zorg) for the loan of specimens. Mr. H. W. PARKER and Mr. A. LOVERIDGE 
(Museum of Comparative Zodlogy, Cambridge (Mass.)) kindly supplied 
me with data relating to specimens in their care. Thus data concerning 
115 specimens were available; of these 61 specimens served as types of the 
new subspecies that may be known as: 


Natrix mairii multiscutellata nov. subsp. 


Tropidonotus mairii, VAN LIDTH DE JEUDE, Nova Guinea, 9, Zool., 269, 285 (1911); 
BOULENGER, Trans. Zool. Soc. London, 20, 263 (1914) (= Repts. Coll. B.O.U. Exp. & 
Wollaston Exp., 1, 213 (1916)); WERNER, SB. Ak. Wiss. Wien, Math. Naturw. K1., 
Abt. I, 134, 48 (1925) (part.). 

Tropidonotus mayri, VAN LIDTH DE JEUDE, Nova Guinea, 9, Zool., 523 (1911). 

Tropidonotus mairi, DE ROOI, Rept. Indo-Austr, Arch., 2, 74, 79, 313 (part.) (1917); 
DE Roo, Bijdr. Dierk., pt. 21, pp. 82, 92 (1919); DE JONG, Nova Guinea, 15, Zool., 
301 (1927) (part.), and 407 (1930). 


HOLOTYPE: 


1 4, Alkmaar, Lorentz River, 1909, leg. Dr. H. A. LORENTZ, Rijksmuseum van Natuur- 
lijke Historie, Leiden, reg. no, 8669, 


PARATYPES in Rijksmuseum van Natuurlijke Historie, Leiden: 


1 2, Alkmaar, Lorentz River, 24. VII. 1907, leg. Dr. H. A. LORENTZ, reg. no. 8669. 
36,1 Q, Andai, leg. C. B. H. VON ROSENBERG, 1870, reg. no. 4809, 

1 Q, Andai, leg. C. B. H. VON ROSENBERG, 1870, reg. no, 4797. 

1 3, Upper Jamur River, 3. VIII. 1903, leg. Dr. L. F. DE BEAUFORT, reg. no. 8668. 
1 9, 1 juv., Babo, leg. Dr. DE HARTOGH, don, Dr. A. H. COLIJN, reg. no. 6746. 
1 
1 


nN 


3, Pokembo, 3. VI. 1913, leg. Dr. L. F. DE BEAUFORT, reg. no, 8662, 


Q, Surroundings of Humboldt Bay, 21. IV. 1903, leg. Dr, L. F. DE BEAUFORT, reg. 
no. 8666, 


1 9, 1 Q, Etna Bay, 1904, leg. Dr. KOCH, reg. no. 8665. 


536d, 2 92, Bivak Id., Lorentz River, 1907, 1909, leg. Dr. H. A. LORENTZ, reg. 
no, 8672. 


1 3g, Noord River, 5—12, IX. 1909, leg. Dr. H. A, LORENTZ, reg. no, 8671, 
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2 22, Van Weels Kamp, 1. VI. and 23. VI. 1907, leg. Dr. H. A. LORENTZ, reg. no. 
4703. 

1 9, Van Weels Kamp, 10. VI. 1907, leg. Dr. H. A. LORENTZ, reg. no. 8664. 

1 9, Regen Id., Lorentz River, 14.11. 1910, leg. Dr. H. A. LORENTZ, reg, no, 8667. 

1 9, Bivak I, Lorentz River, 200 m, 9 X. 1907, leg. Dr. H. A. LORENTZ, reg. no. 8670. 

1 4g, 1 Q, Batanta Id., leg. H. A. BERNSTEIN, 1866, reg. no. 6751. 

1 juv., Salawatti Id., leg. H. A. BERNSTEIN, 1866, reg. no. 4811. 


PARATYPES in Zodlogisch Museum, Amsterdam: 


1 4g, 1 Q, Prauwenbivak, Idenburg River, 14. 1X. and 3. IX. 1920, leg. Jhr. W. C. VAN 
HEURN (specimens a, 6 of table II), 

Prauwenbivak, Idenburg River, X. 1920, leg. Lt. DROST (specimen c). 
Pionierbivak, Mamberamo River, 17. VIII. 1920, leg. Jhr. W. C. VAN HEURN 
(specimen d). 
Betéwe River, 20. VI. 1910, leg. Dr. P. N. VAN KAMPEN (specimen e). 

Bégowre River below Zoutbron, 3. VII.1910, leg. Dr. P. N. VAN KAMPEN 
(specimen f). : 
Zoutbron, VII. 1910, leg. Dr. P. N. VAN KAMPEN (specimen g). 

Between Modderlust on the Tami River and Kasawari on the coast, 18. V. 1910, 
leg. Dr. P. N. VAN KAMPEN (specimen h). 

Hollandia, 1910, leg. Dr. P. N. VAN KAMPEN (specimen i). 

Hollandia, 1910, leg. SAIN (specimen j). 


- 


—_ 


i bee as 
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PARATYPES in Zoélogisch Museum, Buitenzorg, Java: 


1 9, Manokwari (specimen k of table II). 

1 9, Albatros-bivak, Mamberamo River, XII. 1926, leg. Prof. W. DOCTERS VAN 
LEEUWEN (specimen /). 

1 4, Batavia Rapids, Mamberamo River, 20m, 1939, leg. J. P. K. VAN EECHOUD 
(specimen m). 

1 3, Prauwenbivak, Idenburg River, 18.4{X.1920, leg. Jhr. W. C. VAN HEURN 
(specimen n). 

1 Q, Digul River, IX. 1909 (specimen o). 


PARATYPES in British Museum (Natural History), London: 


1 g,1 9, 1 Q juv., Camp. III, Utakwa River, Wollaston Expedition, reg. no, 1913. 11. 
1. 100—102. 

2 29, Camp VI, Utakwa River, Wollaston Expedition, reg. no, 1913.11. 1. 103—104. 

1 g, 3 29, 1 juv., Mimika River, Brit. Ornith. Union Expedition, reg. no. 1913, 10, 31. 
189—193, 

2 34, 2 29, Iffar, Lake Sentani, reg. no. 1938.6. 9. 37—40. 


PARATYPES in Museum of Comparative Zodlogy, Cambridge (Mass.): 
1 Q, 1 juv., Fak Fak, reg. no. 7308. 


PARATYPE in Naturhistorisches Staatsmuseum, Vienna: 
1 specimen, Wendeki, N.C. Dutch New Guinea (WERNER, 1925, p. 48). 


A specimen from Lake Sentani (Mus. Leiden, reg. no. 8663) belongs to 
this subspecies too; it is too much damaged to be included among the 


paratypes. 
Natrix mairii multiscutellata nov. subsp. differs from Natrix mairii mairii 


(Gray) mainly in having a.higher number of subcaudals. In table I the 
frequency of the variations in the number of subcaudals (pairs + 1) has 
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been indicated. From this table it is clear that the specimens form two 
main groups, containing the specimens from Dutch New Guinea and those 
from Australia respectively. These two groups are connected by the 


TABLE I. Natrix mairii (GRAY), subcaudal shields (pairs + 1). 


a 


Dutch New Guinea British New Guinea Australia 
SF [QE | sex? | SF| 29 | sex? | FSF| OP | sex? 


Subcaudals 


11 juvs. 
66 
67 
68 
69 
70 0 
71 
72 2 
73 Merauke Ss 

74 - | 
75 
76 oe 
77 
78 
79 
80 
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specimens from Papua, the Territory of New Guinea and adjacent islands. 
Two specimens from Merauke, S.E. Dutch New Guinea (Mus. Leiden, 
reg. no. 8661, and WERNER, 1925, p. 49), have very low subcaudal counts 
(75 and 70); in this respect, and in having a single preocular they agree 
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with N. m. mairii, and therefore, they have not been included in the new 
subspecies. Leaving these two specimens out of consideration, the range of 
variation of Natrix mairii multiscutellata nov. subsp. is 80—102, average 
for 42 specimens 93.07 + 0.77. In Australian specimens the number of sub- 
caudals varies from 56—74. It is impossible to calculate the average number 
of subcaudals for the Australian specimens as I have the individual counts 
only of the specimens in the British Museum (Natural History) and of one 
specimen in the Leiden Museum. These 18 specimens show an average of 
69.83 + 0.55; the true average, however, may be considerably lower, as 
Mr. A. LOVERIDGE (in litt.) gives the range of variation of 11 hatchlings 
from Winnellie, Australia, as 56—63. However this may be, there is a 
considerable difference between the Australian specimens and the type 
series of N. m. multiscutellata, and this certainly warrants the distinct 
subspecific status of the latter. 

The number of ventrals in Natrix mairii multiscutellata nov. subsp. varies 
from 140—154 (Australia 136—156). The actual counts of ventrals and 
subcaudals are given in tables II—IV. In literature some specimens have 
been referred to Natrix mairii, which have a much higher ventral count than 
that indicated above. E.g., DE JONG (1927, p. 302) mentions four specimens 
having 160—168 ventrals. In this respect they come within the range of 
variation of Natrix montana (Lidth de Jeude), to which they are tentatively 
referred. Similar specimens are found in eastern New Guinea (Moroka, 
167; Mt. Misim, 159, 163). In a forthcoming paper that deals extensively 
with the variability of Natrix montana these specimens will be discussed 
more at length (BRONGERSMA, 1948). 

The number of scale rows at mid-body is 15 as in N. m. mairii; this 
number remains constant toward the vent. Only one specimen (43 Bivak 
Id.) forms an exception to this. By fusion of the 5th and 6th scale rows 
at the level of the 89th and 97th ventral respectively, the number of scale 
rows is reduced to 13; in front of the vent the 4th scale row on the right 
side (at the 142nd ventral), and the 5th row on the left (at the 141st 
ventral) split up into two rows, thus restoring the number to 15. 

In ten specimens of N. m. multiscutellata nov. subsp., the number of 
maxillary teeth varies from 32—37; three Australian specimens have 28— 
30 maxillary teeth. It will be necessary to examine a much larger series to 
show whether this difference can be used to separate these two subspecies. 
Four specimens from eastern New Guinea have 32—36 maxillary teeth. 

A further character that may prove useful to distinguish between 
N.m. mairii and N.m. multiscutellata nov. subsp. is the number of pre- 
oculars. Of four specimens of N.m. mairii examined in this respect, two 
have one preocular on either side 1), while the other two have one preocular 
on one side and two preoculars on the other side. As stated above the two 


1) The type of the species (GRAY, in GREY, Journ, Exp. Australia, 2, 442 (1841)) 
has a single preocular too. 
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TABLE II. 


Natrix maicii multiscutellata nov. subsp. 


Specimen 
(reg. no.) 


Mus. Leiden 
_ 8669 


4809 


4797 


_ 8668 


«6746 


8662 
8666 


8665 


8672 


8671 


4703 
8664 
8667 
“8670 
6751 
4811 


Mus. Amst. 
ee} 


=A 


Sex 


Got AO OO100s Ose 400s 


© 40 0s404010101003 1040 BWABAAWIOG1005 


7040 4003401010 OG 


Ventrals 


149 
154 
fou 
147-49 
146+-1/; 
148 
146 
147 
146 


143 
21+4/9+32-++ 
+1/0+-86 | 
144 
142 
146 
144 
150 
139 
148-++1/5 
147 
145 


148 


142 
152 
150 
147 
147 


148 
147 


Subcaudals 


101/101--1 
96/96-++1 


67/67 rm 
96/96-+1 
50/50-+... 
93/9329 
99/99-++-1 
87/87-+-1 


89/89-+1 


101/101--1 
90/90-++1 
90/90-++1 
91/91--1 
Ree Gg Raw 
97/97-++1 
95/95-+1 
93/93-++1 
87/87--1 


ay DE aes 
89/89-+1 


94/94-++-1 
92/92-++... 
98/98-+-1 
93/93-++... 
74/74--... 
68/68-++... 
1/4 +-2-+86/g6+-1 
17/17+-... 
87/87-+1 


97/97--1 


92/9241 

100/100-+1 
91/91-+1 
35/35+... 

Wy -+2+76/7¢+ 
4346/61 

Dignan 
92/92-+1 


| Sai a Be ae BS 


Upper labials | Lower labials 
8(3, 4,5) 9(5) 
8(r.3,4,5; | 
1.4,5)) 9(5) 
8(3, 4.5)» | > S{5) 
8(3, 4, 5) r. 8(5);1.9(5) 
8(3, 4, 5) 9(5) 
8(3, 4, 5) 9(5) 
8(3, 4, 5) 9(5) 
r. 8(4, 5); | 
1. 8(3,4,5)| 9(5) 
r. 8(3, 4,5); 
1.8(4,5)| 9(5) 
8(3,4,5) | 9(5) 
8(3, 4, 5) 9(5) 
8(3, 4, 5) 9(5) 
8(3, 4,5) 9(5) 
8(3, 4, 5) 9(5) 
8(3, 4, 5) 9(5) 
8(3, 4,5) 9(5) 
8 (3, 4,5) 9(5) 
r.9(4, 5, 6); 
1:8(344,5) | = 
§(3, 4,5) r. 9(5);1. 8(4) 
r. 9(4, 5; 6); 
1.8(3,4,5)| 9(5) 
8(3,4,5) | 9(5) 
10(5,6,7) | 9(5) 
8(3,4,5) | r.8(4);1.9(5 
8(3, 4, 5) r. 8(4); 1. 9(5) 
8(3,4,5) | r.8(5);1.9(5 
1.8(4,5,6);r.2|) 9(5) 
8(3, 4, 5) r.9(5); 1. 8(4) 
8(3, 4,5) 9(5) 
8(3, 4, 5) 9(5) 
r. 9(4, 5, 6); 
1, 8(3, 4,5) |r, 2(5)31.9(5) 
8 (3, 4,5) 9(5) 
8(3, 4,5) 9(5) 
8(3, 4,5) 9(5) 
8 (3, 4,5) 9(5) 
r. 8(3, 4,5); 
1.7(4,5)} 9(5) 
r.8,1.7(3,4,5) | 9(5) 
8(r. 4,5; 
1, 3, 4,5) | r.8(5);1.9(5) 


i 


Pre- 


Post-— 
oculars | oculars 
Se 
2 4/3 
w 3 
2 3 
2 3 
2 3 
3 4 
2 3 
2 3. 
2/3 3 
2 4/3 
Z 4/3 
2 3 
2 3 
2 4 
2 4 
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2 3 
a 4 
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TABLE I. (Continued.) 
Specimen Sex Ventrals Subcaudals Upper labials | Lower labials Pre- | Post- 
(reg. no.) \ oculars | oculars 
i 2 149 95/95-++1 8(3, 4, 5) 9(5) 2 3 
j Q 149 90/90-++1 8 (3, 4, 5) 9(5) 2 3 
Mus. Buitenz. 
k Q 153 89/89-++1 8 (3, 4, 5) 9(5) 2 3 
I Q | 151 76176-+... r.9(4, 5, 6); 
| eases) 1 ko(Gy) 2 4/3. 
m 6.>}- 150 82/82++1 BS) 9(5) Z, 3 
n et tol 97/97-+1 8(3;4,15) 10(5) 2 5 
° se) 146 94/94-++1 Sis) 9(5) 2 3 
Srit. Mus. (Nat. Hist.) | 
( Ge eis 90/90-++1 9(4, 5, 6) 
1913.11.1.100—102 . Q | 144 Hi (EN 9(4, 5, 6) 
( Q 145 79/79+1 9(4, 5, 6) 
(| 141 85/85-++1 9(4, 5, 6) 1s 
ee OSI | 145 91/91 +... 9(4, 5, 6) ; 
We 150 | 100/100-+-1 8(3, 4,5) 
\ Q 146 97/97+1 8(3, 4,5) 
| 142 ; 
1913. 10.31.189-193 | * ao Be ee 6) 
/ te 145 62/62--... 9(4, 5, 6) 
\} juv. | 145 ? S35 470) 
( 3 150 90/90-++1 
3 149 88/88-+-1 
Eo) 451 88/88-+1 
Mus. Comp. Zod]. 
7308 fe) | 152 96 8(3,4,5) r. 10(6);1.9(5) 2 ‘S 
juv. | 153 90 8(3; 4, 5).. 9(5) 2, iS 
Mus. Vienna ? 150 93/93-+1 8(3, 4, 5) ? 2 3 


specimens from Merauke agree with the Australian subspecies in having 
a single preocular. From Dutch New Guinea 47 specimens were examined 
in this respect; of these, 43 have two preoculars on either side, one specimen 
has three preoculars, and two specimens have two preoculars on one side 
and three on the other side. 

The coloration of N. m. multiscutellata nov. subsp. is rather variable. In 
the majority of specimens a well marked dark collar is present; only in 
some very dark specimens this collar becomes indistinct. The back may be 


_ marked with distinct dark transverse bands (especially in juvenile and half- 


grown specimens), or the bands may be reduced to small spots. Sometimes 
these spots are arranged in transverse rows. In other specimens the back 
is almost uniformly brownish or greyish with only very small dark dots. 
The ventrals are whitish, their lateral parts greyish or blackish; the 
posterior borders may be powdered with blackish, or they show a narrow 
blackish band, which is most distinct laterally. 
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Distribution. Natrix mairii multiscutellata nov. subsp. occurs almost 
throughout Dutch New Guinea in the lowlands and in the lower mountains 
up to about 1000 m; above this level it is replaced by Natrix montana 
(Lidth). It is posible that the subspecies is replaced in S.E. Dutch New 
Guinea (Merauke) either by N.m. mairii (Gray) or by an intermediate 
subspecies. As a number of specimens from the Territory of New Guinea 
come within the range of variation of the new subspecies (e.g., the spec- 
imens from Madang and Sepik mentioned by HEDIGER, 1934, p. 478), 
future researches may show that N. m. multiscutellata occurs in that region 
too. 


Natrix mairii subsp. 


Specimens included: 
Zoologisch Museum, Amsterdam: 
1 4, Hoofdbivak, Kaiserin Augusta River, 8. X. 1910, leg. Dr. K. GJELLERUP, 


British Museum (Natural History), London: 


1 4, Mancun Volcano, N. E. New Guinea, reg. no. 1936. 7.7.29. 
36, Kokoda, 1200 feet, Papua, reg. no. 1935, 5. 10. 157—158. 

64, South of Huon Gulf, reg. no. 76. 7. 6. 6. 

4, Dinawa, Owen Stanley Mts., 4000 feet, reg. no. 1903. 3. 10. 16. 
3,1 9, Moroka, Brit. New Guinea, reg. no. 97, 12 10. 114—115. 

©, Ramu River Delta, N.E.New Guinea, reg. no, 1926. 5. 31. 13—14. 
36, 3 QQ, Fly River, Brit. New Guinea, reg. no. 85. 6. 30. 25—29, 
©, St. Aignan Id., Louisiade Archipelago, reg. no. 89.7. 1.9. 

©, Fergusson Id., reg. no. 95, 4. 26. 46. 

36,1 &, Trobriand Ids, reg. no, 95. 10. 17. 37—39, 


Nee NNER KE bh 


Museum of Comparative Zodlogy, Cambridge (Mass.): 


1 specimen, Aitape, reg. no. 48615 
3 specimens, Mt. Misim, 7° 10’ S., 146° 40’ E., reg. no. 44171—44173. 
1 specimen, Wau, 7° 20’ S., 146° 45’ E., reg. no. 44174. 


Naturhistorisches Museum, Basle (HEDIGER, 1934, p. 478): 
1 specimen, Madang. 
2 specimens, Sepik. 


Rijksmuseum van Natuurlijke Historie, Leiden: 
1 9, Merauke, 1904, leg. Dr. KOCH, reg. no. 8661, 


Naturhistorisches Staatsmuseum, Vienna (WERNER, 1925, p. 49): 


1 specimen, Merauke. 


A specimen from Madew, St. Joseph River, 2000—3000 feet (Brit. Mus. 
(Nat. Hist.), reg. no. 1908.10.14.8) has 145 ventrals, 53 subcaudals and 
27 maxillary teeth. In these respects it comes close to the type of Nafrix 
novae-guineae (Lidth de Jeude, Mus. Leiden, reg. no. 4702), and to Natrix 
maitii maicii (Gray). It is at present impossible to conclude with certainty 
whether these specimens represent a distinct species (N. novae-guineae) 
or are only aberrant specimens of N. mairii. 
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TABLE III. Nafrix mairii subsp. 
_ Ln 


Specimen Ventrals Sub- Upper labials Lower labials Pre- Post. 
(reg. no.) caudals ocular: | oculars 
Mus, Amst. a 147} 87/87-+.... | 8(3, 4,5) 9(5) 2 3 
Brit. Mus. (Nat. Hist.) 
1936. 7.7.29 3 149 | 86/86-+1 ~ 
re ee 150 | 83/83-+1 8(3, 4, 5) 9(5) 2 33 
4939.5. 10. 157—158 Bate 147 | 81/81-+1 | 8(3,4;5) 9(5) 2 4/3 
76. 7.6.6 3 144 2 
1903. 3. 10. 16 a) 154 73/73+... | 8(r.3, 4,5; 9(5) 3 3 
1. 4, 5) 
( | 2 167 | 86/86+1 8(4, 5) 9(5) 2 3 
BZ, 12.10. 114—-115 4) Q 146 | 56/56+... | -8(3, 4,5) 9(5) 1 3 
1926. 5.31. 13—14 | : ie eee 
tied 151 2 
\ g | 154 | 80/80-+1 
85. 6. 30. 25—29 )| Q 150 ? 
) Q 150 | 74/7441 
| 9 Lye Wepre eer 
89.7. 1.9 Q 143. | 71/71-++1 8(3, 4, 5) 9(5) 2 3 
95. 4. 26. 46 Q 144 | 68/68+4... 
Ag 153 | 72241 9(4, 5, 6) 5) p) 3 
95. 10. 17. 37—39 } 3 153 | 75/75-+1 .| 9(4,5, 6) 9(5) 2 4/3 
Q 154 | 73/73+... | 8(3,4,5) 9(5) 2 4 
Mus, Comp. Zodl. * 
48615 } — 149 2 . 7/8 (3, 4, 5) 9(5) 2 3 
44171 = 153 69 7(4,5) 9(5) 2 3 
44172 |} — | 159 66 8(3, 4, 5) 9(5) 2 2/3 
44173 = 163 75 8(3, 4, 5) r.8(4);1.9(5)| 2 3 
44174 Pg 142 88+... 8(3, 4, 5) 9(5) D, 3 
HEDIGER (1934, p. 478) | | 
Madang zed 145 90 (5, 6; 4, 5) 2 3 
aa {age t 49-6),, (4,5) 2 S 
peri pee hnn 144 85 (3, 4, 5) 2 3 
Merauke, Mus. Leiden | 9 142 | 74/7441 8(3, 4, 5) r.9(5);1.10(6)| 1 3 
Merauke, WERNER (1925, | — 144 | 69/69-++1 - 1 
p. 49) 


Natrix mairii mairii (Gray) 
Specimens included: 


Rijksmuseum van Natuurlijke Historie, Leiden: 
1 9, Queensland, reg. no. 4231. 


British Museum (Natural History), London: 


1 9, N.W. Australia, reg. no. 44. 6. 13. 61. 

1 9, N.W. Australia, reg. no. 44. 6, 13. 58. 

1 9, N. Australia, reg. no. 57, 10, 24. 53. 

1 9, Cape York, reg. no. 67.5.6. 70. 

1 4, Daly River, N. Australia, reg. no. 95. 11. 14. 15. 

2 83,1 9 juv., Groote Eylandt, Gulf of Carpentaria, reg. no, 1926. 2. 25, 91—93. 
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1 g, Port Essington, cotype of Tropidonotus australis Gray, reg. no. 1946. 1. 13. 52. 
3 $6, Port Essington, cotypes of Tropidonotus australis Gray, reg. no. 1946, 1. 12. 


88—90. 
Q, Westwood (500 feet) near Rockhampton, Queensland, reg. no. 1924. 10.25. 29. 
3, Cooroomon near Rockhampton, reg. no. 1926. 2: 25. 90. 
3, Rockhampton, reg. no. 67.5. 6. 69. 
juv. (¢ 7), Herbert River, N. Queensland, reg. no. 93. 3. 14. 7. 
3, 1 juv., near Cooktown, Queensland, reg. no. 1903. 10. 19. 28—29. 
3,1 9, Burdekin River District, N. Queensland, reg. no. 1924. 1. 24, 18—19. 
Q, 1 juv., Kyogle, New South Wales, reg. no. 1934. 10. 27. 11—12. 


il enti etl aan Tl coe ee i ed 


Museum of Comparative Zodlogy, Cambridge (Mass.): 


11 hatchlings, from a clutch of eggs found at Winnellie near Darwin, Northern Territory 


of Australia. 


I have already mentioned that the eleven hatchlings from Winnellie have 
a lower subcaudal count (56—63) than the other specimens from Australia 
(66—74) of which data were available to me. Remarkably enough the 
number of ventrals is lower too, ie., 136—146 in the hatchlings, and 
142—156 in the other specimens. To my regret I have not succeeded in 


TABLE IV. Natrix mairii mairii (Gray) 


. Peres | Sex | Ventrals orcad Upper labials | Lower labials Pct | ee 
Mus. Leiden | ri 
4231 i 9 152 67/67-++-1 8(3, 4, 5) fOr) sie oN) 1/2 a 
Brit. Mus. (Nat. Hist.) 
44. 6. 13. 61 Q 147 65/65--... 
44, 6. 13.58 Q 146 ? 
ial Oe24, 53 Q 153 | 69/69-++1 
67.5.6. 70 ie) 142 59/59-++... 
Obe Wile eas 3 148 65/65+-1 
( 3 150 73/73+1 
1926. 2. 25. 9193 ; at 151 70/70+1 
ts 150 | 67/67-++1 
1946. 1. 13.52 3 149 68/68-+-1 
| a 15i0 |) e7ei724-1 
1946, 1. 12. 88—90 3 150 2 
( 3 153 67/67++1 
1924. 10. 25 .29 Q 151 65/65-+1 
1926. 2. 25. 90 3 152 68/68--1 
67.5.6. 69 3 154 72/72+1 
DEN Sheil dee 3? 150 71/71+-1 | 
Nyilnee) 148 68/68+-1 SG; yo) 9(5) 1 | 3 
NEN acne (| juv. | 149 | 7i/7ita | 8(3,4,5) 9(5) in | 3 
3 156 69/69-++-1 | 
1924. 1.24. 18—19 i) 149 | 68/68-+1 
Ces 150 52/52-+... Sis.) 9(5) i 3 
#934, 10, 27. 11—12 Ati 152 | 7171-41 
Mus. Comp. Zodl. 11jvs. ge 56—63 
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obtaining data from the Australian museums to check whether this 
difference is of any taxonomic importance. 
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Plantkunde. — Over het verband van de bloemkleur van de plant en het 
gemiddelde zaadgewicht van de bonenopbrengst bij de erfelijkheid 
van de afmetingen en het gewicht van de zaden van Phaseolus 
vulgaris. Il. By G. P. Frets. (Communicated by Prof. J. BOEKE.) 


(Communicated at the meeting of December 20, 1947.) 


De bevinding, dat van F3-bonenopbrengsten, gegroeid op F.-planten, 
die paars gebloeid hebben, het gemiddelde bonengewicht groter is dan van 
planten, die wit gebloeid hebben, kunnen we mendelistisch interpreteren 
door de aanneming van een factor C (color) voor violette bloemkleur en 
een factor c voor witte bloemkleur. De factor C geeft de lila bloemkleur, 
maakt de plant fors, robuust en geeft een gemiddeld groter bonengewicht 
dan de factor c, die de witte bloemkleur geeft en de plant graciel doet zijn 
en een lager gemiddeld bonengewicht geeft. Het is de vraag, of we voor 
deze eigenschappen kunnen volstaan met de aanneming van één paar 
genen C enc dan wel, dat ze bepaald worden door een factorenpaar C en 
c voor de bloemkleur en een factorenpaar H (habitus) en h voor de fors- 
heid, resp. teerheid van de plant. De factor H geeft dan het grotere, de 
factor h het kleinere gemiddelde bonengewicht van de bonenopbrengst. 
We nemen de 2 paren genen C en c en H en h aan, waarbij C en H ge- 
koppeld zijn. Dat we voor de besproken eigenschappen niet met één paar 
erffactoren, doch met 2 paar, te doen hebben, kan bewezen worden door 
de vaststelling van ,,crossing-over’’, dus van planten, die paars bloeien en 
tegelijk een graciele habitus hebben en van planten, die wit bloeien en een 
meer robuste habitus hebben. Wij hebben van ons materiaal de habitus der 
afzonderlijke planten niet regelmatig aangetekend, wel zoveel mogelijk de 
bloemkleur. De habitus laat zich goed vaststellen van een groep planten 
van de I-lijn, naast een groep planten van de II-lijn. In de Fy- en latere 
generaties ziet men planten, die goed de habitus van de I-lijn, resp. van 
de IL-lijn hebben, maar er zijn ook veel planten, waar de vaststelling van 
de habitus moeilijk is. Er zijn in het cahier van de kweek van 1934 enkele 
aantekeningen bij de Fy-planten, b.v. lichtpaars en type IJ, ook paars en 
type II, wit en type I, doch ook lichtpaars en type I. Ook lichtpaars en lang 
groen (eigenschappen van de II-lijn), doch ook lichtpaars en vroeg dor 
(eigensch. v. d. I-lijn). Er is dus enige aanwijzing, dat we met 2 paar erf- 
factoren met koppeling en ,,crossing-over’’ te doen hebben, doch hier zou 
methodisch onderzoek nodig zijn. Voor de bloemkleur is vaak aangetekend 
»lichtpaars’”’. Waarschijnlijk is de dominantie van de paarse bloemkleur niet 
volledig en zijn de heterozygoten ook wel lichtpaars. Bovendien zijn er 
waarschijnlijk erfelijke nuances van paars. Er zouden dan dus enkele poly- 
mere C en c factorenparen zijn. 
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We zien de betekenis van de bloemkleur voor het gemiddelde zaadge- 
wicht vooral als een indirect verband, d.w.z. de paarse bloemkleur is een 
eigenschap van de planten van de II-lijn; de II-lijn-planten zijn fors ge- 
bouwd, hebben een fors gewas en leveren bonen met een gemiddeld groter 
zaadgewicht dan de bonen van planten met een witte bloemkleur, de eigen- 
schap van de planten van de I-lijn, d.w.z. van de planten, dié teer gebouwd 
zijn en een bonenopbrengst leveren met een gemiddeld kleiner bonenge- 
wicht. Hierbij moeten we steeds in aanmerking nemen, dat van de bonen 
van de I-lijn door hun genotype het zaadgewicht groter is dan van die van. 
de I[I-lijn (1, blz. 239, fig. 2). 

Sirks (1925) vindt bij zijn onderzoek van de nakomelingschap van een 
spontane hybride (F,-plant) van Phaseolus vulgaris, dat van de bonenop- 
brengsten van de F-planten (F3-zaadgeneratie) het gemiddelde bonen- 
gewicht van bonenopbrengsten van planten met een gemarmerd paarse 
zaadhuid (de zaadhuid is moederlijk) groter is dan van bonenopbrengsten 
van planten met bonen met een witte zaadhuid. Ook voor de bonenop- 
brengsten van de F3-planten komt SiRkS tot dit resultaat. De bloemkleur 
en de habitus van de ouderplanten worden niet vermeld; ze waren onbe- 
kend. Voor de duiding van het bonengewicht gaat SIRKS uit van de opvat- 
ting, dat de boon het resultaat is van een groeiproces, niet alleen van poly- 
mere factoren voor het gewicht, maar ook van regulerende factoren, die in 
de zaadhuid functionneren. Hij neemt polymere, de groei bevorderende 
factoren voor de kiem, de zaadlobben, aan en een ,,inhibiting’’, de groei 
remmende factor, in de zaadhuid. Deze remmende factor I is gekoppeld 
met de kleurfactor P van de zaadhuid; ze behoort niet tot de serie multiple 
factoren, die het zaadgewicht door accumulerende werking doen toenemen. 
Op deze wijze verklaart Sirxs het kleine gemiddelde gewicht van bonen- 
opbrengsten van bonen met een witte zaadhuid en het grote gemiddelde 
gewicht van bonenopbrengsten van bonen met een gekleurde zaadhuid. De 
formules zijn pp II en ppii; de ,,Crossing-overs’’ worden te baat genomen 
voor de verklaring van het voorkomen van afwijkende vormen nl. licht 
wegende bonen met gekleurde zaadhuid en zwaar wegende met witte 
zaadhuid. 

Ik kon bij mijn onderzoek de bloemkleur in samenhang zien met de ver- 
schillende habitus der planten met paarse en met witte bloemkleur. Daar- 
door is het resultaat hier meer aanschouwelijk. Ik geef dus de voorkeur aan 
mijn hypothese en verklaar het afwijkende gemiddelde gewicht van som-~- 
mige bonenopbrengsten uit de zeer verschillende uitzonderlijke genotypen 
van de uitgangsbonen (d.i. van de zaadlobben). Ik neem een factorenpaar 
H enh aan. De factor H bewerkt de forse habitus en de paarse bloemkleur; 
bij het ontbreken van de factor H, dus als h, hebben we te doen met de 
zwakke habitus en de witte bloemkleur. Het is de toestand van de verlies- 
mutant meer dan van een factor met een remmende werking. Weliswaar 
liggen bij de kleuren van de zaadhuid de verhoudingen weer anders, zoals 
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uit de proeven van SAX (z. ben.) blijkt (zie ook PRAKKEN, 1940). De over- 
eenstemming is, dat we met een geringe semi-lethale werking te doen heb- 
ben. Deze is bij de mindere weerstand van de planten van de I-lijn met 
witte bloemkleur duidelijk, doch niet voor het verband met kleurverschil 
van de zaadhuid. 

Sax (1923) onderzocht voor SiRKS het zaadgewicht in verband met de 
kleur van de zaadhuid. Hij gaat uit van kruisingen van bonen met een 
groot gewicht en gedeeltelijk gele zaadhuid en die met een tweemaal zo 
klein gewicht en witte zaadhuid en vindt een groter gemiddeld gewicht 
van de bonenopbrengsten van F,-uitsplitsingen met een gekleurde dan met 
een witte zaadhuid. In de F3-generatie zijn er verschillen voor verschillen- 
de zaadhuidkleuren. 

Sax wijst er op, dat planten ,,with pigmented beans often have a darker 
foliage than those with white beans and that there might be an increase in 
plant size with darker foliage and perhaps some relation between plant 
size and bean weight. He finds however that bean size is apparently 
not greatly influenced by plant weight’’. Het materiaal van SAX leent zich, 
zoals hij opmerkt, niet goed voor dit onderzoek, omdat ,,both parents of 
the cross have white blossoms and pale green foliage’. Het onderzoek van 
SAX biedt weinig aanknopingspunten voor het mijne. Uit zijn onderzoek 
blijkt wel de eigen betekenis van de zaadhuidkleur. De vraag, die ik ver- 
volgd heb, is, in genetisch opzicht, eenvoudiger. ,,The genetic behavior of 
the various colors of the seedcoat is very complex”, merkt SAX op. Hij 
neemt een werking van de factor P (pigmentation) op de polymere facto- 
ren, voor het zaadgewicht aan. 

SAX’ opmerking over de betekenis van donker groen gebladerte in tegen- 
stelling tot lichtgroen voor ,,plant height’’ stemt overeen met het gezichts- 
punt van mijn onderzoek. De erfelijkheidsonderzoekingen van verschillende 
eigenschappen van vlas van TINE TAMMES bevatten ook ervaringen op dit 
gebied. Bij het doorlezen van haar publicaties, zoals ze makkelijk toegan- 
kelijk zijn, doordat ze opnieuw afgedrukt zijn in Genetica (1941), kunnen 
er verschillende worden opgemerkt. Zij vindt b.v. (1912, p.98) dat grote 
zaadlengte samengaat met grote zaadbreedte, grote lengte en grote breedte 
van het bloemblad en donker gekleurde bloem, terwijl met kleine afmetin- 
gen lichte bloemkleur samengaat. Dit is een eigenschap van de erfelijke en 
de niet-erfelijke variabiliteit. In een latere publicatie (1914, p. 106 en 113) 
merkt I’, TAMMES op, dat ,,the seed of white-flowering varieties has a 
germinating-power inferior to that of the blue ones and by F, and by the 
heterozygotes of the following generation there is found a relatively too 
small number of seeds, which will yield white-flowering plants”. Hierop 
zou ook in mijn materiaal het gemiddeld kleiner aantal bonen per peul van 
de planten van de I-lijn, die wit bloeien en het groter aantal van die van 
de Il-lijn, die paars bloeien, kunnen berusten. Voor mijn materiaal van 
1932 vind ik voor de I-lijn, dat 300 peulen 927 bonen bevatten, d.i. 3.09 
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bonen p.p. Peulen met 4 bonen komen het vaakst voor; er waren ook vrij 
veel peulen met één boon. Bovendien staat vaak vermeld, dat een of meer 
bonen rudimentair zijn. Van de II-lijn telden we eenzelfde aantal peulen 
en vinden voor 298 peulen 1415 bonen, d.i. 4.74 bonen p.p. Hier zijn peu- 
len met 5 bonen het frequentst, doch er zijn ook zeer veel peulen met 6 
bonen; en enkele met 7 bonen. Het aantal peulen per plant is bij de II-lijn 
ook veel groter en er zijn niet zoveel rudimentaire bonen. 

Uit de bloemkleur van variéteiten van Phaseolus vulgaris kan uit de 2 
variéteiten van mijn materiaal en uit het onderzoek van SAX en van SIRKS 
geen verband worden. vastgesteld van bloemkleur en zaadhuidkleur. Het 
is er wel (PRAKKEN 1939), TJEBBEN en KOOIMAN (1919 p, 532) vermelden 
in een artikel over albinisme, dat 2 albinotische planten geént op normale 
onderstam enige créme witte bloemen voortbrachten en 3 zaden van abso- _ 
luut dezelfde kleur als die welke werden uitgezaaid. Het onderzoek betreft 
citroenbonen met lichtgeel tot bruine en zwarte zaadhuid (p. 324). 

T. TAMMES (1915, p. 115) vindt voor Linum-variéteiten, dat met de 
bloemkleur andere eigenschappen nauw samenhangen: nl. de kleur van de 
helmknoppen en die van de zaden, het uiterlijk (de ,,Beschaffenheit”) van 
de kroonbladen, het gemiddeld aantal zaden per vrucht en de kiemkracht 
van de zaden. 

Zeer opmerkelijk is, dat de 2 wit bloeiende variéteiten, die TINE TAMMES 
onderzocht (1915) zich verschillend gedragen en dit is wel in verband 
hiermede, dat de wit en gekroeste (,,gekrauselte’’) variéteit pigmentarmer 
is; ze heeft gele zaden en gele helmknoppen, terwijl het gewone wit 
bloeiende vlas blauwe helmknoppen heeft en bruine zaden, zoals het blauw 
bloeiende. De wit gekroeste (,,gekrauselte’’) heeft vooral de uitingen van 
geringe vitaliteit. TINE TAMMES neemt een factor C aan voor wit en ge- 
kroest. Het is een factor voor gestoorde ontwikkeling, een semi-lethale 
factor dus; ze heeft een werking ten opzichte van de levensvatbaarheid 
(Lebensfahigkeit’’). Bij een onderzoek over de breedte van de bloembladen 
door kruisingen van variéteiten van verschillende bloemkleur (1915 Proc. 
Ac. of Sc.) en verschillende breedte van het bloemblad, bleek, dat de ge- 
noemde factor C een ,,inhibiting factor is for the factors of the breadth”. 

De verhoudingen bij de experimenten met vlas doen T. TAMMES de 
werkzaamheid van een ,,inhibiting factor’’ C aannemen, zoals SIRKS ook 
een inhibiting factor bij zijn onderzoek over het zaadgewicht van Phaseolus 
vulgaris aanneemt. De verschijnselen over bloemkleur, habitus en zaadge- 
wicht in mijn experimenten worden, meen ik, het eenvoudigst verklaard 
door het wegvallen van een factor C (color) of van een tweetal factoren C 
en H (color en habitus), die bij hun aanwezigheid de paarse bloemkleur en 
de forse habitus geven. 


Samenvatting. 


Van 2 zuivere lijnen hebben de planten van de I-lijn witte, die van de 
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Il-lijn paarse bloemen. De planten van de I-lijn hebben tengere, die van de 
IL-lijn hebben forse stengels; van de eerste zijn de bladeren lichter groen 
dan van de tweede (Fig. 1). 

De F,-planten tonen splitsing in planten, die wit en die, welke paars 
bloeien. Het blijkt, dat het gemiddelde zaadgewicht van de F3-bonen- 
opbrengsten van de F,-planten, die wit gebloeid hebben iets kleiner is dan 
van die, welke paars gebloeid hebben (tab. 1 en 2, fig. 3). 

Het verschil is klein en er moet ermee rekening worden gehouden, dat 
de F.-planten genotypisch zeer kunnen verschillen en dus ook hun F3- 
bonenopbrengsten. Het is in het bizonder nodig voor ons materiaal, omdat 
het gewicht van bonen van de I -lijn, van planten dus, die wit bloeien, zoveel 
groter is dan van bonen van de II-lijn, dus van planten, die paars bloeien, 
omdat de eerste zoveel groter zijn dan de tweede (de eerste zijn groot en 
plat, de tweede klein en dik, Fig. 2). Alleen bij een zeer groot materiaal 
zullen uitzonderlijke genotypen gelijkelijk bij de bonenopbrengsten van 
planten, die wit gebloeid hebben en bij die van planten, die paars gebloeid 
hebben, worden aangetroffen. 

Twee factorenparen, een paar C en c voor de paarse en de witte bloem- 
kleur en een paar H en h voor robuste en graciele habitus, die gekoppeld 
zijn, kunnen het gevonden resultaat verklaren. 

In de onderzoekingen van SAX, SIRKS en vooral in die van T. TAMMES 
worden analoge verschijnselen behandeld. 


Summary. 


Two pure lines of beans are the material of this investigation. The 
plants of the I-line have white flowers, those of the II-line have violet 
flowers, The plants of the I-line have slender stalks and a light green 
foliage, those of the II-line have robust stalks and a darker green foliage 
(Fig. 1). 

The F,-plants show segregation in plants with white and in plants with 
violet flowers. We find that the mean seed weight of the F3-beanyields 
of F,-plants, that had white flowers, is smaller than that of plants that 
had violet flowers (tab. 1 and 2, fig. 3). 

The difference is small and one must reckon with the fact that the geno- 
types of the F,-plants can differ very much. It is especially necessary for 
our material, because the weight of beans of the I-line, so of plants with 
white flowers is much greater than of beans of the II-line, so of plants with 
violet flowers; the first ones having a greater size than the second ones 
(great and flat, resp. small and thick, Fig. 2). We shall find rare genotypes 
equally present among beanyields of plants that had white flowers and 
among those of plants, that had violet flowers, when we have to do with 
a very great material. 

We accept two pairs of genes, a pair C and c for violet and white 
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flowercolour, and a pair H and h for robust and slender habitus, that are 


coupled, to interpret the result. 
SAX, SIRKS and especially T. TAMMEs deal with analogous phenomena in 


their extensive investigations on beans and flax. 
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Petrology. — Sur la pumpellyite de Barbaggio, Corse. Par C. G. EGELER. 
(Communicated by Prof. H. A. BROUWER.) 


(Communicated at the meeting of February 28, 1948.) 


Depuis la premiére description du minéral pumpellyite, de la pointe de 
Keweenaw, Lac Supérieur, donnée en 1925 par PALACHE et Mlle VAssAR 1), 
ce minéral a été décrit de diverses localités. 

La présence de pumpellyite dans la Corse alpine a été signalée pour la 
premiére fois par QUITZOW 2) en 1935, dans des roches a glaucophane. 
Pendant des recherches géologiques, faites par le Professeur H. A. 
BROUWER et l'auteur dans la partie orientale de la Corse pendant 1l’été 
1947 3), plusieurs roches contenant de la pumpellyite ont été collectionnées. 
Comme d’aprés la littérature, le minéral pumpellyite manifeste une varia- 
bilité frappante en ce qui cconcerne les propriétés optiques+) et que — 
autant qu'il est connu a l’auteur — une description détaillée d'une pumpel- 
lyite de Corse n'a jamais été donnée, les résultats de l'’examen microscopi- 
que d'une telle pumpellyite seront donnés dans ce qui suit. 

Les roches mentionnées ont été recueillies le long de la route de 
St. Florent au Col de Teghime, 200 m. environ a l'Est de Barbaggio, au 
contact des intrusions granitiques alpines avec les roches de la nappe des 
schistes lustrés 5). La pumpellyite se trouve, en quantités variables, dans 
des roches métamorphiques de la série ophiolitique, accompagnée de quartz, 
d’albite, de chlorite, des minéraux du groupe de l’épidote, d’amphibole, de 
lawsonite, de mica blanc et de sphéne. 

Un des échantillons surtout contient de la pumpellyite en abondance. 
Ici on la trouve a la périphérie d’un filon de quartz, en individus assez 
grands, se prétant bien a l'étude détaillée. Ces cristaux, atteignant une 
longueur de plus d’un millimétre, se trouvent dans la masse de quartz en 
faisceaux plus ou moins divergents ou en cristaux isolés. Sauf dans le filon 


1) C, PALACHE et H. E, VASSAR, Some minerals of the Keweenawan copper deposits: 
pumpellyite, a new mineral; sericite; saponite. Amer. Min., 10, 412—418 (1925). 

2) H. W. QuiTzow, Pumpellyit, ein haufiges Hydrothermal- und Sekundarmineral 
in basischen Gesteinen. Zentr, bl. Min. etc., 1936 A, p. 45. 

3) H. A, BROUWER et C, G. EGELER, Sur les granites alpins de la Corse, Proc, Kon. 
Ned. Akad. v. Wetensch., Amsterdam, 51, 3, 302—307 (1948). 

4) C. O. HuTTon, An occurrence of the mineral pumpellyite in the Lake Wakatipu 
region, Western Otago, New Zealand. Min. Mag., 24, 529—533 (1937). 

W. P. DE ROEVER, Igneous and metamorphic rocks in eastern Central Celebes, 
Geological explorations in the island of Celebes under the leadership of H. A, BROUWER, 
Amsterdam, 65—137 (1947), 

5) A. PILGER, Der alpinen Deckenbau Korsikas und seine Granit-Intrusionen (1937). 
Abh. Ges, Wiss. Gott., Math.-Phys. Kl. III, 19, 1—43 (1939) 
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de quartz, le minéral se présente en grande quantité en agrégats de grains 
plus petits, alternant en trainées paralléles avec des concentrations dis- 
continues de quartz postérieur. Localement, la pumpellyite dans ces agrégats 
est associée au felspath albitique et A des minéraux du groupe de | épidote, 
quelquefois avec des noyaux d’allanite; on trouve aussi une petite quantité 
de chlorite, de sphéne, d’apatite, de zircon et de pyrite plus ou moins 
limonitisée. 

Les cristaux de pumpellyite sont allongés suivant l’axe b et montrent 
un polychroisme sensible, de presque incolore (na et ny) a vert pale, quel- 
quefois avec une teinte bleuatre (ns); le schéma d’absorption est 
ng > na = ny. 

La réfringence du minéral est forte; l'indice de réfraction ng, mesuré par 
la méthode de l'immersion, semble étre un peu plus grand que 1.676 (Na) 
et probablement voisin de 1.680. 

La biréfringence positive est modérée; par l’emploi de la platine théodolite 
et du compensateur BEREK, des valeurs de 0.013 —0.014 ont été obtenues, 
résultant de mesures de 6 cristaux différents. 

6 Mesures de l’angle des axes optiques, par l'emploi de la platine théo- 
dolite, ont données des valeurs de 23° — 28° pour 2Vy. L’angle des axes, 
calculé d’aprés les biréfringences partielles, est 283° environ. La variabilité 
de l’angle mesuré s’explique par la structure faiblement zonaire, observée 
dans plusieurs cristaux. 

La dispersion est assez forte: 90 <v al’égard de ny. Des sections perpen- 
diculaires 4 la bissectrice aigué montrent des couleurs bleues anomales 
faibles. 

Le plan des axes optiques a une orientation transversale; ng se trouve 
paralléle 4 la zone d’allongement des cristaux; l’allongement est variable. 

Les coupes transversales paraissent étre allongées suivant l'axe a; (001) 
est la face principale; le clivage (001) est assez bien développé. Des valeurs 
de 9°—12° ont été obtenues pour l’angle d’extinction n,/(001), dans des 
sections perpendiculaires a ng. 


Amsterdam, Institut géologique de l'Université. 


Mineralogy. — On wulfenite from Doria Ana, New Mexico. By | Ee ad 
Koninc. (Communicated by Prof. H. A. BROUWER.) 


(Communicated at the meeting of February 28, 1948.) 


In the present paper a crystallographic description of the mineral 
wulfenite from Dofa Ana, New Mexico is given. Many crystals of this 
mineral, a sample of which is represented in the mineralogical collection of 
the Geological Institute of the University of Amsterdam, occur in a rock 
consisting mainly of quartz and calcite. 

Although, as appears from the extensive literature, wulfenite from 
various localities has often been crystallographically described, a renewed 


.description seems to be justified: the results of the goniometric measure- 


ments of vicinal faces (flat third order pyramids) and the variable 
approximate indices will be given, while also the symmetry of the mineral 


_ will be discussed. 


In 1894 INGERSOLL!) described wulfenite crystals from Dona Ana 
County, New Mexico. He observed the forms c(001), n(111), u(102), 


e(101), p(201) and 2(313) in a pyramidal hemihedral and a hemihedral 
hemimorphic development. 

The crystals of wulfenite investigated by the author are parts of square 
tabular individuals, mostly extremely thin. Their colour is yellow to 
brownish yellow. Sometimes the individuals are transparent. 

Many of the crystal faces, particularly the basal and the vicinal faces, 
give the impression of being ideally flat with a high reflection capacity. 
The signals, however, are often more or less hazy, and in some cases use- 
ful values of m and @ could not be obtained. 

The following forms have been observed: 


Pyramids of the first order (hhl). 


Among the many crystals measured these forms are but present in a few 
cases, as appears from Table I. Of these forms only n(111) and n’(111) 
have been observed. In one crystal n(111) and n’(111) occurred together, 
while three other individuals contained n’(111) only; a fifth crystal n(111) 
only, 

These forms may be present-also in other crystals. Accurate measure- 


ments in these cases could not be performed as the faces are usually curved 
in combination with the prisms. 


1) C, A. INGERSOLL, Hemimorphic wulfenite crystals from New Mexico, Am. | RES Ios 
XLVIII, 193—195 (1894). 
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Pyramids of the second order (h01!). 


The pyramids of the second order play an important part in the develop- 
ment of the crystal faces of the wulfenite investigated. These faces are 
usually curved, showing a smaller reflection capacity then the other faces. 
The curved faces lie between e(101) and 1(103); they are mentioned in 
Table I: 2nd order pyramids curved. 

The pyramidal faces of the second order which could be individually 
measured are: e(101), e’(101), (102), (?)z(205), 7(103) and 7’(103). 
The measurements of the angle @ of (?)z(205) vary within a wide range. 
Of all the values obtained the following are the best: 


Nr. crystal | 2 Weight 


1 Bie 10) | 1 

11 See | Sal 1 
30. «51 1 

IS 30) 756 1 
15 she Sal 1 
18 5115 2 


From these data the average @ = 32° 07’ results. 


Pyramids of the third order (hkl). 


The most interesting faces are certain vicinals of the base. Many com- 
munications in the mineralogical literature about these faces illustrate that 
they are characteristic of the mineral wulfenite. The study of the vicinals 
is rather difficult. The base, appearing macroscopically as one single face, 
appeared in some cases to be composed of several faces at very small 
angles with each other. Accurate measurements were impossible in these 
cases. 

From measurements of the apparently corresponding vicinals a distinct 
variability appeared. The azimuth » varies between 5°02’ and 8° 37’, 
while the angle o varies from 6° 37’ to 8° 20’. 

From this variability it appears that the faces considered do not have a 
constant crystallographic orientation. The indices calculated for these flat 
pyramids of the third order are approximations. The crystallographic 
variability is a phenomenon not only characteristic of wulfenite crystals 
from this single locality but also of wulfenite from other localities as 
appears from the study of the literature on this subject. 

Of the wulfenite crystals 23 individuals have been investigated. As 
appears from Table I two crystals do not exhibit the vicinal faces. One 
other crystal only shows a development of the vicinals at the upper part; 
two individuals show these faces at the lower part. Of the 23 crystals only 
16 individuals (upper and/or lower parts) give reliable results for the 
angles and @. 
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In Table II the results of the goniometric measurements are tabulated. 
The mean value of all data is (9.1.109), while the mean value of the best 
results amounts to (9.1.112). 

The vicinals generally form an important truncation at the corners of 
the square base. In three cases only this truncation is very small. 


TABLE II. 


Nr a = above Number of | Symbol calcu- 
lated with 
crystal | b=below measurem. mes 766 


a 7°12! 7°26’ 3 8.1.119 
b 2 7 10 3 = 
a a S173 8 20 2 TASTS 
b 6 33 7 19 3 9.1.108 
a 7 34 7 03 3 15.2.193 
b 6 00 6 57 3 19.2.248 
; | a 6 29 6 50 3 grote iz 
b 6 22 713 3 9.1.112 
8 | a B04 7814 | 3 9.1 /117 
F _—- 2 8 06 2 we 
b 6 05 7 36 2 O11 
A 2 7 03 3 = 
, b 6 26 7 01 3 9.1.114 
a 6 46 7 36 2 8.1.100 
’ b 7 35 7 34 2 15.2.180 
a 8 37 7 38 2 epelwrcy 
M b 5 02 6 37 2 11.1.155 
17 a ee | 7 29 2 71.82 
a 7 40 7 44 2 Ga IRR7 
18 b 8 07 7 52 2 7.1.80 
a 5 22 7 03 3 jdt 1o166 
. b 5 53 7 04 2 10.1.124 
a 6 27 727 2 9.1.107 
on b 7 6 58 2 on 
21 Peer OO 27-07 | 1 19.2.242 
22 OS DS Ee aes Bee ae 2 19.2.270 
23 a | 644 | 701 1 1779978 
Average Os NOS) 


Using the best data only, an average of 9.1.112 was calculated. 


Prisms. 


Of the prismatic faces only the prism of the first order m(110) have been 
measured with certainty. Prisms of the second order have not been 
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observed. The third group of the prismatic faces is nearly always repre- 


sented but always more or less curved. 
Goniometric investigations give the impression that (120), (210), (130) 
and (310) are present, but numerical data for their azimuths were not 


obtained. 


An idealized wulfenite crystal from Dona Ana, New Mexico is given 
in fig. 1: a combination of the base c(001) with the flat pyramid of the 
third order d (9.1.112), a number of slightly curved second order pyramids 
between e(101) and 1(103), the first order pyramid n(111) and some 
curved prismatic faces of the third order together with m(110). 


In fig. 2 a second form is given: the base c(001) in combination with 
the slightly curved second order pyramids and some curved tritoprisms. 


Finally fig. 3 shows c(001), (103) and @(9.1.112) in the upper part 


and c’(001) with 7’(103) in the lower part of the crystal, with some curved 
prisms of the third order. 


Fig. 3. 


The symmetry class of wulfenite. 

In literature on wulfenite much attention has been given to the symmetry 
class of this mineral. The investigations on this problem point to pyramidal 
hemihedral symmetry: tetragonal bipyramidal, Fig. 1 and 2, resulting from 
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the present investigations, seem to illustrate two complementary forms with 
tetragonal hemihedral symmetry. 

Fig. 3, on the other hand, points to hemihedral hemimorphic symmetry: 
tetragonal pyramidal. 

Based upon investigations of many crystals from various localities 
BACH 2) concluded to hemihedral and hemimorphic symmetry of wulfenite. 
ROYER 3) in 1936 found a tetartohedral symmetry of wulfenite by etching 
with active acids. 

In 1939 BELLANCA #) investigated wulfenite from Red Cloud Mine, 
Arizona and found a distinct piezoelectrical effect. This, combined with 
the morphological investigations by various mineralogists — and the results 
given in the present paper — may justify the conclusion that wulfenite 
belongs to the tetragonal pyramidal class of symmetry. 


Tetragonal pyramidal 


Forms: c(001), e(101), u(102), 7(103), (?)z(205), n(111), 0 (9.1.112) 
and m(110). 


TABLE III. 
; = | Se cign | . Measured a | 0 
H | 
ace ymoo | ° | 0 | Calculated 
ee (001) = 0° | fs 
Daw "Ee (101) 90° 57 39, SV gsoye 
37> w (102) 90 38 18 | 38" 15 
4 (103) 90 27 +45 | 27 +43 
5 (2) z (205) | 90 ee nt32? O75 (= Ko aes de 
6 on (111) 45 | 65 45 65 51 
Theis | 91.112) | see Table Il 
Using the values of e(101), w(102), 7(103) and n(111) for the cal- 


culation of the axial ratio the following value results: 
Pye Ca = 15766 


According to BARKER’s5) classification of crystals wulfenite is char- 


acterized by the angle 
Gri? SY 


Geological Institute of the University 
of Amsterdam. 


2) LL. BACH, Ueber Wulfenit, N. J. f. Min., BB. LIV, A, 380—419 (1926). 

3) L, ROYER, De l'influence de la symétrie du milieu sur la symétrie des figures de 
corrosion dans les cristaux; nouveaux exemples. C. R. 202, 1346—1348 (1936). 

4) A. BELLANCA, Piezoelettricita polare e simmetria di alcune specie cristalline. Nota 
II, Periodico Min. 10, 1—6 (1939). 

5) T. V. BARKER, Systematic crystallography, an essay on crystal description, 
classification and identification, London (1930). — PP. TERPSTRA, Kristallometrie, 
Groningen (1946). 
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Mathematics. — Non-homogeneous binary quadratic forms. |. By P. 
VARNAVIDES. (Communicated by Prof. J. G. VAN DER CORPUT.) 


(Communicated at the meeting of February 28, 1948.) 


Leet 
= ax -+ py, y= yx oy. 
be two linear forms with determinant A = ad— py 0. A theorem of 
MINKOWSKI asserts that for any real numbers a, b there exist integers ~x, 
y such that 
|(E—a) (g—5)| Sz | AI; 


further the constant on the right hand side is the ‘best possible’. 
DAVENPORT 1) has considered the special forms 


E=x+6y, n= =x4+ Oy, 
where 


A6= (1 +5), W=F(1—Y5); 


so that, for any rational integers x, y the numbers é and &’ are conjugate 
integers of the field k(/5). He considers the lower bound M = M(a, b) 
of the product 


WESalr Co hy | te 4. en’ 


for all integers & of k(/5), showing that M(a, 6) assumes its maximum 


value when a, b are in a certain sense equivalent to 3, 4 and that 


1 


M (a, IS AE Cor crore at 


unless a, b belong to one of an infinite sequence of classes of equivalent 
pairs of numbers, 

In this paper I investigate the lower bound M(a,b) of (1) for all 
integers é of the field k(j'2). Both the methods and the results are strikingly 
similar to those of DAVENPORT, despite the fact that the proofs differ in 
a large number of details. We prove the following theorems. 


Theorem 1. For any real numbers a, b there is an integer & of k(y2) 
such that 


(E—J EHD See. 1 Seay 


*) H. DAVENPORT, Non-homogeneous binary quadratic forms. II, and IV, Proc. Kon. 
Ned. Akad. v. Wetensch., Amsterdam, 50, 378—389, 741—749 and 909—917 (1947). We 
refer to these two papers as D. II and D. IV and give page references in brackets. 
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This is true with strict inequality unless 
AEE a eas 3 
a y2 So, a y2 Or - . . . . > ( ) 
for some integer £y of k(y2). 
Theorem 2. [f a, b are of the form 
) oo’ 
Nee apart = ide y 


or | Gene be eee) 
@ a’ ; 
Serge ne ba eet te: 


where w is a unit of k(y2), &o is an integer of k(y2) n is an odd positive 
rational integer and 


a= BO) (5) 
Bay Dele s Ae oe ee em (OO) 
then there is an integer & of k(y2) for which 

leave’ —B| <<. Se ik Pel 

Unless a, b are of the form (3) or are of the form (4), 
NA (ay BV ee te ee 

2itet O28.7: 

(The numbers a, aj, a; a3, a5 a5,... increase from the value 4 to the limit 


2(1 -f 2) — 4.823... %) 
Theorem 3. If a, b are of the form (3), then 
5 —a) (Eb) Wad Pe a 


_ for all integers — of k(y2); equality occurring for an infinite number of 
integral values of £. If a, b are of form (4), then 


et tat eee ar ee Oni) 


An On 
for all integers & of k(2); equality occurring for an infinite number of 
integral values of &. 

The proofs are based on a series of lemmas. Where these lemmas differ 
only in detail from the work of DAVENPORT, we do not give detailed proofs, 
but merely indicate the methods by which the results may be obtained. 

I am grateful to Professor DAVENPORT for suggesting this problem to 
me and for the help he has given me. I also thank Mr. C. A. Rocers for 
assiting me in preparing the manuscript for publication. 
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2. Proof of the theorems. The proofs are based on a series of lemmas, 
which will be proved later. 

We first prove the last clause of Theorem 2. Suppose that a, 6b are 
such that 


1 Z 
M(a, b) > ae i a Me nel oe ed (11) 
Write 


1 


DA ee aa 


(12) 


where O<6<1. 

We choose a sufficiently small positive number ¢9 = é9 (a, 6) and in 
the course of our proof we suppose that ¢9 is smaller than a certain finite 
number of positive functions f(6) of 6. The number eg being chosen, we 
can, by the definition of M, choose an integer &o of the field such that 


_M_ 
1—e’ 
for some « satisfying 0 S «<q. It should be noted that we can not and 
do not make the choice of ¢9 depend on po. 


We define a, 8 by 


(Ep — a) (£9 —b)| = (13) 


a==(a—é,j), P= (6-56) rt 2 tae OS 
so that, by (13) and the definition of M, 
Hagl=T} (BP a7Titee tap apa oe ak 
for all integers é of the field. Further 
ite £-9 (6— (2) 4) pl a BF ee 


for all integers § 0 of the field. Also, by (12), (13) and (14), we obtain 


jopj =F =2r(1—g(l—a. . 5. ee Ta 


We now show that if (15), (16) and (17) are satisfied then a, 8 must 
be of certain special forms. Lemma 1 shows that the general case can be 
reduced by certain transformations of a, 6 to the special case in which 


=e faa oy ee ee 


a h(2—=8) Pas ee ee 


In Lemmas 2—3 and 5—12 we use (15) and (16) with various integers & 
of the field to prove that if (17), (18) and (19) are satisfied, then a and 
must be given by 

a=y2 and f=— 
or by 

a= a, and. pg, 
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- a 


where n is an odd positive rational integer and an is given by (5) and 
(6). It follows from Lemma | that in the general case, when a, f do not 
necessarily satisfy (18) and (19), then a, B must be given by 
i p=—yj20’, 
or by 
Wer Oh pce a a 
or by 


, 
a=—a,0 5 pa, 0; 


where w is a unit of the field and n is an odd positive rational integer. It 
follows from (14) that a, b must be of the form 


@ oo’ , 
Gk LS od See, Ma 6 le eel ie (20) 


where @ is a unit of k(y2) and &) is an integer of k(y2) or that a, b must 
be of the form (4). But the general unit of k(y2) is 


ea (ee (mod {2} %0 5! se ete 


so that if a, b are of the form (20) they are of the form (3). This proves 
the last clause of Theorem 2. 

The two clauses of Theorem 3 are proved separately as Lemmas 4 and 
Lemma 13. Theorems 1 and 2 now follow from Theorem 3 and the last 
clause of Theorem 2. 


3. Lemma 1. For any real quadratic field k{ ym), let a B be numbers 
such that | af | + 0 and 
(a) for every integer — of k(ym) stet 


| (ag — 1) (B2’ —1)| > 1—e. 
Then either 


a=wa’, b=o'f 
or 1 ta OE ae eee 
fap pow 
where w is a unit of k(ym) and a*, B* have the property (a) and satisfy 
Fer eGR ls se 2 te ck Ste pe Ooe eee 
“6 Say, «| Cg ete Sma aes Eta ia P| 
T 
eee Via Bhan Os sg a Se 


t being the fundamental unit of the field. 
Proof. Since a 0 and f 0 there is an integer n such that 


yar} a A ae q2ntl 
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i.e. such that 


and 


T, 


1 , 
Flax] <|p(ery'| Sav" 


1 j 

4 | p(ery | <|ar™| <| p(ery/|«. 
So, by taking 

a=—tar, Po=+ Ble), 
or 

a= + B(x"), B= +ar", 
we can arrange that (24) is satisfied. Then (23) is satisfied automatically, 
while a, f will clearly be expressible in one of the forms (22). Further, 
since 


| (a* &— 1) (B° &’ — 1)| =| (a(Eo@~') — 1) (6 (Eo) —1)| 


or 
| (a* § — 1) (8° E’ — 1)| = |(a(Ew-')’ — 1) (BE@™)—1)| 


and w-1 and (&w~-1)’ are integers of the field whenever & is an integer 
of the field, it follows that a*, B* have the property (a). We have now 
only to prove that a* satisfies (25). 

Since a*, 8* have the property (a), we have in particular 


\(a“I—1)(B*I— 1)’ | S1—e . . . . . . (26) 
for every positive rational integer 1. By (24) we have 


|P*I—1) <a*l +1, 
and so using (26), 


[ald — 1 Sha, | es ee ees 
for every positive rational integer 1. Suppose, if possible, that a* < y(2—e). 
Then, by (27) with 1= 1, it follows that a*<y«. Now take I to be the 
largest positive integer for which la* <1. Provided e<&9 <4, we have 
a* <4, and la* > 4. Thus 
| (la*)?—1| <3, 


contrary to (27). This contradiction proves that a* satisfies (25). 


4. We suppose throughout the proofs of Lemmas 2—3 and 5—12 that 
a, B satisfy (17), (18) and (19) and that (15) and (16) are satisfied for 
all integers § £0 of k(/2). We write 


G==y2 


for convenience, 
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Lemma 2. If a<7/0, then B <0 and 
Ja—/2|<10ye, |B +¥2|<S10ye, . . . . . (28) 
Proof. Suppose, if possible, that 8 >0. Then, by (16) with 
E = Oe = y2/(1 + 72), 


we have 
eg ea 2 — 2 l—e 

(: 2 )(? 2 )lz 2 

Using our hypothesis, (18) and (19) 
—_ t 2+72 WN eget ee ities 
Gua Coma ee i920 (1-42) see 

Thus 

22s ee 2 l—e« 

ae) aun 


both the factors on the left being positive. Consequently by (18), 


2+ y2 Dies leas 
(2-.) (252) ste 


This when simplified gives (1—a)?2 = 4e, a result which is contrary to 
(19) provided « is sufficiently small. Hence B <0. 
Now, using (16), with & =7-1, 


a—) (B+ rl)| le. 
Write 6 = —f, so that B > 0. By (29), 
(ema) (B37 i 12,1 “S$ na OO) 
both the factors being positive. From (18) we obtain 
(c—a) (a—r"!) > 1—ez, 


and hence we deduce that 
Ve VO Pe. ee ol a ee (Ok) 
‘Taking & = 1 in (16), 
(o—1)@+t—«., 
both the factors being positive. By (31) this gives 
(¥2+Ve—1)6+ 1) >1—« 
so that 


(¥2+Nyete - 
eed Ne 
= y2—l0ye, 


=y2—- 
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and 


fe NE Gao WO V10Fn cy ee eee ee 
Also, from (18) and (31), . 
p> —a > — y2—7e. :- ie Mag ae ns ae oo) 
The inequalities (31), (32) and (33) establish the lemma. 
Lemma 3. If a =+/6, then a = 72, 6 = — y 2. 


Proof. We write a=y2+ a, B = —y2—fy,, so that | a,| = 10ye, 
|B, | = 10y/e, by Lemma 2. Substituting these values of @ and # in (15), 


\(/2E—1 + a8) (—y2e’-1—BF)|S1—2 . . . (4) 
for every integer & of k(y2). We take & to be 


SEs ew 
2a 


that this is an integer of k(y2) for every (positive, zero or negative) 
rational integer n follows by (21). In this case 


( 
(y¥2e—1 (aay oe ok 
=(4yFryYf=+i, 
so that by (34), 
Ages a) (i pt Htee 6) 1—. . . (35) 
2 2 | 
The‘conclusion that aj = 8; = 0 may now be reached by the argument 
used by DAVENPORT to prove Lemma 3 of the second part of his paper 2) 
by replacing 63 by tz and 2¢ by 10 ye. 
5. Lemma 4. If a, b are of the form (3) then 
[(E—a) (@’—b)|>4 


for all integers & of k(y2); equality occurring for an inifinite number of 
integral values of €. 


Proof. When a and b are of the form (3) and ¢ is an integer of k(j 2) 
| (E —a) (& — b)| =4|N (V2 {E—4$ F | Sh, 


since / 2{§—£o} +F 1 is a non-zero integer of the field. 
Now, if we take 


"41 
paeet ll. 88) 


2) D. Il (381—382), 
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for any rational integer n, we obtain ; 
| (§ — a) (6 — b)| = 4|N (+ (+ 9)’)|= 4. 
This proves the lemma as we have seen that the numbers é given by (36) 


are integers of k(j/2). 


6. Lemma 5. If t/9 =a, then B>0O. 


Proof. Suppose, if possible, that S =—f <0. Using (16) with 
€ = r—1, we obtain 


ja—t|(B—r)>1-«, 
since by (18) 
aC 1 1 
Pe Ae 


Now, if a were less than 7, (30) would be satisfied and it would ‘follow, 
as in the proof of Lemma (2) that (31) was satisfied. But, provided « is 
sufficiently small the inequality (31) is inconsistent with our hypothesis 
that a = 7/9. Thus we must have a = 1 and 


(a—1)(@—r-) > 1-., 


or 
~ i! 1—e 
pz z “s O—T 
Multiplying by a 
zs. a, a(l—e) 
BS eed ae re 


Now, provided a = y2r, 


a2 a(1—e) 1 t—e a(l—# 


da(t a—t t  a—t (a—t)? 
Rela Fe (1a 2)) et? hl ay 
eas t (a—t)? “4 (a—1)? Os 


wont as Vor at 1; 


y2r(1—e) 
y2r—t 


But, since 0< 6 <1, by (17) 
aB=21(1—e«)(1—46) << 21(1—2). 
We also have a contradiction when a > y2r, for then, by (18), 
 aBDalfe>2r. 


These contradictions prove the lemma. 


ape ety = 2+ y2(y2 $1) (1—) S27 (1-9). 
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| Lemma 6. Jf 7/9 <a then 
V2 te oe p oy (21)—=—2 191, 
Proof. By (17) and (18) 


Bayes | <aoVi2t— 2191 
and 
__ 2t(1—8)(1—#) — 21(1 —8) 


ie 1B | pasa 


Consequently 
axy2ry(1—d) << y2t— 4. 


Now, by Lemma 5, 8 > 0 and so by (18) 


a 1 1 
p22 7 v2" 
Suppose, if possible, that 
BaSy2 +776 


Then, by (40) and (41), 


|B- 1|< max Ns. y2—14+r26}=r'4+1776,. 


and by (39), 
ja—1| << y21—1—d =1—4. . 


Thus, by (42) and (43), 


\(a—1) (B—1)| <(¢—8) (1 + 28) = 1-17? <1, 


(37) 


tao} 


(39) 


(40) 


(41) 


(42) 


if ¢ is sufficiently small. This being contrary to (15) with é = 1, it follows 


that (41) is not satisfied. The lemma is now proved. 


Note added, 15 March, 1948. Professor DAVENPORT has pointed out 


that the second possibility in equation (4) may be omitted. 
For, if 


which is of the form 


where w* is a unit and £9 is an integer of k(j/2). Similarly the 
(3) may be omitted. 


sign in 


Chemistry. — Polyploidy in Frogs, induced by Colchicine. By GOSTA 
HAGGQvIST. 


(Communicated at the meeting of February 28, 1948.) 


In 1937 BLAKESLEE published the first communication regarding poly- 
ploidy in plants, induced by treatment with certain chemical substances, 
including colchicine. 

The genetic importance of the induced polyploidy is emphasized by 
BLAKESLEE in the following passage: 

,,9i induction du dédoublement du nombre de chromosomes par traite- 
ment chimique a une valeur générale, le cultivateur pourra travailler avec 
plus de précision pour diriger l'évolution des formes économiquement 
‘importantes, aussi bien celle des plantes propagées par des méthodes 
végétatives que des plantes multipliées 4 partir des graines. I] devrait étre 
possible, par example, de synthétiser une race double-diploide stable qui 
aurait la vigueur hybride et les caractéristiques désirées des tétraploides, 
a partir d'un hybride stérile. Le dédoublement du nombre des chromosomes 
donnerait a l’horticulteur des fleurs et des fruits plus grands; et pourrait 
étre, par l'intermédiaire des triploides, l’origine d'une variété de types 
fj wae Vid 

,La tétraploidie et la présence de chromosomes supplémentaires non 
balancés ont été des facteurs importants dans la constitution d’un grand 
nombre de nos meilleurs fruits et fleurs. En plus de l’augmentation des 
organes de la plante, la tétraploidie a transformé une forme stérile en 
fertile, une plante dioique en hermaphrodite, une plante annuelle en plante 
vivace, et a accru la résistance au froid. En Zoologie l’induction du dédou- 
blement du nombre des chromosomes est un champ inexploré, mais qui sera 
probablement fécond. La possibilité d’induire expérimentalement le dédou- 
blement du nombre des chromosomes est donc important pour la génétique 
pratique aussi bien que pour la génétique théorique.” 

This communication regarding the possibility of inducing polyploidy 
immediately gave rise to vigorous experimentation on the part of students 
of genetics and plant cultivators. They discovered that a number of other 
substances besides colchicine also had a similar effect. The first enthusiasm 
for the new possibilities that had thus been opened up, however, soon gave 
place to a more sober view. The polyploid forms were not always larger 
and more vigorous. It seems in fact, as pointed out by LEVAN (1942), that 
there is an optimal number of chromosomes for each kind of plant. Over 
and above that number the vitality of the plant decreases. Sometimes plants 
with the optimal number of chromosomes occur quite normally in nature. 
In such cases the introduction of artificial polyploidy can merely result in 
lowering the plant’s vitality. 
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In other cases, however, where the existing forms have not acquired the 
optimal number of chromosomes, much may be gained by the induction of 
polyploid forms. Thus, in spite of all disappointments, experimental poly- 
ploidy has already proved to be a valuable aid in plant cultivation, and it 
is as yet too early to survey the further advances that are likely to be 
attained by this method. 

As regards the induction of polyploidy in animals, certain progress has 
also been made. The most striking results in this respect have been gained 
not by chemical means, but by the application of a method with extreme 
temperatures — cold or heat —, which had long been employed by plant 
cultivators. In 1938 GRIFFITHS, by refrigerating newly fertilized eggs of 
Triturus viridescens down to 0°—3° C for 5 to 24 hours, succeeded in 
producing triploid larvae. In 1942 FANKHAUSER produced triploidy in 
Triturus by temperatures of 35°—37° C, The mortality was, however, very 
high. According to FANKHAUSER (1942), spontaneous polyploids are fairly 
commom in certain amphibia. In Triturus viridescens he had in 1942 found, 
among more than a thousand larvae, 26 heteroploid specimens. Spontaneous 
polyploidy has been observed also in other animals. It has most often been 
found in amphibia, at the earliest recorded date by G. and P. HERTWIG 
(1920) in Rana esculenta. According to SVARDSON (1945), the extant 
Swedish Salmonidae, with their high chromosome numbers, are probably 
natural polyploids of a now extinct stock. 

As regards growth and size, FANKHAUSER could not observe any marked 
distinction between diploid and triploid animals, though the latter appeared 
to be more vigorous. The tetraploid larvae, on the other hand, were smaller 
and of slower growth; the pentaploid after a time developed edema and 
had little vitality. 

The possibilities of inducing polyploidy in plants by means of colchicine 
naturally aroused expectations that this might be the case also in animals. 
It was, however, in animal cells that Lits (1934) first observed the 
peculiar effect of this alkaloid on the mitoses. BLAKESLEE (1938), for 
example, states that EmMBoDy and PHILLIPS had treated trout eggs, NOBLE 
and MATHEWSON frog eggs and aquarium fishes, with colchicine, though 
without effect, owing to the difficulty in getting the alkaloid to penetrate 
into the eggs. NEBEL (1937) as well as NEBEL and RUTTLE (1938) found 
that colchicine in concentrations stronger than 10-4 hindered the cell 
division after the first maturation division in eggs of Arbacia punctulata, if 
they were thus treated 10 minutes after the fertilization. The effect was 
similar to that in plant cells, in that the spindle was defective. PINCUS and 
WADDINGTON (1939) treated newly fertilized rabbit eggs with dilute 
solutions of alcohol, ether and colchicine. The concentration of the last- 
mentioned solutions was 0.00002—0,0005 %. They found that the colchi- 
cine especially impeded the development of the spindle, the cleavage of the 
cytoplasm and the movements of the pronuclei. In the same year KEPPEL 
and DAWSON inseminated frog eggs in accordance with the method of 


Ss , \ 


407 


RuGu. After a quarter of an hour the eggs were rinsed with water and 
after 15 minutes more they were separated without removing the gelatinous 
sheath. They were laid in colchicine solutions of varying concentration, 
ranging from | : 10000 to 1 : 1000000 and were kept in them continuously. 
The tests were made at 8° and 20° C, respectively. The first fissures were 
formed in solutions of 1 : 10000. In solutions of 1 : 1000000 the eggs on the 
second day varied from normal to those in which a “cap” of cells had 
been formed at the animal pole, but where the remainder of the egg was 


undivided. All the eggs — even those apparently normal —, were dead 
on the third day; in no case did the development go further than to an 
imperfect gastrulation. — MILLS (1939) studied the effect of colchicine 


on the mitoses of frogs and salamanders and found a retardation at meta- 
phase, due to the non-development of the spindle. In the same year PAFF 
studied the effect of colchicine on 24 hours-old chick embryos. The result 
is not clear. 

In 1940 WATERMAN subjected fish embryos, Oryzias lapites, in four 
different stages of development, to colchicine solutions of varying con- — 
centration, 10-5—10-3, for periods of varying length. He found the 
strongest concentration most ‘‘useful’’. He observed a general retardation 
and inhibition of cleavage and development, but also a number of abnor- 
mities in pigmentation, cyclops eyes and disorders in the shaping of the 
body — especially in the tail, which in certain cases was retarded or 
inhibited in development, etc. The periods during which the embryos were 
exposed to the action of the colchicine varied from 1 hour to 25 days. — 
In the same year HIGBEE injected 0,02 cm? of a 0.0001 % colchicine solution 
into hen’s eggs, which had been brooded for 24 hours. She obtained in 
the adult stage one hen and two cocks with abnormally large combs and 
wattles; two tail-feathers of the cocks were abnormally long. The hen laid 
eggs after pairing with one of the cocks, but it is not known whether they 
were polyploid. DUNHAM and BANTA (1940) made experiments with eggs 
of Daphnia longispina, which were treated with colchicine in a concentration 
of 10-4—-10-8, and obtained a number of abnormally developed individuals, 
but no form of polyploidy. 

The attempts to induce polyploidy in animals by means of colchicine 
were thus not very encouraging. FANKHAUSER (1942) in fact states: ‘“Every- 
one is aware of the great progress that has been made in the study of 
polyploidy in plants since the introduction of colchicine. With animals, this 
technique has not been very successful so far; we have to look for other 
methods for a controlled production of polyploids, which would be extre-~ 
mely desirable’. As above mentioned, this author himself and his coworkers 
have attained interesting results with temperature shocks. 

BOOK (1945) reports cold-shock experiments with eggs of Triton 
taeniatus and cristatus, by which he had obtained triploid larvae. He 
mentions that he had also made experiments with colchicine in varying 
concentrations, but without positive results, which he attributes to the fact 


~ 408 


that the egg-membrane is impermeable o colchicine. He considers it doubt- 
ful whether it is possible at all to induce polyploidy in animals with this 
alkaloid. He found no distinct difference in size between diploid and tri- 
ploid animals. In order to determine the size of the nucleus, he measured 
the largest (2a) and the smallest (b) diameter and, after comparing the 
product ab2 for diploid and triploid animals, found for different tissues a 
ratio of 1: 1.5—1: 1.74. 


Own experiments. 


Before proceeding to report my experiments, I may be permitted to mention certain 
circumstances which had unfavourably affected them and entailed serious interruptions in 
the investigations, In June my institute was to be removed from its former premises to a 
new building. In April and May the instruction was still being carried on in the former 
premises, but the preparations for the removal and the arangements for the fitting-up of 
the new ones almost completely hindered all scientific work on my part. In the new 
institute, building work was still going on. Here, however, in April the aquarium was in 
a sufficient stage of completion to enable me to use it, and in default of other scientific 
work, I was then tempted to induce polyploidy in animals by means of colchicine. As the 
building work was still proceeding, however, the aquarium could not be kept closed, and 
the distance between the old and the new institute prevented effective supervision. 


For the purpose of these experiments, I selected the common Swedish 
frog, Rana temporaria, which pairs at that season. The literature seemed 
to me to indicate that I must use considerably weaker colchicine solutions 
than had been generally adopted in plant cultivation. It seemed to be also 
desirable to treat the fertilized odcytes before any cleavages had occurred. 
When a multicellular stage has been reached, the colchicine may variously 
affect different cells, so that “‘mosaics’’ are produced. 

As for the difficulty of enabling the colchicin solution to penetrate the 
gelatinous sheath protecting the frog egg, it occurred to me that it might 
be overcome in the following manner. When the eggs are laid, they sink 
to the bottom. Here the gelatinous sheath absorbs water and swells, where- 
upon the eggs with their sheaths float up to the surface. This process 
should make it possible to bring the colchicine into touch with the eggs. 
In fact, if the latter are laid in the colchicine solution the alkaloid should 
be absorbed together with the water and penetrate into the egg. 

Investigations by JACOBI] have shown that frogs are very insensitive to 
colchicine. They should not therefore be affected by the weak solutions 
that might be considered here. Nor could the sperms be expected to be 
unable to inseminate eggs in the weak solutions used, as they did not seem 
to affect the motility of the cells. 

Proceeding from this reasoning, I placed 3 males and 3 females in each 
of six basins, where they immediately paired. When signs indicated that 
the time for egg-laying was approaching, I mixed solutions of colchicine in 
the different basins, so that they came to contain the alkaloid in the 
following concentrations: 1 : 50,000; 1: 100,000; 1: 200,000; 1 : 500.000; 
1: 1,000,000. I had also a basin without colchicine for purpose of control. 
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The frogs remained in the colchicinesolution for 48 hours, after which the 
alcaloid was washed away. The further development of the inseminated 
eggs thus occurred in pure water. 


Observations. 


Owing to an accident connected with the circumstances introductively 
recounted, the basin containing colchicine in the concentration of 1 : 500,000 
was emptied, and I am therefore unable to state whether this concentration 
is serviceable or not. In the basins containing the concentrations 1 : 50,000, 
1: 100,000 and 1 : 200,000, respectively, the eggs died before any larvae 
had as yet developed. Whether any cleavages had occurred at all in these 
eggs, I am unable to state. 

In the control basin eggs were laid and two days later also in the basin 
with colchicine in a solution of 1: 1,000,000. In both cases larvae were 
developed. The control animals from the outset were somewhat larger than 
the colchicine animals, but the lead was soon made good. 

When I returned from a journey to Finland which I made in the latter 
half of May, the control animals had died. 

However, I had, in addition, a general basin for frogs, in which I kept 
animals for the general requirements of the institute. In this basin eggs had 
been_laid earlier than in the experimental basins, at a date that had not 
been precisely recorded. On my return from Finland, the larvae that had 
been developed from these eggs (designated below by x) were considerably 
larger than the experimental animals. Those larvae now were used as 
controls. 

The colchicine-larvae, however, grew more rapidly and, in course of 
time, became on an average considerably largef (Plate 1). Not all the 
colchicine animals, however, had grown with equal rapidity. Some of them 
developed at a normal rate. The latter also passed through their meta- 
morphosis at the usual time or slightly later. In the Stockholm district this 
occurs towards the end of July or beginning of August. At the beginning 
of November the large larvae had not yet passed through any meta- 
morphosis. Among these animals there are some that were completely 
devoid of any visible rudiments of extremities. In others the posterior 
extremities are well developed, whereas the anterior ones are completely 
lacking. 

WATERMAN (1940), in his fish embryos treated with colchicine, had 
found malformations, especially in the tail region. In about one-third of 
the tadpoles similar anomalies were observed. They always affect the 
transition between the body and the tail. In some of the animals, one or 
more segments on the one side seem to be stunted in development, so that 
the tail, instead of continuing in the direction of the body-axis, makes a 
bend which may amount to about 45° or somewhat more. Usually, however, 
two bends are seen, first one at the base on one side, and then another 
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more distally on the other side, so that a kind of bayonet-bend is produced. 
The tail then runs in the direction of the body-axis, but is displaced 
towards one side. No other anomaly in the development of the tail has been 
found. It is, on the contrary, longer and more powerful than in normal 
animals. i S 

The tadpoles in which the tail forms an angle with the body-axis, when 
not disturbed, can swim in any direction. If, however, they are scared, they 
often move, owing to the oblique position of the tail, hurriedly in circles. 

FANKHAUSER, in his polyploid salamander larvae, regularly found 
changes in their pigmentation. In those treated with colchicine most of 
them show a darker colour than the average in the normal larvae. Three 
of them had been albinos; one of them died, so that at present only two 
are left. They are faintly yellowish-white and semitransparent. 

Some retardation of the development is usual in polyploid growths. It 
may be questioned, however, wether ‘the complete absence of one or both 
pairs of extremities can be thus explained, or wether it may be presumed 
that the hereditary structure had been more profoundly affected. 

It is also difficult to say how the curvature of the body-axis is to be 
explained. 

I have not observed any other anomalies in the appearance of the 
animals. 

Nuclear conditions. When the animals were at such early stages of 
development that chromosome counts could be successfully made, the 
former premises of the institution could not be used on account of the 
move, and the new premises were not yet in order. I afterwards tried to 
determine the chromosome number on entire epidermis cells from the tail- 
fins, but at metaphase the chromosomes lie so closely together that these 
attempts have hitherto failed. However, as FANKHAUSER has pointed out, 
the size of the nucleus is proportional to the chromosome number, haploid 
nuclei being smaller than diploid, the latter, again, smaller than triploid, 
and so forth. 

Theoretically, the matter, as it seems to me, may be viewed as follows: 
— In amphibia the egg as a rule has not terminated its reduction division 
(meiosis) when it is inseminated. The colchicine should therefore check 
the meiosis. In that case the result should be a diploid female nucleus, 
which with the haploid sperm cell should produce a triploid individual. 
Should then the first division of the sperm-ovum likewise be checked, the 
result should be a hexaploid one. Nothing, however, indicates that such 
individuals have actually been produced. 

If, on the other hand, the reduction division of the egg is already 
terminated when the insemination takes place, the colchicine would affect 
the first division of the sperm-ovum and a tetraploid individual should 
result. 

In order to estimate the relative size of the nucleus I used a micro- 
photography apparatus and projected the nuclei of the epidermis pre- 
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paraions on paper with a magnification of 1000 X, and outlined their 
contours. No selection was made, all the nuclei in the field of vision being 
outlined. In normal animals as well as in those treated with colchicine, the 
nuclei vary in form and size. The variations in the form of the nucleus 
are, however, similar in both. The size seems to show greater variations in 
the animals treated with colchicine. It cannot be said that in the latter the 
nuclei are always larger than in the former. But, as indicated in Riga init 
is evident that the colchicine-treated animals have considerably larger 
nuclei. 


Control 
Fig, 1. 


Colchicin e 


In order to obtain an idea of the ratio between the sizes of the nuclei, 
I sketched over five hundred epidermis cell-nuclei in a colchicine-treated 
and a control animal. In respect of each nucleus, I computed the longest 
diameter and the largest transverse diameter at right angles thereto. From 
the values thus obtained, I computed a mean diameter and, with the latter 
as a basis, estimated the nuclear volume regarded as a sphere. 

As the nuclei are not actually spherical, but flattened and somewhat 
irregular, the nuclear volume thus estimated will obviously be larger than 
the real one. In both cases, however, the sources of error must be of the 
same relative magnitude, whence the figures obtained are comparable with 
one another. 

For the control animals the estimated mean volume was 293.81 + 4.48 u3, 
and for the colchicine-treated animals 548.87 + 17.28 u3. The difference, 
244 + 17.9 3, is statistically significant. The ratio is 1: 1.87. This value 
lies between 1: 1.5, a figure which might be expected in triploid animals, 
and 1:2.0, which might be expected in tetraploid ones; but considerably 
closer to the latter. As BOOK (1945) found rather marked variations in 
the nuclear ratios in different kinds of cells of Triton taeniatus, it may 
be presumed that the nuclear volume is not always directly proportional to 
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the number of haploid chromosome sets. The degree of polyploidy is thus 
uncertain. 

The following facts, however, seem to indicate that the colchicine-treated 
animals whose nuclear volume relatively to that of normal animals is in 
the ratio of 1: 1.87 are tetraploid. Among the control animals designated 
with x, there were two that did not pass through the metamorphosis in 
normal time. By the 15th October only weak posterior extremities had 
been developed in those animals, but no anterior ones. In one of these 
animals, I measured 100 epidermis nuclei from the tail-fin and estimated 
the nuclear volume in the manner above described. The volume was 
443.04 + 13.8 w3. These nuclei were thus larger than in the normal 
control animals, but smaller than in the colchicine-treated ones. The 
difference relatively to the former was 149+ 14.5 and relatively to 
the latter 105.83 + 22.12. In both cases the difference is statistically 
significant. The nuclear volume relatively to that of the normal x-animals 
was 1:1.51. It may therefore be presumed that we are concerned here 
with spontaneous triploids. As the large colchicine-treated animals show 
still larger nuclei, clearly distinguishable from those of these presumed 
triploids, the former seem to me to probably tetraploid. 

As above mentioned, among the colchicine-treated animals there were 
some small specimens ‘that passed through the metamorphosis in normal 
time. They showed a nuclear volume which did not differ from that of the 
control animals. They are thus in all probability diploid. Nevertheless the 
colchicine treatment in certain cases had not been entirely ineffective. 
Some of them infact showed the same curvature of the tail that is other- 
wise found in many of the polyploid animals. 


Summary. 


1. Males and females of Rana temporaria were placed in basins. When 
signs indicated that the time for egg-laying approached, colchicine was 
mixed in the water so that the concentration in different basins ranged 
from 1 : 50.000 to 1 : 1.000.000. After 48 hours the colchicinesolution was 
washed away. __ 

2. Larvae developed only in the concentration of 1 : 1.000.000. 

3. Many of those larvae appear to be polyploid. 

4. In Rana temporaria the triploid and tetraploid forms are giant-forms. 

5. Colchicine induces not only polyploids but affects also in other ways 
the development of animals. Retardation of the metamorphose, changes of 
the pigment, disturbances of the bodily structure, checking of the devel- 
opment of special organs. These changes vary from individual to individual. 
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Geology. — Influence of the earth's rotation on ventilation currents of the 
Moluccan deep-sea basins. By PH. H. KUENEN. 


(Communicated at the meeting of March 20, 1948.) 


Abstract. 


It is shown that, judging from the oxygen content of the bottom water, 
the currents ventilating the deep-sea basins in the Moluccas appear to be 
deflected by Coriolis’ force. It is assumed that VAN RIEL’s chart of the 
oxygen distribution gives the best generalization of the available data. In 
two (three ?) cases north of the equator the currents are forced to the right 


-and in five (six?) cases south of the equator to the left. 


Centrifugal force must add to the deflection in some cases and might 
even be the sole agent where the shapes of the basins cause the water to 
flow along a curved course. Examples are available, however, in which no 
centrifugal force plays a part, only Coriolis’ force. The importance to 
geology and biology lies in the possibility of estimating velocities from 
the mass distribution, provided the deflecting forces are taken into account. 
Final judgment must be suspended until these calculations have been 
carried out. 


Most of the deep-sea basins of the Moluccas are connected with the 
Pacific or Indian Oceans or with other basins by more than one entrance. 
The superficial strata of water communicate through these straits with the 
surroundings. Besides strong reversing tidal currents, constant flow in one 
direction, or flow reversing with the monsoonal winds take care of renewal 
of these superficial layers. The currents at different levels may flow in 
opposite directions or at different velocities. 

In the oceans the densities of sub-surface waters are determined almost 
entirely by temperature, salinity being far less variable. Moreover, the 
stratification of the oceanic water is stable, the density increasing (as the 
temperature drops) with increasing depths. Hence the greater the sill- 
depth of an entrance is, the denser the water that can enter through it. 

As the various sills of each basin lie at different depths, the deeper 
layers inside find fewer straits through which to interchange their waters 
with the surroundings. Finally the deepest entrance determines the greatest 
depth at which water from outside can enter the basin. This water fills the 
entire basin below sill depths, because it is more dense than any other 
water which can find its way into the basin. In the following communication 
only this flow of deep water will be considered. 

In two Reports of the Snellius Expedition VAN RIEL has dealt with the 
flow of bottom water into the deep-sea basins of the Moluccas. In the first 
he showed from temperature data and bathymetrica]l charts through which 
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entrance each basin receives its homothermal deep water. He found that 
all deeps are ventilated by water deriving from the Pacific, except for the 
Sulu Sea, communicating with the South China Sea, and the Timor-Aroe 
Trough renewed by water from the Indian Ocean. 

In the second paper VAN RIEL traced the distribution of oxygen in the’ 
bottom water. During the leisurely flow from the ocean through one basin 
to the next the original supply of oxygen is gradually consumed. Respiration 
of animals and decomposition of organic matter must be responsible for a 
slow conversion of Oy to HzO, COs, etc. The bottom water entering the 
basins from the oceans contains 3.1 cc/1. The tongue passing from the 
Indian Ocean finally reaches 2.25 cc/1 in the Aroe Basin. In the Sulu Sea 
the lowest values are below 0.6 cc/1 because of very slow ventilation. The 
water in the entrance to the Celebes Sea contains 2.5 cc/1 and sinks to 
2.1 cc/1 in the Makassar Strait and to 1.7 cc/1 at the southern end, while 
a region of less than 1.7 cc/1 is also found in the southern part of the 
Celebes Sea itself. In Lifomatola Strait, north of Buru the oxygen content 
has sunk to 2.5 cc/1. In the Banda Basins 2.4 cc/1 is reached. In the 
Sawu Sea 1.7 cc/1 is the lowest limit and in the Flores Trough 2.1 cc/1. 

There are only a few isolated areas where a slight increase occurs along 
the bottom without it being obvious where the supply comes from. To the 
south of Ambon, in the central parts of the Makassar Strait, and east of 
Saleyer such areas are found. 

The distribution of the oxygen in the bottom water thus amply confirms 
the earlier deductions as to the paths followed from the oceans by the 
ventilation currents of the deeps. The only minor misfits concern the supply 
of the Weber Trough, first given as coming south of Banda, now appar- 
ently north of Banda and west of Damar. For the Sawu Basin the source 
is not evident from the oxygen chart. 

However, there is yet another aspect of the problems involved in this 
slow convection which is clearly demonstrated by VAN RIEL’s chart of the 
oxygen content..We are now able, not only to verify through which 
entrances the water is drawn from the surroundings, but also to trace its 
path along the bottom and across each basin from the intake to the over- 
flow into the next deep. 

The oxygen content of deep water is supplied by two factors: convection 
from above and ventilation by currents. Convection due to tidal currents 
is evidently small, otherwise there could not exist areas with very poor 
ventilation, such as the Sawu Basin, southern Makassar Strait, Sulu Basin, 
etc. 

Convection due to the ventilation flow itself is probably also slight. In 
the first place former estimates by the present author gave low velocities 
for these currents in the basins, of the order of 0.5 to 0.1 cm per second, 
or one hundredth part of the velocity of the tidal currents. In the second 
place turbulence carrying down oxygen would also raise the temperature, 
because the water above the homothermal deeps is warmer. However, the 
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rise in temperature as the water flows across the floor of a basin is almost 
imperceptible. 

We will return to the heat budget of the deeps presently. It appears 
safe to estimate the downward transport of oxygen at a few percent, or 
less, of the original content at the intake. 

From the above it follows that there are no local sources of oxygen 
worth speaking of, while on the contrary consumption takes place all the 
while. The observed oxygen content must therefore be supplied by renewal 
of the deep water through the intake. 

Hence, of two bodies of water in a single basin which are being supplied 
by the same intake the one showing the higher oxygen content must 
necessarily undergo the higher percentage of renewal per unit of time. 

This conclusion is of considerable importance, because it now appears a 
legitimate procedure to ascertain the course of the bottom flow by con- 
necting the points with the highest oxygen content in successive sections 
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Fig. 1. Distribution of oxygen in bottom water of the Moluccan deep-sea basins, 
simplified after VAN RIEL. The arrows show the deduced currents, 
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away from the intake. The areas with lower oxygen content parallel to 
the line of flow must show a lower rate of ventilation. 

On the chart, Fig. 1, an attempt has been made to draw the central line 
of the bottom flow in a number of the basins and entrances on the basis 
of vAN RIEL’s chart of the oxygen distribution. This brings out a highly 
significant property of these flows, namely that they are strongly deflected 
from the shortest line connecting intake with outflow (or blind ending) '). 


° 
‘ 
2 
3 
4 
5 
6 
7 


Fig. 2. Sections through Moluccan throughs showing position of iso-oxygen lines and 

arrows of fig. 1 on -the basin floor. (Vertical scale 25 X horizontal, depth in 1000 m.) 

I and II = currents directed away from the observer, II] towards the observer, II 

additional centrifugal force. A and B north of the equator, C to I south. Section A from 

middle of northern arm of Celebes to middle of ridge connecting Borneo with Mindanao, 

B Morotai to eastern point of Snellius Ridge, F Flores due north, the others from 
corresponding letters on fig. 1. 


In fig. 2 a few cross sections are given in which this central line is shown 
as a block. This demonstrates the degree in which the bottom flow is 
deflected from the deepest point or the centre of the section. 

There are also one or two instances where the central line of the inflow 
can be ascertained with sufficient accuracy to show that the ventilating 
current does not pass through the middle of the entrance but along one of 
the two sides. The clearest examples occur north of Morotai, where the 
main flow from the Pacific into the Morotai Basin is evidently deflected 
against the Snellius Ridge to the north, and Sanana Strait between Buru 
and Sanana where the current is found well to the south, on the Buru side. 

Several factors may be suggested as contributing to this deflection: in- 
accuracies of the chart, bottom topography, centrifugal force, and finally 
the earth’s rotation (Force of Coriolis). 


1) To simplify the picture some of the lines of equal oxygen content given by 


VAN RIEL have been omitted and only those currents have been indicated in which 
deflection is apparent. 
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1, Inaccuracies of the chart. Large features based on several stations 
such as the poorly ventilated area in the southern Celebes Sea cannot be 
the result of poor or insufficient data or either of mistakes in the drawing 
of the iso-oxygen lines. The consistency of the general picture is so great 
that even smaller features can hardly be otherwise than real. This will 
become more evident when treating the other possible factors. 

In drawing the iso-lines VAN RIEL had no axe to grind and it may be 
assumed that his generalization gives the most logical picture that can, be 
based on the data available. For this reason the author has refrained from 
giving an alternative construction that might be biassed. But it must be 
admitted that the number of stations where the oxygen content of the 
bottom water is known amounts only to 200 for all of the area deeper than 
1000 m. Several instances are met with in which the iso-lines could be 
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Fig 3. Position of bottom flow as deduced from oxygen content west of Halmahera. 
I = Morotai Basin, I] = Halmahera Trough. 


drawn differently with almost equal probability. This is notably the case 
for the Bali Basin, Aroe Basin, parts of the Timor Trough and the 
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entrance to the Morotai Basin north of Morotai 2). In fact the central lines 
given in fig. 1 and 2 must be taken cum grano salis. Nevertheless exami- 
nation of the oxygen values as given in table form by VAN RIEL has 
convinced the present author that the deflection of the arrows shown in 
fig. 1 is on the whole well founded. 


2. Bottom topography does not appear to influence the flow across the 
basins. It should be borne in mind that the bottom of the basins is not flat 
and generally lies several thousands of meters below both intake and 
outflow. The chart takes no account of this relief and covers all of the 
bottom below the 1000 meter depth contour. While the topography 
determines the position and depth of the intake, the shapes of the basin 
floor within and below this level have remarkably small influence on the 
flow across the basins. Following the flow on the oxygen chart one can 
find no indication of the position or depth of the successive homothermal 
deeps it crosses. The impression is given of a perfectly level floor, even 
where the depth chart shows the occurrence of great variations in depth. 
A few examples are the following: the Morotai, Ternate, and Batjan 
Troughs west of Halmahera (fig. 3); the ridges and troughs between Buru 
and Celebes; the Buru, Ceram, Bali, and Flores Troughs north of these 
islands (fig. 4); the immense Weber Trough southeast of Ceram. 

The bottom water covers these ridges and deeps in a uniform layer and 
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Fig. 4. Position of bottom flow as deduced from oxygen content north of Flores. 


their shapes find no expression in the distribution of the property under 
investigation. It would appear that the variations in density of the almost 


?) On VAN RIEL’s chart the flow through the Lifomatola Strait, 2° south of the 
equator, is shown as deflected towards the west (right), but the high oxygen content 
of station 228 forms a strong indication that the centre of the flow runs between stations 
224 and 225 well to the east (left) of the deepest part of the sill. 
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perfectly homothermal water in the deeps is so very slight that the flow 
does no bypass ridges or deeps, nor stagnate in the latter. It follows its 
course under the influence of its momentum over elevations and down 
along depressions irrespective of these undulations of the basin floors. 


3. Centrifugal force begins to act on the flow as soon as the course is 
no longer straight. Several cases are met with in which the shape of the 
basin is such that the flow cannot pass along a straight line from one end 
to the other. The Weber Trough and Ceram Trough form the best 
examples, less obvious is the case of the Gulf between the southern arms 
of Celebes. The flow passing down these basins has to follow a curved 
course and centrifugal force will act, carrying the central line towards 
the outer side. Centrifugal force will also be a contributing factor in cases 
where Coriolis’ force forms the primary cause of the curved course, and 
topography the secondary cause (e.g. the Celebes Sea). 


4. Coriolis’ force acts on all currents and is even the principal factor 
determining the course of many oceanic currents. But as the value of this 
force decreases towards the equator where it reaches zero, oceanographers 
have expressed doubt whether in the Moluccas any influence could be 
apparent. The main purpose of this article is to show that the ventilation 
currents appear to be deflected by the earth's rotation. 

As it happens, there are three narrow ventilation currents in which the 
deflection might be attributed to centrifugal force, as pointed out above. 
However, there are other instances in which this cannot be the case. The 
two most obvious of these occur where the water passes through straits 
and flows in a straight line. No centrifugal action can therefore be invoked 
to explain the observed deflection. These are the currents already referred 
to north of Morotai and of Buru (the position of the former is rather doubt- 
ful). Cross sections of these straits (fig. 2) show the marked degree in 
which the central line of the intake is forced sideways up against the 
lateral slope of the entrance. In spite of this upward deflection the water 
passing through the entrance originates at sill-level outside. This follows 
from a comparison of the temperature of the flow and the stratification 
outside (see VAN RIEL, 1934). 

The deflection of the flow to the right between the Talaud Islands and 
Miangas south of Mindanao is small and requires verification. 

Another case in which Coriolis’ force must be the primary cause of 
deflection, but where the effect is enhanced by centrifugal force is met 
with in the Flores Trough. 

The ventilating current passes along the southern slope, far above the 
level of the centre of the trough and curves back 180° on itself in a finely 
developed loop (fig. 4). The topography in itself gives no clue to this 
remarkable behaviour. Hence the earth’s rotation must be the sole primary 
cause of the spiral flow. 
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The flow passing through the Celebes Sea is markedly curved on its 
way from the entrance in the northeast to the outflow into the Makassar 
Strait. A large stagnant area to the south is avoided. Here again, the 
only logical reason the writer can suggest is Coriolis’ force, augmented 
by centrifugal force. 

These examples where the earth’s rotation evidently acts as an indepen- 
dant cause in deflecting the bottom flow are sufficiently clear to allow 
invoking the same force as additional cause for explaining the three 
ambiguous cases cited earlier, where topography is also active. 

Summarizing we find 4 examples of the action of Coriolis’ force, of 
which two lie north of the equator with deflection to the right, and two 
south with deflection to the left. Furthermore three cases in which the 
force appears to add to centrifugal deflection, all south of the equator 
with deflection to the left. Finally one doubtful case north of the equator 
(Miangas), and one south (Lifomatola Strait). 

No deflection is shown on VAN RIEL’s chart in the flow passing from 
the Indian Ocean into the Timor Trough and Aroe Basin. The distribution 
of oxygen in the Bali Trough is even opposite (higher values on the north 
side) to what should be expected. In the latter instance there are only 
three stations lying in a straight line along the axis of the trough. Hence 
no weight can be given to this case. There are more data for the Timor 
Trough and one would have expected a marked deflection. The writer has 
no suggestion to offer to account for this apparent absence of deflection. 

As VAN RIEL’s chart of oxygen distribution appertains only to the bottom, 
the noted flows form merely the sole of thicker bodies moving through the 
basins. Only by investigating the whole of the homothermal water body in 
a basin can information be obtained as to the general shape of the con- 
vection and ventilation of the deeps. 

The foregoing discussion has brought out that thanks to the very slight 
variations in density in the homothermal deeps, the small force of Coriolis 
near the equator appears to be sufficient to deflect the ventilation flows 
so as the cause them to rise from the floor of the basin to higher levels 
along the slope. The importance of this result lies partly in an explanation 
now being available for the curious pattern of oxygen distribution, and 
partly in the possibility of calculating the velocity of the ventilation flows 
when the deflecting forces are taken into account. The distribution of 
density throughout the homothermal deeps is known from many oceano- 
graphical stations with considerable accuracy. Theoretically it should 
therefore prove possible to calculate the strength of the deflecting force 
that causes the flow to deviate from the central line of basin or entrance 
and to rise laterally against the gentle slope of the floor and sides. As 
the value of Coriolis’ force depends only on velocity, besides on factors 
that can be calculated or estimated for a given case, the velocity should 
be ascertainable for the Moluccan ventilation flows. 

Complications may arise, however, where more than one current occur 
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at different levels. Another difficulty is that the cross-section of a single 
current may show independent variations in density and velocity. It will 
evidently be no simple matter to arrive at satisfactory conclusions. 

Dr. GROEN, oceanographer of the Koninklijk Nederlands Meteorologisch 
Instituut in de Bilt, has undertaken the task of attempting this calculation 
as part of the work he is doing on the Snellius results 3). If the available 
data prove sufficient, both biology and geology will gain highly significant 
foundations for quantitative computations. The total amount of organic 
matter sinking from above into the homothermal deep could be estimated 
from the rate of sedimentation and the percentage of decomposable matter 
in the deposits, when coupled with the amount of Og, used in metabolism 
and decomposition. Limiting values for the intensity of animal life in the 
deeps would also become available. Furthermore the solution of lime and 
silica are dependent, amongst others, on the rate of renewal of the bottom 
water. The transport of suspended sediment in the deeps could also be 
evaluated. Before attempting any of these computations the results of 
Dr. GROEN should be awaited. 

A final point may be shortly touched upon. The deep water flowing 
from the oceans through the successive basins receives heat from four 
sources: (1) reaction of oxygen with organic matter, (2) the flow of 
internal heat from the earth, (3) turbulent mixing with warmer overlying 
water, (4) friction. 

The amount of heat generated by the reactions consuming oxygen can 
be roughly estimated. The average loss of Og between the inflow from 
the oceans and final removal of the water from the homothermal deeps is 
of the order of 1 to 2 cm? per liter. This should generate about 5 to 
10 gr. cal. per liter and raise the temperature by 0.005° to 0.01° C. 

The flow of internal heat is of the order of 50 gr. cal. per cm? per year. 
The amount of heat generated by oxygen consumption in the homothermal 
deeps of 2000 m is 1000 to 2000 gr. cal. per cm2, or 20 to 40 times as much 
as the annual flow of internal heat. Hence, if the renewal of the homo- 
thermal deep takes 20 to 40 years, both factors would contribute equal 
amounts. 

The turbulent mixing and frictional heat are due to swimming animals, 
slight turbulence and friction of the flow and tidal currents within the 
basins, and strong turbulence and friction in the relatively swift currents 
(also in part tidal) in each passage from one basin to the next. The rise in 
temperature between the Pacific and the Sawu Basin is about 0.5°—1° C 
and is due almost entirely to mixing and friction in the narrow straits, Data 
for judging the horizontal variations have not yet been published. But the 
contribution from all factors acting on the water in a single basin may be 
estimated in first approximation from the rise in temperature between the 
bottom and the upper part of the homothermal deep on the tentative 


3) The writer wishes to thank Dr. GROEN for helpful criticism of the present paper. 
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assumption that the bottom water near the entrance shows the temperature 
of the intake and the top of the homothermal deep shows the temperature 
attained when the water leaves the basin. The difference is of the order 
of 0.10° to 0.15° C in the Celebes Sea. 

As the oxygen consumption per basin is less than 1 cc/1 this factor is 
probably only of small importance. Whether the flow of heat from the 
earth is found to be quantitatively important, will depend on the time 
available. If the renewal occupies 200 years it would account for a rise in 
_ temperature of 0.05°C. That would leave 0.1° C of the estimated rise of 
0.15° C to be caused by turbulence and friction. This could be brought 
about by the addition of 10 % water of 1°C higher temperature. The 
author is not able to offer an estimate on the contribution from friction. 

Evidently the heat budget of the homothermal deeps is closely related 
to the velocity of the bottom flow, and must be reconsidered when the 
latter value is better known. 
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Zoology. — Induction of head malformations in Limnaea stagnalis L. by 
lithium treatment in advanced cleavage stages. By CHR. P. RAVEN 
and A. H. G. C. RIJVEN. (Zoological Laboratory, University of 
Utrecht.) 


(Communicated at the meeting of March 20, 1948.) 


Introduction. 


In 1942 the senior author discovered the remarkable deviations from 
normal development of Limnaea stagnalis which may be obtained by 
treatment of the eggs with diluted LiCl solutions viz. the production of 
“exogastrulae”’, on the one hand, and of embryos with head malformations, 
on the other, as displacement of the eyes, synophthalmy, cyclopy, 
monophthalmy or anophthalmy (RAVEN 1942). As emphasized in this 
paper, these head malformations are the result of an alteration of the 
pattern of determination of the embryo. Hence, it was demonstrated that 
this pattern is not irrevocably laid down at an early stage, as might be 
expected to be the case in a Gastropod embryo according to current 
opinions. 

The experiments of RAVEN, KLOEK, KUIPER and DE JONG (1947) showed 
that different periods of sensibility exist for the production of exogastrulae 
and head malformations. Whereas the optimum for the induction of exo- 
gastrulae is situated at the moment of the 24 cleavage, head malformations 
are produced most easily by a treatment immediately after oviposition or, 
again, at an advanced cleavage stage, after the 8-cell stage. DE JONG, who 
studied especially the effects of Li-treatment in advanced stages of 
cleavage, obtained no deviations when the eggs were put into 0.001 % LiCl 
solutions after stage 25, i.e. after reachting the 24-cell stage. 

Since with respect to this important period of sensibility a more detailed 
investigation was needed, some more experiments have been made; they 
were especially intended to determine at which stage the second maximum 
of sensibility is reached, and after which moment no head malformations 
can be induced any more. This required also a renewed study and accurate 
timing of normal development. 

In order to check as exactly as possible the moment at which the 
Li-susceptibility is at its height and that at which it ends, it was desirable 
to restrict the duration of the Li-treatment as much as possible. Therefore, 
the eggs were treated with a 0.01 % LiCl solution during one hour. 
As a matter of fact, the yield of head malformations in this case is rather 
low, viz. 4% of the eggs, on an average (RAVEN, KLOEK, KUIPER and 
DE JONG, 1947); for the reason mentioned above, however, this disadvantage 
has been taken into the bargain. 


Stages of development. 
The following stages have been described by RAVEN c.s, (1947): 


stage 20: Formation of 24 micromeres; 12 cells. 
21: Division of 1st micromeres; 16 cells. 
22: 16-cell stage. Flattening of cells. 
23: , » » Wide cleavage cavity. 
24: Formation of 34 micromeres; 20 cells. 
25: Division of 24 micromeres; 24 cells. 


WIERZEJSKI (1905) distinguished between the 8- and 24-cell stages 
af Physa fontinalis L: the 12-cell stage with a shorter and the 16-cell stage 
with a longer resting pause. The 24-cell stage has the longest resting pause 
as concerns cell division, but otherwise it is a phase of great activity. 

Our own observations on Limnaea stagnalis agree with those of 
WIERZEJSKI, though with this difference that the first cleavage is 
‘dexiotropic, and conformably to this the following cleavages are in the 
opposite directions as compared with Physa. So the fourth cleavage is 
laeotropic: in surface view, the macromeres produce the second quartet 
of micromeres to the right side. 

The 12-cell stage can hardly be considered as a resting phase. While 
the macromeres are flattening, the micromeres of the first quartet are 
beginning to round off and cleave. The morula as a whole is showing 
the form of a globe with, at the side of the animal pole, the small but 
protruding micromeres of the first quartet. This is a characteristic view, 
typical of the 16-cell stage, since after this stage the first quartet is resting 
during a long time and no more protruding cells are to be expected at the 
animal pole. After these micromeres have flattened, too, the morula stays 
in a resting phase for about one hour. 

The fifth cleavage is dexiotropic. The macromeres begin to round off 
and, in surface view, are now giving off the third quartet of micromeres 
to the left side. The 20-cell stage may hardly be distinguished because the 
second micromeres are soon beginning to cleave too. As a whole, this 
stage is recognizable because the micromeres of the first quartet are lying 
at the animal pole as a rather flattened cap upon a belting agglomerate of 
protruding micromeres. 

When, at the end, all cells have flattened, the whole shows the form of 
a globe again. The cell boundaries are not sharply marked. Clefts between 
the 24 quartet micromeres seem to indicate the presence of a cleavage 
cavity. The 24-cell stage keeps this globular form for 4 or 5 hours. During 
this phase, which may be-designated as stage 26, no clearly marked external 
changes occur, so that a further subdivision into stages is not possible. 
After this time, a new belt of protruding cells is beginning to appear 
beneath the cap of the first quartet micromeres. These are the cells of the 
second quartet which are preparing to divide (stage 27). About 36 hours 
later the gastrulation begins (at a temperature of about 20° C). 
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Material and methods. 


Prior to treatment, the egg capsules were liberated from the mucus. 
The stage of development of the eggs was determined. In the eggs, treated 
after stage 25, the moment at which they reached the 24-cell stage was 
noted, and the time of treatment has been indicated in hours after this 
moment, because of the long duration of stage 26 and the difficulty in 
recognizing later stages. After one hour's treatment the egg capsules 
stayed for 24 hours in tap water refreshed several times. Then the eggs 
were put in rows upon a 2 % agar bottom, together with a number of 
controls, in order to observe their further development individually. This 
method has proved to be successful by the investigations of KLOEK 
(cf. RAVEN c.s. 1947). 

Altogether 4718 eggs have been used for this investigation. They 
belonged to 57 egg-masses. In most cases, the eggs of one egg-mass have 
been divided into 2 or more lots, which were treated at different stages; 
116 of these lots have been treated. 


Results. 


Table I shows the results of the experiments. As unspecific abnormalities 
all those malformations are classed, which do not clearly belong to the 
known gamma of Li-effects. A comparison with the controls shows, 
however, that most of these abnormalities are due to the treatment, too. 

The table seems to show with a great deal of clearness that the 
susceptibility of the eggs for the production of head malformations increases 
gradually until a maximum is reached 2—3 hours after the beginning of 
the 24-cell stage, then a sudden drop occurs. A small number of head 


TABLE I. 
Beginning of rere Number | Head malform. Unspecific D 
treatment ¥ cs abnormalities sad 
lots eggs Number | 9p 

Stage 20 15 668 14 Pes 9 100 

of ee 25 18 756 40 oye) 31 79 

ay eae 5 228 17 725 8 32 

25 27 TLE 70 9.7 35 116 

27, Wr after’st: 25 6 136 19 14.0 6 34 

Si Coy el ie de, 8 240 34 14.2 4 a 

| en 6 186 1 0.5 0 1 

5 me aes 2S a 123 0 0 1 2 

Gir spite ae ee 7 242 8 oe 0 0 

Sit Sealy ee 1 23 3) pA i 3 9 

Qa helen Sagal) 1 25 0 0 0 0 

10—15 59. ge ees 9 282 0 0 0 0 

jC 40) EP Ee, 3 97 0 0 0 0 

oo a Nae Wie gear ae 6 150. 0 0 0 ¢) 
Total treated eggs 116 3764 208 5.5 | 97=2.6%9 | 377= 10.0% 
Controls 954 0 0 3= 0.3% | 38= 4.0%, 
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malformations may still be induced 4—8 hours after stage 25; no head 
malformations appear when the eggs are treated more than 8 hours after 
stage 25. 

We must ask, however, whether the differences between the percentages 
of head malformations obtained at various moments of treatment are 
significant. It has been emphasized previously (RAVEN 1942, RAVEN c.s. 
1947) that the Li-effect is rather capricious and that great differences in 
susceptibility exist both between different egg-masses and between the 
eggs belonging to one egg-mass. This is confirmed by the present 
experiments: among the 57 egg-masses used, 32 did not yield a single 
case of head malformations; in the remaining 25, the percentage of head 
malformations obtained varies between 1 and 71. The importance of the 
individual differences in susceptibility between the eggs is clearly demon- 
strated by the observation of a case where exceptionally 2 eggs were 
situated in a common egg capsule; only one of them produced an embryo 
with head malformations! 

For the treatments at different stages, the eggs of various egg-masses, 
of different average susceptibility, have been used. Therefore, the gross 
results enumerated in Table I have only a restricted value. In order to 
compare the susceptibility at two different stages, we have to take into 
account those cases where eggs of one and the same egg-mass have been 
treated at both stages; in this way, the effects of the differences in average 
susceptibility between egg-masses, which invalidate the results, are 
removed; the remaining differences between individual eggs may be 
considered to be distributed at random. 

We have selected, in this way, the series of observations pertaining each 
to a pair of the following groups of stages: stage 20—23, stage 24—25, 
2—3 hours, 4—8 hours and 9—24 hours after stage 25, and compared 
the frequencies of head malformations in each. The average susceptibility 
varies from series (egg-mass) to series, but the two lots of a given series, 
aside from the effect of random sampling, differ from one another only 
with respect to the stage of treatment. Since the number of eggs varies 
in a more or less irregular way from series to series as well as between 
both lots of a given series, it is not permitted to compute average frequen- 
cies by simple summation of the series; it is necessary to obtain weighted 
averages, using the same weight for the two lots of any given series. 
This has been done after the method described by MULLER (1941). 
According to this method, the weight used for any given series is the 
so-called “harmonic’’ mean, na, of the numbers ng and n_ respectively, 
in the two lots of the series. This is the reciprocal of the arithmetic mean 
of the reciprocals of the numbers: 
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The weighted average values of the frequencies in the two groups, 
pa and pp, are obtained by the formulae 


a DAN PA) se ee DAMN BE | 
PAS SSNs cee ee 

the difference of these average frequencies, d = pp—pDa, has the 
__ »(2nn pq) 


standard error ej= where p is the frequency within each 


Z(nn) 
series (both lots together) and g = 1—p. 

For example, Table II shows the comparison of the treatment-groups 
(st. 20—23) and (2—3 hours after st. 25), whilst Table II summarizes 
the results of the eight comparisons made in this way. 


TABLE III. 
Number Pa and Pp 
2 st. en iay paces ae le d tah ss 
2 Serles | 2023 | 24-25 | hours | hours hours 
11 0.01485)0.01570} — — = + 0.00085 | 0.00988] 0.08603; 0.95—0.90 
7 0701843) sa — OF17 178) == = + 0.15335 |0.02807|5.4628 | < 0.001 
3 0.1651) eas =e OFO5838i0 === — 0.10673 | 0.05569] 1.9163 | 0.10—0.05 
5 OF00485/-" = = — 0 — 0.00485 | 0.00551) 0.88102; + 0.40 
8 — 0.01299) 0.03373} — = + 0.02074 | 0.01683; 1.2323 | 0.30—0.20: 
9 = Ola 537 0205769) 9 = — 0.08768 | 0.02153) 4.0725 | < 0.001 
10 — 0.08200; — — 0 — 0.08200 | 0.01513) 5.4184 | < 0.001 
5 = a OP2b7Oc\ee —— 0 — 0.21782 | 0.04110) 5.4305 | < 0.001 


It appears from this table that significant differences exist between the 
following pairs of treatment-groups: stage 20—23 and 2—3 hours, 
st. 24—25 and 4—8 hours, st. 24—25 and 9—24 hours, 2—3 hours and 
9—24 hours. 

The average frequency of head malformations following treatment 
2—3 hours after stage 25 is significantly greater than after treatment either 
at stage 20—23 or 9—24 hours after stage 25. The frequency following 
treatment at stage 25 is greater than when treatment is beginning either 
4—8 hours or 9—24 hours after stage 25. We may say, therefore, that, 
as a whole, the results of table I are confirmed by the statistical analysis: 
a rise in susceptibility till about 2—3 hours after stage 25, followed by a 
rather sudden drop in susceptibility. 


_ Discussion, 


The results of these experiments again demonstrate the phase-specific 
susceptibility of the Limnaea eggs to Li-treatment. It is important to note, 
in this respect, that in no case in these experiments exogastrulae have been 
formed. This confirms the conclusion arrived at in our former paper 
(RAVEN c.s. 1947) that the susceptibility for the induction of exogastru-. 
lation ceases at about stage 20. 
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For the induction of head malformations, besides the maximum of 
susceptibility immediately after oviposition a second maximum is found 
to exist at the 24-cell stage. No qualitative differences in the types of 
head malformations obtained during both periods can be observed: cyclopic 
embryos may occur following treatment of freshly-laid eggs, but one of 
the embryos treated 8 hours after stage 25 is cyclopic, too. 

The last moment at which head malformations have been induced thus 
far is 8 hours after the beginning of the 24-cell stage; the eggs may have 
consisted of about 32 cells, at this moment. It is remarkable that at so 
late a stage still an alteration in the pattern of determination of the head 
may be induced. 


Summary. 


1. Eggs of Limnaea stagnalis have been treated in advanced cleavage 
stages with a 0.01 % LiCl solution during one hour. 

2. No exogastrulae have been produced, but head malformations of 
the cyclopic series developed in a number of cases. 

3. It was demonstrated by a statistical analysis that the susceptibility 
for the induction of head malformations rises gradually from the 12-cell 
stage until 2—3 hours after the beginning of the 24-cell stage; then, a 
drop in susceptibility occurs. When the eggs are treated more than 8 hours 
after the beginning of the 24-cell stage, no head malformations are 
produced. 
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Zoology. — On the influence of a posterior wound surface on anterior 
regeneration in Euplanaria lugubris (Hesse). By CHR. P. RAVEN 
and J. C. A. Micuorst. (Zoological Laboratory, University of 
Utrecht.) 


(Communicated at the meeting of March 20, 1948.) 


The experiments described in this paper have been induced by a paper of 
SPIEGELMAN (1945) on physiological competition as a regulatory mechanism 
in morphogenesis. In this paper SPIEGELMAN tries to formulate a theory 
for the regulative principle of developmental processes, and examines the 
consequences of the principle of physiological dominance and the gradient 
theory from which it arose. He bases his deductions on the hypothesis that 
differentiating cells compete for food and space, and tries to deduce the 
consequences of this kind of competition for the transformation, and its 
kinetics. 

Considering first the transformation of a group of cells in a “neutral” 
environment and physiologically isolated from any other group going 
through the same process, he arrives at the deduction of an important 
notion, viz. ‘inherent potentiality for differentiation”, being the ability in 
terms of mass per unit of time of any group of cells to transform. This 
ability may be limited by external effects, either originating from unfavor- 
able environmental conditions or from the presence of other cells under- 
going the same process in the neighbourhood. The consequences of these 
external limitations are analyzed. On the basis of the competition 
hypothesis it is argued that in general an inverse relation will exist between 
the inherent differentiation potential and the interaction coefficient of any 
particular cell; as competition sets in, the cells with the low differentiation 
potentials will be the most drastically affected. Furthermore, the 
quantitative relation between the environmental coefficient of resistance 
and the interaction coefficient determines which of the two will act as 
a limiting factor to differentiation. 

Then, the group interactions are studied between cell groups placed 
in physiological contact with another and undergoing the same transformat- 
ion, and the role of gradients in ‘physiological activity” is analysed. This 
analysis yields the following results: 1°, A transforming cell group physio- 
logically connected to another group which is also actively differentiating 
will experience potency limitation. 2°, In the absence of gradients in 
interaction coefficients. a necessary and sufficient condition for the 
existence of dominance is a gradient in differentiation potential; the group 
possessing the higher differentiation potential will dominate the other. 
3°. In the absence of gradients in differentiation potentials, a necessary 
and sufficient condition for the existence of dominance is a gradient in 
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interaction coefficients; the group possessing the lower interaction 
coefficients will dominate the other. 49. If the potential of any group is 
inversely proportional to its coefficients of interaction, then a necessary 
and sufficient condition for the existence of physiological dominance is 
that there be a gradient in differentiation potential. The dominating group 
is characterized by the highest potential. 

Some implication may be deduced from these theorems. One of them 
is especially important in connection with the present paper: The severity 
of competition between two groups depends on the total mass of tissues 
with which they have established connection; insofar as direct competition 
for the required substrate contributes to the value of the coefficient of group 
interaction, it will vary inversely as the total volume of tissue connected 
with the competing groups. 

These theoretical considerations are applied by SPIEGELMAN to the 
results of experiments on hydranth reconstitution in coelenterates. Of most 
importance in connection with this paper is his discussion on the interaction 
between distal and proximal reconstitution in Tubularia stems of varying 
length. Whereas in stems of intermediate length (from 5 to 10mm) the 
reconstitution of a hydranth at the proximal end is suppressed by the 
dominant distal regenerate, short stems of about 1 mm in length do not 
show distal dominance; likewise, the distal ends of stems 15 or more mm 
in length lose their ability to control the differentiation at the proximal 
ends, SPIEGELMAN explains the loss of distal dominance in the two rather 
different experimental conditions, from the point of view of a competitive 
interaction between the two ends, in the following way: the distal end of 
a short stem loses its ability to regulate the regeneration at a proximal end 
because, between two points which are sufficiently close to each other, 
an effective gradient in differentiation potential does not exist. In the 
experiments with long stems, on the other hand, the physiologically 
connected volume has been made so large that the group interaction 
coefficients, which vary inversely with this volume, do no longer play a part 
in the process. The importance of this factor, also as regards the 
coefficients of internal interaction, is further demonstrated by comparing 
the rates of differentiation of the ends of stems of various lengths; an 
increase of physiologically connected volume causes an increase in regener- 
ation rate. 

Without further entering into the details of SPIEGELMAN’s paper, we 
shall now turn to the question whether these considerations may be applied 
also to other cases. Particularly, a comparison with the regeneration 
processes in planarians may be instructive. Though important differences 
exist between the reconstitution processes in coelenterates and the regener- 
ation in triclads, in other respects both groups of phenomena exhibit a 
great resemblance. In planarians, as in hydroids, no predetermined regions 
destined to form particular structures exist; in most species any level of 
the body has the ability to regenerate e.g. a head. Polarity in planarians 
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is more strictly determined than in coelenterates; as a rule, after transverse 
sections a head is regenerated at anteriorly directed cut surfaces, a tail at 
posterior surfaces; no bipolar regeneration, as in hydroids, occurs. Clear 
phenomena of physiological dominance, exerted by the anterior end of the 
body, have been detected (e.g. CHILD 1915, GOLDSMITH 1939). 

According to SPIEGELMAN it is sufficient for the applicability of the 
competition theory to any particular case that two conditions be satisfied: 
first, physiological connectivity; second, the existence of gradients in 
ability to differentiate. It has been proved that e.g. the ability to form a 
head shows a gradient in many species of planarians (e.g. BRSNDSTED 1939, 
1946, GoLpsmirH 1940, CHILD 1946). Therefore, in these cases the 
competition theory should be applicable, and should be able to explain the 
results of regeneration experiments. In order to test this assumption, the 
following experiments have been performed. 

In a first series of experiments we have tried to induce the formation 
of a secondary head in posterior parts of the planarian body, in order to 
study the interaction between this and the normal head or an anterior 
regenerate produced after decapitation. However, it appeared that in the 
planarian species at our disposal (Euplanaria lugubris Hesse and Polycelis 
nigra Ehrb.) it was not possible to induce the formation of a secondary 
head; we did not succeed in producing secondary heads, neither by triangular 
incisions of the lateral body wall, alone or followed by coagulation of the 
wound margins with a heated needle or with a drop of AgNOz: 2 %, nor 
by thermocautery of the postcerebral, praepharyngeal or postpharyngeal 
region in the manner described by GOLDSMITH (1940). 

Therefore, in a second series of experiments the head regeneration at 
an anterior cut surface was studied quantitatively in transverse pieces of 
Euplanaria lugubris of different lengths. The following considerations 
have led to this study: As a rule, only at the anterior end of a transverse 
piece a head is regenerated; at the posterior cut surface a regenerate is 
formed which gives rise to the posterior part of the body. What is the 
relation between these two regeneration blastemes? Three possibilities 
can be imagined: 1. It is conceivable that the factors regulating regeneration 
rate, and for which the cells are competing (food and physiological space) 
are of such a general mature that they are the same for both blastemes. 
In this case, a competitive interaction between both will exist, the severity 
of which will depend upon their inherent differentiation potential and upon 
the total volume with which they are physiologically connected. 2. The 
factors regulating head and tail regeneration are specifically different; 
however, the cells at the posterior cut surface which posses the inherent 
potentiality for head regeneration are not completely inhibited from the 
beginning, but, when both cuts are made simultaneously, they start their 
transformations in the direction of a head regenerate; before this has led, 
however, to detectable differentiations, their further transformation in this 
direction is suppressed by the dominating anterior regenerate and the 
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potentiality for tail regeneration takes the lead. In this case, only during 
the first period a competitive interaction between anterior and posterior 
regenerate will exist. 3. Finally, anterior and posterior regenerate may be 
independent from one another from the beginning; in this case, however, 
still both will be influenced by the size of the piece, as the coefficients of 
internal interaction, according to SPIEGELMAN’s theory, will vary inversely 
with the volume of physiologically available space. 


Material and methods. 


The animals were caught in ditches in the neighbourhood of Utrecht 
and used for the operation on the following day. They were not fed prior 
to or during the regeneration. 

The operation was carried out under a binocular microscope with a 
fine ophthalmological knife on a bottom of agar-agar; the animals were 
not narcotized. After the operation they were transferred to a ZIMMERMANN 
dish containing 30cc of LEHMANN’s fluid diluted 4 times; each dish 
containing only one piece. These dishes were placed in a closet of ground 
glass, in order to insure uniform lighting conditions. During the first half 
of the experimental period the regenerating animals were kept at room 
temperature; this varied around an average of about 20°C, but rose 
incidentally during some periods of extremely hot weather to 30° C in the 
day-time. Therefore, in the second half of the experiments the animals 
were kept in a thermostate at a constant temperature of 27° C. In this way, 
the factors of the external environment were kept as nearly constant as 
possible. The two groups of experiments are treated separately below. 

Fig. 1 gives a diagrammatic representation of the position of the cuts: 
1, through the posterior ends of the auricular sense 

organs; 


a 2. in the middle between 1 and 3; 
3. along the anterior border of the pharynx; 
=2 4. along the posterior border of the pharynx sheath; 
5. divides the remaining part into halves, and runs 
Bs exactly through the genital orifice. 
The level of the posterior end of the body is denoted 
as 6. 


The experiments were arranged in the following way: 
In series A to E the animals were decapitated according 
to cut 1, whereas the posterior cut surface was shifted 
every time more anteriorly, so series A—1—6 (no 

- ----6  posteridr cut), B= 1—5, C=1—4 etc. In series F 
Fig. 1. Diagram to J the anterior cut is made at level 2, the posterior one 
ee release’ pena successively at 6, 5, 4 and 3. In the same way, K to M 
ion of cuts 1—6. | LP. : f 

give the combinations with anterior cut at 3, N and O at 
4, and P is the posterior part 5—-6. In this way, a total of 15 combinations 
was made. 
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It was impossible to make a sufficient number of experiments of all these 
combinations at a time, as the preliminary arrangements and the operation 
itself took too much time. About 45 animals could be operated upon in one 
day. In order to obtain comparable results, however, it seemed necessary to 
make experimental sets including all possible combinations at a time 
(‘randomized block arrangement’). Therefore, every week one ‘‘block’”’ 
of 45 experiments was made, including 3 of each possible combination. 
The animals were kept under observation during 7 days, then a new set 
was started. In total, ten of these sets were made, including a total of 
450 experiments, distributed equally over the 15 possible combinations; 
5 of these sets belong to the room temperature group, the other 5 to the 
constant temperature group. 

With regard to head regeneration, an animal was counted positive as 
soon as 2 symmetrical pigment spots could be observed in the unpigmented 
regeneration blasteme with a high magnification of a binocular microscope. 
It is assumed that this moment of appearance of the eye spots indicates a 
comparable degree of differentiation in all blastemes. As a matter of fact, 
in the series K—P this degree of differentiation is not reached by all 
animals within 7 days; control observations showed, however, that also in 
these series all animals formed normal eye spots within about 10 days; only 
in series P in 2 cases abnormal, teratomorphic heads were formed which 
have been counted negative. 

Taking the mass of tissue transformed at the moment of appearance 
of the eye spots as unity, the regeneration rate can be expressed as the 
reverse of the number of days needed for this transformation. Thus, when 
the eye spots appear after 3 days, the regeneration rate is 1/3, etc. For the 
sake of convenience, the number obtained in this way is multiplied with 
100. Since, however, in series K—P some animals only form eye spots 
after the 7th day, in these cases a difficulty arises. It is neither justified 
to adjudge to these animals a zero value, nor to omit them from the account 
altogether. We have assumed that they would have reached the stage 
of eye spots, on an average, after 9 days, and gave them a regeneration 
rate of 1/9. 3 Animals, belonging to series C, G and P, respectively, died 
prematurely before eye spots had appeared. In order not to spoil the 
possibility of a statistical analysis, we have reckoned them as having the 
same regeneration rate as the two other animals of their group. We are 
assured that these slight retouches have not impaired appreciably the 
reliability of the results obtained. 

The results of the experiments have been treated according to the modern 
statistical methods, as presented in the book of MATHER (1946). 


Results of the experiments. 


Table I summarizes the results of the experiments. For every group of 
3 animals, the sum of the regeneration rates is given. 
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TABLE I. 


—_—_— a 


Series 


Level of 


ant. cut 
(x1) 


post. cut 
(x2) 


Distance | Room temperature group 


Const. temp. group 


between | Set 
cuts (23) 


1 


A 
B 
Cc 
D 
E 
F 2 6 4 70| 65| 75| 7o| 70l 75| 70| 70| 75| 751 715 
G 2 5 3 | 100] 78] 83] 651 65| 75| 70| 701 75| 83] 764 
H 2 4 2 | 100! 65} 75| 70| 60| 75| 75| 70| 78| 70] 738 
J 2 3 1 78| 62| 92| 70| 57| 75] 83| 70| 65| 65| 717 
K 3 6 3 62| 48] 65| 60] 48] 54] 62) 51) 57) 70| 577 
L 3 5 2 60/ 57| 65] 57] 42) 70| 60] 48| 62| 57| 578 
M 3 4 1 65) 57| -75| 57| St) 65|. 70), 45/%57h 62h. 604 
N 4 6 2 48| 39] 65] 42| 36 62| 54| 48| 42) 48| 484 
a 5 1 54| 421 57| 54| 45| 57| 65| 451 42| 42| 503 
Pp ae ee i Be 33| 36] 39| 33| 39] 42| 51] 39] 36| 33| 381 
Totals | 35 | 70 | 35 — {1154|1002|1183/1024| 883/1117/1127\1040|1073|1089 

5246 | 5446 | 10692 


These data have been treated according to the method of analysis of 
variance. 3 Main effects have been distinguished: the differences between 
series, those between sets and those between temperature groups. 

Table II shows the results of this analysis. 


TABLE II. 
Sum of} Degrees of | Mean square ‘ 
Variance 

squares| freedom (5°) =e t 

(S.S) (N) N | 
Series 16237 14 1159,79 1071.0 a 
Temp. groups 90 1 90.0 — 9.1162 
Sets 1427 8 178.4 164.73 == 
Interaction : 
series-temp. gr. 150 1a 10.71 9.8798; — 
Series-set; 1446 112 12.9 Deo = 
Indiv. error 325 300 1.083 


Probability 


very 
very 
very 


very 
very 


small 
small 
small 


small 
small 


It may be concluded from this analysis that the differences between 
the series and those between the sets are real; it seems probable that also 
the difference between the temperature groups is significant. However, the 
latter difference might be caused by the large differences between the 
sets. When tested against the set mean square, a t of 0.71028 for 8 degrees 
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of freedom is obtained; this is found to have a probability of + 0.50. 
Hence, there is no reason to think that the difference of average regener~- 
ation rates between the temperature groups is real. | 

Both the interactions between the series and temperature groups and 
between series and sets are significant. It is striking, however, that the 
individual error is very small. It might be thought that the method of 
determining regeneration rates by inspecting the cultures once a day only 
has obscured existing individual differences. If, however, the two inter- 
actions are combined with the individual error to a joint estimate of error, 
the main effects still remain highly significant. 

The differences between the series might be due to the different levels 
of the anterior cut (x), of the posterior cut (x2), to the distance between 
the cuts, i.e. the relative size of pieces (x3) or to a combination of these 
factors. Of these three variables, the third is clearly dependent on the 
others. The dependence of regeneration rate on the levels of anterior and 
posterior cut and the size of pieces has been tested, therefore, by the 
method of multiple regression. 

Table III gives the data for the multiple regression of regeneration 
rate (y) on level of anterior cut (x;) and posterior cut (xo). 


TABLE III. 
S(x;) == 10: Die) =o 1 ee S(x,—x,)?=700. 
S (x) =A OF S(x2)?=10500. S(x.—x,)?=700. 
S(y)  =10692, — S(y)? =273719. S(y—y)? =19675. y=23.76. 
(Xp 2%) == 5250. S[ (x; — 1) (x2—x2)]—=350. 
Pouce == 21629. S [y (x, — x,)]=—3319. 
S(x,y) =48180. — S[y(x,—x,)]=—1716. 


b, =— 4.6876. b,=—0.1076. 
S(y— Y)?= 4032.36. V,y—9,0209. 
Si Shee = 0.15108: 


It results from these data that the regression equation for the regression 
of y on x; and xp is 


Viz, 23,76 — 416876 (x, a) — O06 (xe as), 


peat 4.6876 
The significance of b, can be tested by a ttaa7) = 0.13108 == S5ci00 
with a very small probability. Similarly, to test the significance of bo, 


ee = 0.1076 
0.13108 
concluded, then, that the regeneration rate is dependent on the level of 
the anterior cut, but not on that of the posterior cut. 
In the same way, the multiple regression of y on x, and x3 (distance 
between cuts) has been determined. 


Table IV gives the additional data. 


= 0.82084 with a probability of about 0.40, It may be 
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TABLE IV. . 
~ S(xs) = 1050. S(x3)?=3150, S(x3—x;)=700. 
S(x, x3) “=2100. S[(x,—2x,) (x3— x3) ]—= —350. 
S(x5 9). ~ 426551. S[y (x3— x3) ] = 1603. 
b, =—4.7952. b,=— 0.1019. 
S(y— Y)?= 3922.34. Vy =8.7747. 


ai Sp SU. 2028. 
Hence, the regression equation is 


Y = 23.76 — 4.7952 (x; — x,) — 0.1019 (x3 — xs). 


For by, t;447; = we = 37.091 with a very small probability. 
For bo, t (447) — a = 0.78818 with a probability of 0.50 — 0.40. 


The regeneration rate is thus only dependent on the level of the anterior 
cut, but neither on that of the posterior cut nor on the distance between cuts. 
For the linear regression of y on x1, 


Ba CAG 
ten ae 
= 700 = 4.7414, 


the regression equation thus being 
Y = 23.76 — 4.7414 (x;— x). 


The analysis of variance gives the following result: 


TABLE V. 


| Sum of squares N Mean square 


15737 
3938 


15737 
448 8.78 


Regression 
Error 


Total | 19675 | 449 
| 


For the significance of the regression coefficient, 


15737 
ta48] = ee aag = 42.337, 


with a very small probability. 

Fig. 2 gives a graphic representation of the relation between regeneration 
rate and level of anterior cut. It shows that a rather satisfactory 
correspondence exists between the observed and the calculated values; 
the position of the former indicates, however, that no strict linearity exists, 
but that the relation is of a higher order. This is demonstrated also by a 
comparison of Tables II and V, which shows that the regression accounts 
for a sum of squares of y of 15737 on a total sum of squares for series of 
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16237, leaving a remainder of 500 for 13 degrees of freedom. The mean 
square of this is 38.462, which when divided by the error mean square 


gives a variance ratio of 35.549 for 13 and 300 degrees of freedom. The 


x 


7 2 3 A a 


Fig. 2. Regeneration rate and level of anterior cut. Abscissae: 
levels 1—5 (cf. fig. 1). Ordinates: average regeneration rates. 
Crosses: observed values, Dots: calculated values. 


probability of this is very small which proves that a regression of higher 
order exists. In view of the fact that the level of the cuts has been chosen 
rather arbitrarily and their mutual distances have been made equal at a 
rough estimate only, it did not seem justified to undertake the computational 
labour needed for calculating a polynomial regression. 

It is evident from fig. 2 that the regeneration rate decreases regularly in 
an antero-posterior direction. Since the regeneration rate may be defined 
as the mass of tissue transformed per unit of time, it is an expression of 
the “inherent potentiality for differentiation’’ in the sense of SPIEGELMAN. 
Therefore, we may conclude that the potentiality for head regeneration 
decreases regularly from in front backwards; in other words, there is a 
distinct gradient in ability for head regeneration in Euplanaria lugubris. 
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Thus, one of the conditions for the applicability of the competition theory, 
according to SPIEGELMAN, is satisfied here. Since, furthermore, without 
doubt a physiological connectivity between the anterior and posterior cuts 
of a transverse body piece exists, also the other condition mentioned by 
him is fulfilled. The theory should, therefore, be applicable here. 

However, the preceding analysis has shown that the regeneration rate 
is only dependent on the level of the anterior cut, whereas that of the 
posterior cut and the size of the piece have no influence whatever. 

The objection might be made that the distance between the cuts and the 
size of the pieces even between two adjacent cuts is still too great for an 
interaction between the blastemes to take place. In order to meet this 
objection, we have made a second series of experiments in which pieces 
bounded by cuts 1 and 2 (corresponding to series E of the previous group) 
have been compared with pieces, likewise bounded anteriorly by cut 1, 
but having as their posterior boundary a cut, situated in the middle between 
cuts 1 and 2, or one, obtained by dividing once more the latter piece into 
halves (fig. 3); the length of these fragments was, therefore, a half and 


Fig. 3. Diagram of operation; second series of experiments, 


a quarter, respectively, of those of series E. 15 Pieces from each of these 
3 groups have been studied. 

It appeared that the average regeneration rates in these 3 groups were 
equal, being 31, 32 and 32, respectively. In the group of smallest pieces, 
however, 9 out of 15 disintegrated before the 3™4 day. We may conclude, 
therefore, that even when the position of the posterior cut is shifted 
anteriorly till disintegration ensues, no influence on head regeneration 
at the anterior end can be observed. 


Discussion. 


Experiments comparable to ours have been made by BUCHANAN (1933) 
in Phagocata gracilis; he did not, however, give a statistical analysis of 
his results. As in Euplanaria lugubris, regeneration rate at the anterior 
end in Phagocata gracilis is independent of the amount of tissue in the 
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piece and the level of the posterior cut, but the time required for eye 
differentiation increases, as the level of section becomes more posterior. 
The total percentage of heads formed, however, decreases not only as the 
pieces are taken from more and more posterior regions, but also as the 
size of the pieces is reduced. The latter phenomenon has not been observed 
in Euplanaria lugubris, all pieces forming heads within 10 days. 

Our experiments show that the head regeneration at the anterior end 
of a transverse piece of Euplanaria lugubris is not influenced by the level 
of the posterior cut and the size of the piece, even when the latter is made 
so small that disintegration takes place in the majority of cases. Hence, 
the results of the experiments do not confirm the expectations which might 
be drawn from the competition theory of SPIEGELMAN. This theory is, 
therefore, not applicable without further extension to the case of head 
regeneration in planarians. Of course, this does not prove that the basic 
assumptions on which the theory is founded are wrong. 

Our results prove that between the regeneration blastemes at the anterior _ 
and posterior cuts of a transverse piece of Euplanaria lugubris no 
competitive interaction exists. This might be explained, on the basis of the 
competition theory, by the assumption that the factors for which both 
blastemes are competing are of a specific nature from the beginning. As a 
matter of fact, both blastemes are differentiating in’ different directions, 
that on the anterior side producing a head, whereas the posterior blasteme 
forms a caudal body part. The difference with the reconstitution processes 
in hydroids would be, then, that owing to the more strongly expressed 
polarity in planarians the differentiation processes of the regeneration 
blastemes at both ends are forced from the beginning into different 
pathways, notwithstanding the fact that the cells at the posterior end 
possess the inherent capacity for head regeneration, too. 

On the other hand, also in this case an influence of the size of the piece 
on regeneration rate would be expected. The fact that this, clearly, does 
not take place is not consistent with the competition theory in its original 
form. In fact, it is conflicting with one of the basic assumptions of the 
theory. A serious consideration of this point will be needed before the 
theory can be accepted as a true representation of one of the fundamental 
principles of development. 


Summary. 


1. The.regeneration rate at the anterior end of transverse pieces of 
Euplanaria lugubris has been studied statistically. 


2. The regeneration rate is only dependent upon the level of the 
anterior cut; it decreases regularly as this level becomes more posterior. 


3. The regeneration rate at the anterior end is not influenced by the 
level of the posterior cut and the size of the piece, even when the latter is 
made so small that disintegration takes place in the majority of cases. 


A ad catia) Yes ent rin the expectations 
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Zoology. — Sur les organelles d’absorption chez une espéce d Amallocystis 
(Protozoa, Ellobiopsidae). By H. BOSCHMA. 


(Communicated at the meeting of March 20, 1948.) 


En 1868 SARS mentionna des petits parasites attachés a la troisiéme 
patte-machoire d'un exemplaire de Pasiphaea norvegica Sars); il donna 
une figure de ces parasites et fit observer que leur forme présentait quelque 
analogie avec celle des Grégarines, leur corps étant nettement divisé en 
deux parties. 

Dans sa description de Pasiphaea cristata BATE (1888) observa que 
l'unique exemplaire a sa disposition était porteur d'une excroissance 
parasitaire attachée a la face ventrale de l’abdomen de la crevette. La figure 
de BATE montre que ce parasite appartient sans doute au méme groupe 
que les exemplaires figurés par SARS, quoiqu’il soit composé d'un faisceau 
de filaments provenant d'un centre commun. 

CAULLERY (1910) fat le premier a étudier l’organisation d'un parasite 
correspondant en grande partie aux animaux mentionnés par SARS; il créa 
le genre Ellobiopsis pour ces parasites, et remarqua que probablement ils 
appartenaient aux Péridiniens, CAULLERY démontra que les Ellobiopsis 
pénétrent les appendices de leur héte au moyen d'une tige de fixation, 
qui probablement constitue un organe d’absorption. 

QOUTIERE (1911), qui avait établi la famille des Ellobiopsidae pour ces 
parasites, donne les caractéres de plusieurs espéces, entre autres ceux d'un 
parasite attaché a la face ventrale de l’abdomen de Pasiphaea tarda Kroyer, 
correspondant en grande partie au parasite de P. cristata mentionné par 
BATE. Pour ces parasites fortement rameux COUTIERE proposa le nom 
générique de Staphylocystis. 

Plusieurs autres auteurs ont fourni des contributions concernant un 
nombre de formes diverses appartenant a la famille des Ellobiopsidae. 
Provisoirement il nous suffit de citer ici seulement l'article de FAGE (1936). 
Le nom générique Staphylocystis étant préoccupé, FAGE établit le nom 
Amallocystis pour les parasites rameux, et il donna une description de 
lAmallocystis fasciatus, trouvé par lui a la face ventrale du premier segment 
abdominal de Gnathophausia zoea Will. S. 

PAGE remarqua que le pédoncule central du parasite se continue a travers 
les teguments de I'héte et forme une plaque de fixation qui envoie dans 
les tissus de I'héte des prolongements solides dont l'un, l'antérieur, est 
assez grand, tandis que les autres se terminent rapidement en pointe 
mousse. Cet appareil fixateur assure la fixation solide du parasite, et suivant 
Face il pourrait bien jouer le réle d'un organe d’absorption. 


1) D'aprés SUND (1913) le nom Pasiphaea norvegica Sars est un synonyme de 
Pasiphaea multidentata Esmark. 
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Parmi le matériel des Euphausiacea capturé par l'expédition du 
»Discovery"” dans la région antarctique il y a un nombre d’individus 
appartenant a diverses espéces du genre Euphausia infestés par un remar- 
quable Ellobiopsidé appartenant au genre Amallocystis. Ils se trouvent a 


Fig. 1. Amallocystis fagei nov. spec., fixé dans l'ovaire d’'Euphausia vallentini Stebbing. 

Coupe transversale de I’'héte. c, cuticule de l'héte; f, appareil de fixation; g, gonomére; 

o, ovaire de l'héte; p, prolongements protoplasmiques; pd, pédoncules; ft, trophomere. X 72. 
29 
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la face dorsale de l'héte, pénétrant le thorax de sorte que leur appareil 
fixateur est enfermé dans la glande génitale de I’héte. Cette situation 
extraordinaire suffit déja pour nous faire considérer les parasites comme 
réprésentants d’une espéce nouvelle, Amallocystis fagei nov. spec. 
L’Euphausia vallentini Stebbing pourra étre regardée comme héte typique, 
comme localité typique nous voudrions fixer la Station 963 de l’expédition 
du ,,Discovery ~(52°017.1 S, 139°13".2-W, 14 IX 1932, 320-126 mi). 

Comme l’Amallocystis racemosus (Coutiére) et l'A. fasciatus Fage la 
nouvelle espéce se compose d’un grand nombre de trophoméres qui dans 
leur partie basale s’unissent en un pédoncule central qui pénétre les 
téguments de l’héte et se continue par un appareil de fixation d’assez 
grande dimension. 

Des coupes transversales de l’héte montrent les détails suivants du 


Fig. 2. Amallocystis fagei nov. spec., fixé dans l'ovaire d'Euphausia vallentini Stebbing. 

Coupe transversale de I'hdte. cr, région criblée de la pellicule; f, appareil de fixation; 

h, hépatopancréas de I'héte; m, musculature de I’héte; 0, ovaire de I'héte; p, prolongements 
protoplasmiques; f, trophoméres. XX 128, 
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parasite (fig. 1). L’appareil fixateur (f) se rétrécit en haut au point ot il 
perfore la paroi de l’héte, et en dehors de l'héte s'étale en une sorte de 
tronc d’ou les nombreuses pédoncules (pd) ont leur origine. Ces pédoncules 
se divisent et se continuent dans les trophoméres (t), qui a leur tour par 
division transversale forment les gonoméres (g), au nombre de trois ou 
quatre a chaque trophomére. 

L'organe fixateur est entouré d’une pellicule assez épaisse, indiquant par 
sa coloration sa nature cératinique ou pseudochitineuse. Cette pellicule 
forme une lame entiérement solide a l'exception de la région basale ot 
se trouve une partie nettement percée d’un grand nombre de petits trous, 
la région criblée de l'appareil fixateur. Par ces trous des prolongements 
protoplasmiques (p) s’étendent dans les tissus de la glande génitale de 
l'héte. Evidemment ces prolongements protoplasmiques sont les vrais 
organes d’absorption du parasite. 

Chez un autre exemplaire de ce parasite (fig. 2) les conditions décrites 
en haut se manifestent encore plus nettement. La figure montre la pellicule 
qui entoure l'appareil fixateur (f), la région criblée de cette pellicule (cr), 
et les prolongements protoplasmiques (p) pénétrant l’ovaire de I'héte. 

De ceci résulte clairement que l’organe fixateur a deux fonctions, a 
savoir pour fixer le parasite dans |héte et pour former un organe pour 
‘absorption de la nourriture. Mais cette derniére fonction n’est pas exercée 
par l’organe fixateur dans son étendue entiére, elle est localisée dans la 
partie basale ot les prolongements protoplasmiques passent par la région 
criblée. Par sa pellicule relativement épaisse l’organe fixateur obtient la 
solidité nécessaire pour maintenir en place la grande touffe de trophoméres 
et gonoméres, dans sa régionscriblée le parasite trouve le moyen d’absorber 
sa nourriture par simple contact protoplasmique. 

Les organelles d’absorption de l’'Amallocystis fagei présentent quelque 
rapport avec les organes d’absorption des Rhizocéphales. Ces parasites 
aussi sont solidement fixés a leurs hétes, et possédent comme organes 
d’absorption des racines a paroi mince pénétrant les tissus de I’héte. 
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Geophysics. — On the linear patterns of the earth’s crust. By P. P. 
BYyLAARD. (Communicated by Prof. F. K. TH. vAN ITERSON.) 


(Communicated at the meeting of March 20, 1948.) 


In some interesting publications VENING MEINESZ gave an explanation 
of the principal linear patterns of the earth’s crust1). He assumes that 
shortly after the rigid crust was formed, it has moved with regard to the 
earth’s interior as a result of a drag, exerted on it by subcrustal currents or 
perhaps partly or entirely in consequence of the ‘“‘Polfluchtkraft’. After 
assuming that before this gliding the position of the North Pole was 20° 
north in 90° east, being near Calcutta, WENING MEINESZ calculated the 
tangential stresses caused in the crust by this movement and the directions 
of the flow lines, caused by these stresses according to our theory of local 
plastic deformations 2). : 
eget some discussions about this matter it is stressed, however, that besides 
a diagonal system of lineaments, which is in good accordance with the 
directions of flow lines as found by VENING MEINESZ, there is still another 
system of world wide lineaments, being a system of north-south and east- 
west lines, which finds no explanation ?). This is of course no objection 
against VENING MEINESZ’ theory of polar shift, as this shift occurred in 
the very beginning of geological history and as he emphasizes himself that 
later many other kinds of stresses have been caused in the crust, which 
brought about other kinds of deformations. We ourselves showed for 
example how the formation of the island arcs in the Western Pacific may 
be explained by our theory of local plastic deformations as being caused 
by compressive forces, diverging from the Asiatic Continent during the 
Tertiary 2). 

In this paper we intend to show, however, by which planetary causes 
the second system of world wide lineaments, that of NS and EW lines, 
might be explained. In order to do this we will first summarize in a few 
words our theory of local plastic deformations. 

Although previously it was thought that with local plastic deformations 
the yield stress depends not only on the state of stress in the point involved, 
but also on the stress distribution in the adjacent material, both in the 


1) ENING MEINESZ, Versl. Ned. Akad. v. Wetensch., Amsterdam, no. 5 (1943) 
and Transactions American Geophysical Union, no. 1 (1947), 

2) BIJLAARD, De Ingenieur in Ned. Indié, no. 6, 11 and 12, 1935, no. 4, 7 en 11, 1936, 
Union Géod, Géophys. Internat., Assoc. Géod., Rapport a la Conférence d'Edinbourgh, 
1936, Natuurk. Tijdschr. voor Ned. Indié, Vol. 99, no. 2, 1939, Publ. Int. Assoc. f. Bridge 
and Struct, Eng., Ziirich, Vol. 6, 1940—1941, Inaugural Lecture Delft, May 1947, Mitt. 
a. d. Inst. f, Baustatik a, d. E. T. H. Ziirich, no. 21, 1947. 

3) UMBGROVE, The Pulse of the Earth, 1947. 
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elastic domain 4), we showed that plastic deformation is always governed 
by the amount of elastic shearing energy in the proper point and that 
apparent raising of the yield point is caused by a change of the state of: 
stress in consequence of minor plastic deformations 2)5). Hence with a 
yield stress o, in the case of pure tension, the combinations of principal 
Stresses, situated at the yield point, for a plane state of stress are always 
given by the equation 


2 

Oi—0i:0.+o=o Oe Aw (1) 
as given graphically by the ellipse in fig. 1. The envelope of all stress 
circles @105, situated at the yield stress according to eq. (1), proves to 
be another ellipse 
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as given in fig. 2 2). 


If a relatively thin plate is subjected to an arbitrary plane state of stress 
0,020 yield lines will appear in the planes, perpendicular to the stressless 
plane, that are represented by the tangent point B of the stress circle 0,02 
on the envelope (fig. 2), because these are the only planes for which the 
lines, coinciding with the plane of the plate, show a plastic strain equal to 
zero. We called these planes the dangerous planes. This plastic strain is 
zero because in a plane perpendicular to these planes, represented by point 
C in fig. 2, the normal stress oy is always ox/2, if ox is the normal stress 
that acts on the dangerous plane, which is a property of the envelope. 
Hence the plastic strain of the mentioned lines is ° 

Sen Og ye On| 20 yp a On eR, a LO) 
This is, however, a necessity for the local plastic deformation in the flow 
lines (fig. 3), because plastic yielding in longitudinal direction of the flow 


lines is impeded by the adjacent elastic material, so that indeed in the flow 
lines ¢yp has to be zero. In relatively thin plates, with flow lines of which 


4) BIERETT, Mitt. d, deutsche Materialpriifanst., Sonderheft XV, 1931 and other papers. 
5) BIjLAARD, De Ingenieur in Ned. Indié, no. 8, 1939 and no, 10, 1940. 
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the breadth is of the same magnitude as the thickness of the plates, plastic 
yielding perpendicular to the plane of the plate will not be impeded, so that 
we could assume here that also in the flow lines a plane state of stress 
occurs. Hence as soon as the stress circle touches the envelope local plastic 


deformation occurs in the dangerous planes with the same state of stress 
that obtains in the remaining part of the plate, so that also for this local 
yielding the ellipse according to eq. (1) and fig. 1 will obtain. The angle a 
(fig. 3) between the flow lines and the plane on which 0; acts is found 
to be 


a = arc tan ae ox Sabet Rc CR 
201— 2 

The above holds good for all states of stress which are represented by 
the segments ASA of the ellipse in fig. 1. If we draw, however, a stress 
circle for a state of stress, represented by a point on the segments ADA 
of the ellipse in fig. 1, for example for 02 = 30,/4, is appears that it does 
not touch the envelope according to eq. (2), as given in fig. 4 by curve A. 
Consequently there is no plane for which o, = o;/2, for this holds only 
for planes represented by the above mentioned points of tangency, so that 
local plastic yielding is not possible at this state of stress, although it is 
situated at the yield point for unimpeded yielding according to eq. (1). 
Hence, in order to produce flow lines, the state of stress will have to 
increase until the stress circle touches the envelope (fig. 4), so that 0; 


increases up to 20,/V3 and 05 up to 30; = 30,/) 3 (fig. 5). In the plane 
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represented by the point of tangency o = 20/73, t= 0 local plastic 
deformations are now possible, the state of stress in the flow lines itself 


being given now by the dotted circle for which oy = ox/2 = ov/) 3, yielding 
again eyp — 0, so that now the state of stress 0; = 20,/V3, 02 = 40; = 
=o,/3 in the flow lines differs from the state of stress By 220 VOR 


02 = 20, = 30,/)3 in the elastic part of the plate. Consequently for states 
of stress where 0 > 0/2, 0; being the greatest principal stress, the apparent 
limit curve for local plastic deformation is not given by the ellipse in 
fig. 1, but by the straight lines AB, although for the plastic deformation 
in the flow lines itself eq. (1) and this ellipse obtain. The flow lines will 
be situated perpendicular to the direction of the greatest principal stress @}. 
Hence the limit curve for local plastic yielding in relatively thin plates is 
given by the figure SABASABAS in fig. 1, whilst the ellipse according to 
eq. (1) holds for unimpeded yielding. On the other hand the envelope 
according to eq. (2) is indeed the limit curve which has to be touched by 
the stress circle before local yielding is possible 2)¢). 


_ 


Fig. 6. 


For thin flow layers in relatively thick plates or bars other limit curves 
obtain. In thick bars the plastic deformation in a thin plastic layer is 
impeded by the adjacent elastic material in all directions of the layer and 
thus in two perpendicular directions Y and Z, so that eyp = &z:p — O 
(fig. 6). As the plastic dilatation 


Ep = exp + typ + Eep = 9 


it follows that for thin flow layers also exp —0 (fig. 6), so that 
Exp — €yp = €zp — O and consequently also the deviatoric stresses Ox, Oy 


and oz are zero. Owing to the junction to the adjacent elastic material also 
the shearing stresses in planes, perpendicular to the plane of the flow layer, 
will be zero. Hence the entire shearing energy in the flow layer is pro~- 
duced by the shearing stresses which work in its own plane, so that a 
flow layer will originate if the resulting shearing stress in a plane reaches 
the yield stress for pure shearing, being, according to eq. (1) w = o/ y3. 
Consequently thin flow layers in relatively thick plates will occur in the 
planes of maximum shearing stress, hence in the same planes in which 


8) BIJLAARD, De Ingenieur in Ned. Indié, no. 8, 1936. 


according to the hypothesis of the maximum shearing stress of COULOMB ~ 


the sliding planes would arise. For plane states of stress the limit curve 
for local yielding in thin flow layers, being determined by the condition 


t= +o,/V3,is given by the hexagon CBCCBC, circumscribed around the 
ellipse according to eq. (1) in fig. 1. In the same figure the limit curve 
according to COULOMB is the dotted hexagon. On the other hand in the 
o—z diagram, for plane states of stress the envelope of the critical stress 
circles for local yielding in thin flow layers consists of two straight lines 


t= +o,/)3 and two semicircles with radius o/]/ 3 and centre points at 
o = +0,//3 respectively, as given in fig. 4 by curve B 6). 

Hence for relatively thin plates, subjected to states of stress where 
02 > 0,/2, for which the stress circles have to touch envelope A in the 


point 0 = 20,/V3 before flow lines can arise, these stress circles touch 
envelope B as well (fig. 4). Therefore in this case thin flow layers are 
possible — that is to say thin in relation to the thickness of the plate — 
being real shear planes, situated in the planes of maximum shearing stress. 
They embrace an angle of 45° with the plane of the plate, as indicated in 
fig. 5. On the contrary the flow lines with other states of stress in thin 
plates, of which the direction in the plane of the plate is given by eq. (4), 
have a breadth of the same order of magnitude as the thickness of the plate. 

It is this first kind of flow lines, with o2 > @,/2 and as shown in fig. 5, 
with which we have to do in our explanation of the system of NS and 
EW lines in the earth’s crust. In preceding papers we explained at length 
why the earth's crust may be assumed as a thin plate — in relation to 
its breadth — for which our theory of local plastic deformations obtains 2). 
The initial hydrostatic state of compressive stress prevents the origin of 
cracks so that permanent deformations are only possible by shearing and 
consequently by plastic deformation. On the other hand the hydrostatic 
state of stress does not influence the plastic strains, as it causes no shearing 
stresses, so that in dealing with the plastic deformations we have only to 
do with the superimposed tangential stresses. 

Without interfering in the different opinions about the planetary 
phenomena which might have caused world wide stresses in the crust, we 
may state that the possibility is not excluded that among others these have 
been (1) a movement of the poles, (2) the earth’s contraction and (3) 
the decrease of the earth's flattening because of the slowing down of its 
rotation by tidal friction. 

VENING MEINESZ showed that the first mentioned cause gives an 
astonishing explanation of the diagonal system of lineaments. In this paper 
we will examine the joint influence of the other two phenomena. Let us 
assume that the stresses by the wandering of the poles have practically 
died out and that the second and third influence are accumulating tangential 
stresses in the crust. The contraction will cause a plane state of com- 
pressive stress 100, for which @» is practically equal to o,. The stresses 
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by a decrease A of the earth’s flattening were calculated already by 
VENING MEINESz 1). Denoting the principal stresses in longitudinal and 
meridional directions by ga and go respectively and considering compressive 
stresses as positive (fig. 7), he found 

Qa = [m/(5m+ 1)] AE[5/3— 3 cos2 6] 

os = —[m/(5m + 1)] AE[1/3 + cos? 6] 
in which E and m are the modulus:of elasticity and POISSON’s coefficient 
respectively, whilst 6 is the colatitude. Hence we see that ga is always 


algebraically higher than gs: Furthermore both stresses are small, the ° 


highest stress at the equator increasing only up to 445. kg/cm2 after about 


orth Pole 


Fig. 7. 


1600 million years if no relaxation of stress is taken into account. Conse- 


quently the actual stresses caused by the decrease of flattening will be 


very small, so that, if at the same time the earth’s contraction causes a 
plane state of stress with equal principal compressive stresses, the effect 
of the decrease of flattening will be to make the resulting principal 
compressive stress @a2 somewhat more than go, although @3 will be larger 
than @./2. This brings us the state of stress dealt with above here (fig. 4 
and 5), causing thus flow lines perpendicular to the direction of @a and 
thus in meridional direction. In this way the lineament of north-south lines 
may be explained. If the crust has given way a little to these stresses Qa 
they will decrease, by which now the stresses 03 will become the greater 
ones. After somewhat more contraction 6 will now reach the critical value 


20,/)3 (fig. 4), by which flow lines perpendicular to the direction of g3 
will be formed. This may explain the lineament of east-west lines. East- 
west lines will arise also if by any cause a plane state of stress with equal 
principal tensile stresses is superimposed on the stresses by the decrease 
of the earth’s flattening, as in this case es will be the greatest principal 
tensile stress, so that flow lines arise perpendicular to the direction of @o. 

Moreover we showed above here that with this kind of flow lines also 
thin flow layers, being real shear planes, under an angle of about 45° with 
the plane of the crust, may come into’existence (fig. 5). 

If, after flowing, the resistance of the material to further plastic 
deformation increases, new flow layers will arise, so that at last a broader 
strip of plastically deformed material originates, in the same way as with 
the states of stress that are represented by points on the segments ASA 
of the ellipse in fig. 1 (fig. 8). With symmetric deformation of the crust, 
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as assumed in fig. 8, this strip will represent an excess load on the crust, 
as it is situated higher than isostatic equilibrium requires. Although the 
crust will not buckle before it shows strips of plastic deformation 7), this 
excess load will make it buckle excentrically, by which geosynclines, island 


Fig. 8. 


chains and mountain building will originate. This will be evident to readers 
who are familiar with problems of plastic buckling, but those who are not 
may understand this by studying the interesting experiments by KUENEN 8), 
from which it follows that a crust, which does not buckle centrically, 
buckles excentrically after weighting it by a thin and narrow strip of the 
same or of another material. This holds too for strips of local plastic 
deformation with plane states of stress being represented by points of the 
segments ASA in fig. 1, where these strips are not perpendicular to the 
direction of the greatest principal compressive stress. 


substratum 


Fig. 9. 


If, on the other hand, after flowing the resistance of the flow layers to 
further plastic deformation decreases, the plastic deformation will be limited 
to some single shearing planes only (fig. 9), in which, after too large 
strains, rupture may occur. This may explain the origin of faults (fig. 9a), 
which subsequently, after relaxation of the compressive stresses, may have 
caused rift valleys as for example the Rhine Graben (fig. 9b). 

It stands to reason that, owing to variation of the stresses and contingent 
other stresses, as well as irregularities in thickness and constitution of the 
crust, the above gives only a rough idea of the deformations which may 
actually be expected. 


7) BIJLAARD, Proc. Kon. Ned. Akad. v. Wetensch., Amsterdam, no. 5, 1938, 
8) KUENEN, Leidsche Geologische Mededeelingen, no, 2, 1936. 
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Mathematics. — Sur un théoréme de M. J. F. KoKsMA concernant la 
théorie des approximations diophantiques. By A. F. MONNA. (Com- 
municated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of March 20, 1948.) 


$1. Introduction. — M. J. F. Koxsma a montré un théoréme général 
concernant un probléme de la théorie des approximations diophantiques 1). 
Ses considérations se rapportent aux espaces euclidiens. Nous montrons 
dans ce travail que ce théoréme peut s’exprimer dans une forme abstraite 
concernant des espaces beaucoup plus généraux, 4 savoir les groupes topo- 
logiques compacts. On ne suppose pas que ce sont des espaces métriques. 
On verra donc que la possibilité peut se présenter de transposer des 
théorémes concernant la théorie des nombres en des théorémes topologiques 
d'un caractére spécial. La question se pose si l'inverse est possible. 

Rappelons quelques notions préliminaires. 

Un ensemble d’éléments s’appelle un groupe topologique G si 2): 


a) Gest un groupe abstrait; 
b) Gest un espace topologique; 
c) les opérations-de-groupe sont continues dans G. 


Dans le théoréme principal le groupe sera écrit dans la forme multi- 
plicative. Afin de déterminer une topologie dans G on n’a pas besoin de se 
donner un systéme de voisinages pour l’espace entier: l’homogénéité de 
l'espace cause qu'il suffit de se donner un systéme de voisinages complet 
de l'élément neutre; la condition c impose une restriction 4 ce systéme. Dans 
ce qui suit on ne considére donc que des voisinages de l’élément neutre. 

Un espace topologique est appelé compact si pour chaque sous-ensemble 
infini de cet espace il existe au moins un point d’accumulation appartenant 
a cet ensemble. Un espace est appelé localement-compact si chaque point 
posséde des voisinages fermés arbitrairement petits compacts. 

Pour tout ce qui suit il est de premiére importance que, selon la théorie 
de Haag, il existe sur tout groupe localement compact une mesure invariante 
a droite et, 4 un facteur constant prés, une seule. Cette mesure m satisfait 


donc a 
m(A)=m (Aa) (A c G) 


1) WUlber die asymptotische Verteilung eines beliebigen Systems (f,) von n reellen 
Funktionen f, der m ganzzahligen Veranderlichen x1, ..., xm modulo Eins, Proc. Kon. 
Ned. Akad. v. Wetensch.,, Amsterdam, 43, 211-214 (1940). 

2) Voir. N. BOURBAKI, Topologie générale. Act. Sci. et Ind. no. 916 (Paris 1942). 
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pour tout ae G3). Cest l’existence de cette mesure qui est essentielle 
dans ce qui suit, non la compacité locale 4). 

Remarquons qu'il ne sera pas supposé que l’espace G peut étre métrisé. 
Cependant, il est toujours possible de définir une structure uniforme dans 
un groupe topologique, ce qui peut, pour beaucoup de questions, remplacer 
‘la métrique 5). Nous n’y ferons pas usage dans ce qui suit. 


§ 2. Le théoréme principal. — Soit G un groupe topologique, produit 
direct des groupes topologiques Gi (i = 1, 2, ...) 


GEG ee ee nL) 
i=1 
Eléments de G sont les suites (a1, ao, ...) telles que ai € Gi (i= 1,2,...). 
Si ei désigne l'élément neutre de Gi, alors e = (e1, €o,...) est l’élément 
neutre de G. 

Si A et B sont des sous-ensembles de Gi, on entend par AB l'ensemble 
(sous-ensemble de Gi) de tous les éléments af si a parcourt A et f par- 
court B &), 

Si A est un sous-ensemble de Gi on entend par A! l'ensemble de tous 
les éléments a-1 siae A. 

Nous supposons que les Gi, 4 un nombre fini d’eux prés, sont compacts; 
ceux qui ne sont pas compacts seront supposés localement compacts. Le 
groupe G est alors localement compact 7), de sorte que sur G il existe une 
mesure invariante a droite m. ; 

Soient pour i = 1, 2, .... Ui un voisinage de ei et pi € Gi; l'ensemble des 
points u = (uy, Uo, ...) de G, satisfaisant a 


uz! pi€ U; Gee ihe Rah 


sera appelé un intervalle autour du point p = (pj, po,...) 8). De méme 


3) A. WEIL, L’intégration dans Jes groupes topologiques et ses applications. Act. Sci. 
et Ind. no. 869 (Paris 1940) p. 34. 

4) Liexistence d’une mesure invariante dans un groupe est en un certain sens caracté- 
ristique pour les groupes localement compacts. Voir WEIL, lc.3) p. 140 es. 

5) Voir p, ex. A. WEIL, Sur les espaces a structure uniforme et sur la topologie 
générale. Act. Sci, et Ind. no. 551 (Paris 1937) pp. 12, 23. 

8) Il faut bien distinguer la notion AB de la notion A.B, qui signifie l'intersection. des 
ensembles A et B. 

7) Théoréme de TYCHONOFF. Voir N. BOURBAKI, Topologie générale. Act. Sci. et 
Ind. no, 858 (Paris 1940) pp. 63 et 65. 

8) Remarguons que cette définition sans plus n’assure pas qu'un intervalle est un 
ensemble ouvert dans G si tous les WU; sont ouverts dans G;. Pour cela il faut et il suffit 
gu'on a U;  G; seulement pour un nombre fini de valeurs de i, de sorte que U; = G; 
pour presque tous les i. La topologie dans G est fixée comme il suit. Si Uy, ..., U, sont 
des voisinages respectivement de e4, ..., e,, un voisinage U de e dans G est l'ensemble 
desipoints (Xi, sg Mps) as.) Ky eee) COW Kpe Uy Wd, yf): tandis ‘que x; pourj>r 
parcourt l’espace G,; tout entier. Dans les démonstrations qui suivent nous n'avons pas 
besoin de cette hypothése concernant les U; (qui aurait, 4 cause de (4), des conséquences 
pour les V;) de sorte que nous ne l’avons pas supposée. 
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l'ensemble des points v = (vj, vy, ...) satisfaisant a 
vip; eu; calye, <8). 


Nous n’avons pas besoin de distinguer entre ces deux types d’intervalles. 
Enoncons maintenant le théoréme principal. 


Suppositions. 


Soient U; (i= 1,2,...) un voisinage, restant fixé dans ce qui suit, de 
ei et Q l'intervalle des points a = (ay, ao, ...) de G tels que 


a; € U; eh Eo LE A OE ne eth | a 8: id) 
Désignons par Q2? l’intervalle, déterminé par les relations | 
Petry Ue Use GS bey Se eee} 


Soit N un ensemble dénombrable de points x;, x», ... dans un espace E, 
restant indéterminé; on ne suppose pas que N se compose que des points 
isolés. 

Soit Y un ensemble dans un espace F, restant aussi indéterminé. Une 
condition que nous exprimons ci-dessous, impose une restriction a Y. 

Soit K(x) une fonction, définie pour x ¢ N, qui prend comme valeurs 0 
ou des nombres entiers > 0. 

Soit F(x, y) une fonction, définie pour x € N, y € Y, prenant ses valeurs 
dans G. ? 

Soit donné pour chaque x€ N et pour i—1,2,... un voisinage Vi(x) 
de e; tel que 


Vile cL; (GIN: pee 12 oc, a A ae oe Re 


Supposons que, pour chaque x €N, ils existent au plus K(x) points ye Y~ 
tels que le point P — P(x, y) = F(x, y) a coordonnées py, po, ... (pi € Gi) 
soit un point de Q2. 

Soit Si(x) l'ensemble des points de G dont la i-iéme coordonnée appar- 
tient a Ui; — Vi(x) et soit 9) 


Li (x)= Q-CS; (x). 


En vertu de (4) Li(x) se compose des points de Q dont la i-ieme coordon- 
née appartient a Vi(x). 
Soit I(x) l'intervalle dans G autour de e déterminé par Vi(x): 


EM ALT * ght fly 23): 


Soit J-! (x) Tintervalle déterminé de fagon analogue par V7;'(x) 
genet Pa Fiery I’ F 


8) Par CA sera désigné l'ensemble complémentaire de A par rapport a l’espace 
considéré. 

10) La condition c, imposée aux groupes topologiques, implique que V~! est un 
voisinage. 
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Supposons enfin que les séries 


SUK (x)m Us! (x) Wer So ae ee 


xEN 


aS’ fin. sup (Ly (¥)) 2 ee ee een) 


xEN 15i<w 
convergent. 
Théoréme. 


Pour presque tous 11) les points a = (a;,a,...) de Q ils existent au 
plus un nombre fini de points x € N pour lesquels il existe un y € Y tel que 


a Ae) CLV AX), 
cest a dire 
ay" pi € Vi (x) (ff 2 pesb ee ee ee 
Démonstration. 
Soit donné un x € N. Supposons a € Q tel que (7) est vrai pour cet x et 


pour un certain ye Y. a appartient a l'intervalle autour de P qui se 
compose des points u = (uj, Ug, ...) pour lesquels on a 


Gi Pies (x) eee oie a ee 
La mesure de cet intervalle vaut, 4 cause de l'invariance a droite, 
milaita)}. 
I] y a alors deux cas: 
I. P appartient 4 Q2. En vertu de la supposition cela n’est possible que 
pour au plus K(x) points ye Y. 


IJ. P n’appartient pas 4 Q2. Il suit alors de (3) qu'il existe un ig tel 
que 


prnondansU;,. a= a ea i ee 


Nous verrons qu'il en résulte 


a;,.non dans Ulj—Vi(x)an & Sal) Vaden aoe 
En effet, si 


ai, € U;,— Vi, (x), 
on avait, puisque (voir (8) ) 
a pi, € Vi, (x), 
Gi, O;,' Pio = Pin € (Ui,— Vi, (x)) Vin (x) © Ui, Vi, (x), 
et alors avec (4) 
Un Vigor, 
donc 
pi, Ui, 


11) Presque tous a le sens de : & un ensemble de mesure zéro prés. 
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en contradiction avec (9). Donc, si P n’appartient pas 4 Q?, a se trouve 
en au moins un L;(x). 

Désignons par M(x) l'ensemble de tous les points a de Q vérifiant (7) 
pour le point x¢ N qu’on s'est donné et pour choix convenable de ye Y. 
I] suit de I et II que la mesure extérieure m(M(x)) de M(x) satisfait a 


m (M (x)) = K (x) m (J-! (x)) + fin sup m (L; (x)). 


1S1<0 


On en tire en vertu de (5) et (6) que la série 


+ m(M (x)) 


SCAN, 
converge. I] s’ensuit que les points a de Q, appartenant & un nombre infini 


d’ensembles M(x), constituent un ensemble de mesure nulle; q.e.d. 


Remarques. 


1. La démonstration précédente est analogue a celle de M. KoKsma, 
beoty: 


2. Le théoréme a le type du ,,cas de convergence” d’un théoréme de 
Khintchine concernant les approximations diophantiques 12). 


3. Puisque Q contient l’élément neutre on a 
Qc Q’, 


Ils existent des groupes topologiques dans lesquels on peut choisir le 
systéme de voisinages U; tel que 


Q=(Q?. 


Par exemple le groups additif dans le corps des nombres P-adiques. Soit, 
dans ce cas, U l'ensemble des nombres P-adiques x satisfaisant a 


|x|p=Pt. (t entier). 
Cet ensemble est Q. Si alors 
ly |p=P*, 
il suit de l'inégalité triangulaire non-archimédienne 
la+y|p=Pt. 
En vertu de la définition de Q?2 (ou U2) (voir (2) et (3)) on en tire 
ES OP 


Dans ce cas les suppositions se simplifient donc un peu. On pourrait appeler 
ces groupes topologiques non-archimédiens. 


12) Voir: J. F. KOKSMA, Contribution 4 la théorie métrique des approximations 
diophantiques non-linéaires, Proc. Ned. Akad. v. Wetensch., Amsterdam, 45, 176—183. 


(1942). 
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4, Les raisonnements dans la théorie des approximations diophantiques 


ont souvent comme sujet les nombres réels modulo 1. Cela veut dire qu’on 
réduit les nombres réels qu'on considére au moyen d'un certain ensemble 
— l'ensemble des nombres entiers — et par une certaine opération 
(addition, soustraction) a des nombres réels de l'intervalle OS x <1; et 
cela tel qu’a chaque nombre réel correspond un seul nombre de cet inter- 
valle. On pourrait appeler l'ensemble des entiers ,,l'ensemble réducant” du 
probléme considéré. Dans le théoréme précédent on rencontre aussi un tel 
ensemble: c’est l'ensemble Y. 

A l'aide des points de Y on réduit par une opération abstraite les points 
F(x, y) a des points de Q2 tel qu’é chaque F(x, y), x étant donné, ne 
correspond qu'un nombre fini de points de Q?. Cette derniére propriété, 
posée comme condition, n’éclaircit pas le caractére de l'ensemble Y. Il serait 
donc intéressant de savoir s'il est possible de donner des conditions géné- 
rales a lesquelles un ensemble doit satisfaire pourqu il peut figurer comme 
ensemble réducant dans un probléme diophantique. 


5. Si l'espace E, dont N est un sous-ensemble dénombrable, est un 
espace métrique et normé on peut donner au théoréme une forme qui res- 
semble mieux celle du théoréme de M. Koxsma. Supposons alors de plus 
gue les points de N sont tous des points isolés et que, en désignant par 
|| x || la-norme de x, K(x) et V(x) ne dépendent as de || x ||, de sorte 
) et V(|| x ||). Si alors 2(|| x | ) désigne le nombre 
, les séries (5) i (6) se réduisent a 


la forme 


S A(\jxl|) K (xl) mC (xl)... 2 AN) 


|x|] =0 


3 4 4 (|| 2|]) He eG pia ( 


|x [f= 


VE SSRe ee Fd 


|x| 


6. En imposant des restrictions convenables a l'espace E on peut méme 
faire tomber la supposition que l'ensemble N est dénombrable (ce n'est que 
dans la remarque 5 que nous avons supposé que N ne contient que des 
points isolés). Supposons, en effet, que sur E est définie une mesure (e); 
on peut alors définir dans E une notion d'intégrale. La condition de la 
convergence des séries (5) et (6) doit alors étre remplacée par la condition 
que les intégrales 


“! (x) du (x) 


ee 


ic sup m (L; (x)) du (x) 
N tice 
existent et sont finies. On a alors: 
A presque tous les points a de Q correspond au plus un ensemble de 
points x € N de mesure-y zéro tel que pour chacun de ces points x il existe 
un y € Y rendant vrai (7). 


bl 
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§ 3. Applications. — 1. On voit immédiatement que le théoréme pré- 
cédent admet comme cas spécial le théoréme de M. KoKsMA, mentionné 
au § 1, montré par lui pour les espaces euclidiens (I.c. 1) théoréme 2). : 

En appliquant le théoréme au groupe additif dans le corps des nombres 
réels on obtient la propriété suivante (lc. 1) théoréme 1): 

Soit f(x) (x = 1, 2,...) une suite de nombres réels. Si p(x) (x = 1, 2,...) 
désigne une suite de nombres positifs telle que la série 


converge, alors le systéme 


— 9 (x)=f(x)—a=oe(x) (mod 1) 


admet pour presque tous les nombres réels a au plus un nombre fini de 
solutions en entiers x > 0. 


2. On peut de méme appliquer le théoréme au groupe multiplicatif dans 
le corps des nombres réels. Soit, dans ce cas, Q I'intervalle 


Soient N la suite 1,2, ... et Y l'ensemble des nombres a? (t entier rationnel), 
g(x) et w(x) sont des fonctions définies pour x € N tandis que 


1<o(x)=a 
ae =y(x)<1 (13) 
a 
I(x) est l'intervalle 
y (x) a= ¢@ (x) 
I-'(x) est lintervalle 
eet oat 
glx) p(x) 
Soit 
P(x, 9) = EE). (xe N, ye Y). 
Soit, pour x €N donné, K(x) le nombre de points y de Y tels que te 


soit un point de Q2. On voit que K(x) = 2. En désignant par (div at) la 
réduction des nombres réels a des nombres de Q au moyen d'une division 
par une puissance convenable de a, on obtient le théoréme suivant: 

30 
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Soit f(x) (x = 1,2,...) une suite de nombres réels. Si y(x) et p(x) 
vérifient (13) tandis que les séries 


(14) 


=f)  (divat) 


admet pour presque tous les nombres réels a au plus un nombre fini de 
solutions en nombres entiers x > 0. 
Posons 


Ol ee 


Alors la condition (14) devient une condition simple, 4 savoir la convergence 


de la série 
] \ 
S (p(e)— ae 


Par exemple on peut satisfaire a cette condition si l'on pose 


1+ 74x*+1 
(Ad cera ers 
auquel cas 
1 1 
OT ee aes 


3. Les nombres complexes e!* constituent un groupe topologique multi- 
plicatif compact C; le théoréme peut donc étre appliqué. Soit Q l'ensemble 
des nombres e‘* dont l’argument est compris entre a et —a; c'est donc 
l'arc du cercle-unité, contenant 0, limité par les points e/* et e-'* (a> 0). 
Soient N la suite 1, 2, ... et Y l'ensemble des nombres e!** (n entier). Soit 
I(x) l’arc du cercle-unité limité par les valeurs de l’'argument 0< (x)<a 
et 0 > w(x) >—a. Alors J-'(x) est l'arc limité par les valeurs —(x) et 
—y (x). 

On obtient la propriété suivante: 

Soit f(x) (x = 1, 2,...) une suite de nombres de la forme e!®. Si la série 

20 
= (vp (x)—¥ ()) 
converge, alors le systéme 


—=_ 


y (x) Sarge“ f(x) Sy (x)  — (divei"4) 


admet pour presque tous les a réels au plus un nombre fini de solutions en 
nombres entiers x > 0. 


— 
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Tl est clair, que cette application ne différe pas d'une facon essentielle 
de celle du no. 1. Nous l'avons mentionnée a cause de sa relation avec 
l'application suivante. 


4. Soit R le groupe additif dans le corps des nombres réels et soit 
M le sous-groupe des nombres entiers. Considérons le groupe quotient 
G = RM, dont les éléments sont les classes d’équivalence modulo M. Ce 
groupe G devient un groupe topologique si on introduit la topologie 
suivante. Soit @ l’élément neutre de G, donc la classe qui a le nombre 0 
comme représentant. Soit LI un voisinage de 0 dans R. Alors par définition 
l'ensemble U* = M+ x 13), ot x parcourt le voisinage U, est un voisinage 
de 6. Si U parcourt un systéme complet de voisinages de 0, le systéme 
des U* est un systéme complet de voisinages de 0. A cause de l’additivité, 
un systéme de voisinages est alors fixé pour chaque élément A de G 
(comparer § 1). Appelons /* un intervalle autour de 6, si U est un inter- 
valle J autour de 0 dans R. Un intervalle J* est déterminé par la donnée 
de deux représentants a et —a (0<(a<1) dans R. 

Soit Q l'intervalle ainsi déterminé par a = 1. Les intervalles V(x), sont 
déterminés par les représentants g(x) et w(x), dont sera supposé 
0< p(x) <1, —1<y(x) <0. II reste de déterminer la mesure sur G. 
Remarquons pour cela, comme on voit aisément, que le groupe topologique 
G est homéomorphe a un cercle C. On peut donc introduire comme mesure 
dans G la mesure ordinaire des ensembles correspondants sur C. Par cela, 
ce cas est ramené a l’application 3. C’est seulement la terminologie qui est 
devenue plus abstraite. On obtient la propriété suivante, qui a perdue le 
caractére d'inégalité: 

Soit f(x) (x = 1,2,...) une suite d’éléments de G (classes modulo M). 
Si la série 


ou p(x) et w(x) fixent le voisinage V(x) de 0, converge, alors la relation 
A—f (x)—M € V (x) 


admet pour presque tous les éléments A de G au plus un nombre fini de 
solutions en nombres entiers x > 0. 

Soulignons encore une fois que ce théoréme ne différe pas essentiellement 
des applications 1 et 3. Il fait seulement voir que le théoréme principal 
offre des possibilités d’applications en des cas abstraits. 


5. Soit Re le plan euclidien. Les points de Ry, ou autrement dit les 
vecteurs de Ro, constituent un groupe additif topologique Gy. Soit Me 
l'ensemble des points de G» dont les coordonnées sont des nombres 
entiers; M» est un sous-groupe de Gy. On peut appliquer, de fagon analogue 


- 18) Pour un x donné on désigne par M-+~x l'ensemble des nombres y+ x si y 
parcourt M. 
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comme au no. 4, le théoréme au groupe quotient G =-G2/Me, qui est un 
groupe topologique. On voit que G est homémorph a un tore T, a deux 
dimensions. On obtient donc une propriété concernant les points de T2 
(comparer la relation entre les applications 3 et 4; l’application 3 traite le 
cas d'un tore a une dimension). Il n'y a pas de difficultés essentielles dans 
ceci. 

D’une facon analogue on peut obtenir une propriété concernant les points 
d'un tore an dimensions. : 


6. Considérons encore le cas du groupe additif dans le corps des 
nombres réels. On a la propriété suivante 14): 

Soient A(x) 0, p(x) > Oet f(x) (x = 1,2,...) des suites de nombres 
réels. Si les séries 


tse ps s P(x) - 
eh ode STATE 


convergent, alors l'inégalité 


|a A (x)—y—F (x)| = 9 (x) 
admet pour presque tous les nombres réels a au plus un nombre fini de 


solutions x, y en nombres entiers x > 0 et y. 
Pour la démonstration écrivons l'inégalité dans la forme 


a Zt Elx)| =v (x) 
eer NES es tee hE) 
et posons 
— 9 tf) 
F (x, y) =. Alxy* 
Soient N la suite 1,2,... et Y la suite des nombres entiers; soit (x) 


l'intervalle —p(x) <<a< g(x). Pour un x donné, K(x) est le nombre des 
y tels que 


OS Ate 
Donc 


K (x) =[|A(x)|] +1. 


si pour u réel on désigne par [u] le plus grand nombre entier <u. La 
démonstration est alors immédiate. 


7. Par application analogue au groupe multiplicatif dans le corps des 
nombres réels on trouve: 

44) Pour A(x) =x, F(x) = 0 cette propriété donne le “cas-de convergence” du 
théoréme de KHINTCHINE, mentionné ci-dessus (remarque 2 du § 2). Pour Ax) = Grera 
propriété a été donnée par M. KOKSMA; Metrisches iiber die Approximation reeller Zahlen. 
Proc. Kon, Ned. Akad. v. Wetensch., Amsterdam, 41, 45—47 (1938). 


bt-seeN oor 
S ‘ a ~ ie 
< 


\) 
r 
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Soient A(x) 540,q(x) > 0 et f(x) (x = 1,2,...) des suites de nombres 
réels, Soit donné un nombre réel a> 1; p(x) Sa. Si les séries 
1 


F\ewy™—(se5) h 


x=1 


to “ta io | A(x) 
S@ijoe™—() 4 
convergent, alors le systéme 
ey = = = 9 (x) (div a’) 


admet pour presque tous les. nombres réels a au plus un nombre fini de 
solutions en nombres entiers x > 0. 


8. Appliquons le théoréme, dans la forme lui donné dans la remarque 
5 du § 2, au groupe additif G dans le corps des nombres P-adiques. Ce 
corps est localement compact, de sorte que l’application est permise. Soit 
N un ensemble dénombrable de nombres P-adiques x et supposons que 
A(|x|,) de ces nombres possédent la norme | x |,; 4 est supposé fini. Soit Q 
l’intervalle 


lal, =1. 
Supposons que Y est l'ensemble des nombres P-adiques de la forme 
a_;P-'+...+a,P 
—ocisS—l; aj=0,1,...,P—1. 
Posons 
F (x, y) =f (x)— y. 
On a K(|x|) = 1. Les voisinages V(x) sont déterminés par les relations 
fete PIUAIB So sr ae He tae Poe tS) 


ou, a cause de (4), il faut avoir p(|x|,) <0. L’intervalle I(x) est sym- 
métrique. Par TURKSTRA 15) a été défini une, mesure dans le corps des 
nombres P-adiques. La mesure de l'intervalle (15) vaut en particulier 


p?(|*lp) 


Les séries (11) et (12) sont identiques dans ce cas et on obtient la pro- 
priété suivante: 


18) H, TURKSTRA. Metrische bijdragen tot de theorie der diophantische approximaties 
in het lichaam der P-adische getallen. Diss. V‘U. Amsterdam (1936), Voir aussi: A. F. 
MOoNNA, Zur Theorie des Maszes im Kérper der P-adischen Zahlen, Proc, Ned, Akad. 
vy. Wetensch., Amsterdam, 45, 978—980 (1942). 
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Soit f(x) (x€N) une suite de nombres P-adiques. Si la série 


3S U(xlp) Peale (16) 


|x|p=0 
converge, alors linégalité 
LF) dlp c= Pi niod YJ aoe 


admet pour presque tous les nombres P-adiques a au plus un nombre fini 
de solutions x en N. 

L’extension de cette propriété a l'espace, dont les points sont les suites 
de n nombres P-adiques, que j'ai déja considéré a une autre occasion 16), 
ne rencontre pas de difficultés. 

Remarquons que, dans cette forme, on ne peut pas prendre pour N la 
suite des nombres entiers > 0, puisque cette suite contient, a cause de la 
valuation P-adique, une infinite de nombres avec une valeur P-adique 
donnée. Si l'on veut, malgré cela, prendre pour WN la suite 1,2,..., il ne 
faut pas prendre pour » une fonction qui ne dépend que de la norme, mais 
ce doit étre une fonction qui dépend de x lui-méme. Au lieu de (16) vient 
la série 

0 
S Pre, 
x=1 
et au lieu de (17) 
|f(x)—a|,=P?™ (mod Y). 


On voit de cette remarque que le caractére de l’'espace E, que nous avons 
introduit dans la remarque 5 du § 2, est un élément qui n’est pas d’une 
importance essentielle pour le théoréme. Cet élément devient essentiel dés 
gue l'on cherche des solutions dans un espace donné a l’avance. Par 
exemple dans les applications 1, 2, 3,4,5, 6,7 il n’est pas essentiel que N 


est la suite 1,2,...: on y peut prendre pour N un ensemble dénombrable 
arbitraire. 
§ 4. Deuxiéme forme du théoréme principal. — Considérons, comme 


introduction, encore une fois le groupe additif dans le corps des nombres 
réels. Nous avons trouvé des théorémes concernant les nombres réels 
modulo n (n entier). L’application 4 tous les nombres réels de l'opération 
utilisée — addition ou soustraction — donne, pour n fixé, une trans- 
formation (translation) de R en lui-méme. Dans les considérations modulo 
non a donc donné une infinité dénombrable de transformations de R en 
lui-méme (un groupe de transformations). Aprés cette remarque on vient 
a la forme suivante du théoréme principal. 


On introduit les notions G, Q, V(x), N(dénombrable) et K(x) comme 


18) Zur Geometrie der P-adischen Zahlen. Proc. Ned. Akad, v. Wetensch., Amsterdam, 
45, 981—986 (1942). Quant a l’application 8 voir aussi: D. J. LocK. Metrisch-diophantische 
onderzoekingen in K(P) en K"(P). Diss, V.U, Amsterdam (1947). 


< 
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ci-dessus. Cependant on n’introduit pas F(x, y) et Y. Ces notions sont 
remplacée par ce qui suit. Soit donné un ensemble A d’opérateurs T; 
chaque opérateur T donne une transformation de G sur un sous-ensemble 
(propre ou non) de G. Soit f(x) (x €N) une suite de points de G. Suppd- 
sons alors que, pour chaque x EN, ils existent au plus K(x) opérateurs T 
de A tels que Tf(x) soit un point de Q2. C’est la seule condition que nous 
imposons a les transformations J. La démonstration du théoréme suivant 
se fait alors exactement comme au § 2. 

Pour presque tous les points a de Q ils existent au plus un nombre Fini 
de points x € N pour lesquels il existe un opérateur T € A tel que 


a ol f(x) & Vite, 


-Cette forme du théoréme principal fait bien ressortir le caractére: il s’agit 
de transformations et l'ensemble Y est un élément non-essentiel. 


Application. Considérons le groupe additif R dans le corps des nom- 
bres réels. Soit {an} une suite croissante de nombres réels, tendant vers 
l'infini. L’'ensemble A se compose des transformations T; (i = 1, 2, ...). 


yaa, 


dont chacune transforme R en l'ensemble des nombres réels positifs. Pour 
o> ay ow.a UX Tix <1. 

Soit alors f(x) (x = 1,2,...) une suite de nombres réels. Un x étant 
doné, Tif (x) se trouve dans l’intervalle (0, 1), seulement pour un nombre 
fini de valeurs de i; c'est une conséquence immédiate de la définition de la 
suite {an}. Par cela K(x) est donc défini. Si par exemple ai =i on a 

) = [f(x)]. 
On obtient la propriété suivante: 
Si les séries 


- 
2X p(x) . 2K (x)¢ (x) 
x=1 eS 
convergent, alors pour presque tous les nombres 0S a1 ils existent au 
plus un nombre fini d’entiers x >0 pour lesquels il existe un i tel que 


— p(x) Se" a= (x). 


Mathematics. — Non-homogeneous binary quadratic forms. II. By P. 
VARNAVIDES. (Communicated by Prof. J. G. VAN DER CorPUT.) 


(Communicated at the meeting of February 28, 1948.) 


7. Lemma 7. There exists a number ng = no(d) depending only on 6 
such that, if a = 1/0, then there is exactly one integer n such that 


0 < n <y Mov + «© « Pe ee ee al : (44) 
1 1 
= : STS a eS 
Facer | (45) 
and 
Sere OS (46) 
Nn Mak es 
where 
ele _lac 
fee ae and 7,= 2 (47) 


are integers of k(/2). 


Proof. That é, and ya are integers of k(y2) follows from the con- 
gruence (21). We consider the sequence of numbers (72)-1. As n increases 
from the initial value 1 and tends to infinity, this sequence decreases 
strictly from the initial value 1 and tends to the limit 2. Thus, if no is 
sufficiently large 


1 
no 


<2: 3-74. 


Consequently, by Lemma 6, 
] 


No 


< 124479 < P<) <r=_., 
1 


and there is just one integer n = no for which (44) and (46) are satisfied. 
We have to prove that (45) is satisfied for this value of n. 
Now using (17), (46) and (47) 


a< ch: S2t yay = 24 (l— rr) 


B 
Deel» 
S<Tac hay’ 


and so one of the inequalities (45) is satisfied. To prove the remaining 


47] 


inequality we use (15) with é = 1. If we neglect « we obtain 


eae 1 

It B17 oa, 
Anat Se Ce 
ars Tre 


by using (46) and (47). When we do not neglect « we obviously obtain 
an inequality of the form 


SN Cie a gs as Be eee AO) 
En 


where va is a positive number depending only on n. Using (15) with 
& = £n, we have 


|(a En —1) (8 En —1)| S1—e, 
so that, by (37), 
jaée—1|{y(2z) |é,|-+-1}S1-—e .-! . 2%. (49) 
But, if a were less than or equal to 1/f,, the inequalities (48) and (49) 


would give a contradiction, provided ¢ was less than some positive number 
depending only on ng. Hence a = I/én, and the lemma is proved. 


Lemma 8. If a= 1/6, the inequalities (44), (45) BEY (46) are satisfied 
for just one odd integer n. 


Proof. Suppose, if possible, that (44), (45) and (46) are satisfied for‘: 
some even integer n. Then 


(—7"—-1 w—l 


Les SE EE Sern | 
, S(Saptt— I] ea ah 
Yn+1 = yo = y2 


By (15) with é = 9, and with § = ni, 
(nn a—1)(1—n f) 21—«, 
(|yn+1|¢+ 1) (yn+1B—1) 21-2, 
the four factors on the left hand sides being positive, by (46) and our 
assumption that a = 1/0. Thus 


l—e 


ffs Be rg? a2)’ 


1—e 
nari Pp —I i lnnaif[a+l’ 
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Eliminating 6 and using (45) we obtain 


Ynt+1—%n of Yn+1 Qn 
int tel aber 
Nn+1 A +2 Yn En+2 
= n n 


Nn—Ent2  |Nnri| + Ente 


(l=) (1) 


= ) (este oy 
~ ¥2fx(e"—1) —(1-+r-7)} 


{zie + 1) Elie 
(1 —1-2"--2) (1 —1-") , (50) 
=H] ape 
ial tr (tan) O(a a 
(ya) 419-2) (1 2") + (Hy) (1) (Lr) 
=_= (1/72) yoni (1 + ri ao a ee pe iad pal | re NY Ta aa tS 


= _-n-1 + (1/V2) yan [1—r-!—1-3—1-7-3 (c—1) —17?"-?] 


-- 


As n is an even positive integer the expression in the square brackets 
exceeds 


1—7r!—37r3=23—16)y2, 
which is positive. Thus provided ¢ is smaller than a certain number 
depending only on no, 
Ynt+1— An 6 ie 
But 
l—rrt j-—re 
Qnti1— Ya = foo twa Bao —i 


This contradiction proves that the unique integer n, for which (44), (45) 
and (46) are satisfied, is odd. 


Lemma 9. If a = 1/0, there is exactly one odd integer n such that the 
inequalities (44) and (46) are satisfied and 


(51) 


Proof, Suppose, if possible, that (44), (45) and (46) are satisfied for 
some odd integer n, but that 


l l 
Fa eae a a eee ee) 
As n is odd 
Satie ics Se nel ee aa : 
y2r y2 
]— 7-7-1 ? gitl— |} 


Hat1 = — 


fig) OSes 


ie 


Using (15) with € = £,,; and with & = mh41, -we have 


(a@Eng1—1) (BT Engs1| + 1)Sl—e . . . 2! (53) 
(@Mn41—1)(Bynti— 1) 1-2 . . .-. . (54) 


the factors on the left hand sides being positive by (19), (46) and (52). 

We use (53) and (54), together with the inequality af < 2r obtained 
from (17), to find lower bounds for a@ and fp. In these calculations we 
neglect the effect of « in the first instance. From (53) 


Grova—1) (2g 4) 5, cee ee} 


It is convenient to write P = 3£,41|&,4:| so that 
P=4|N Ens1)|=4/NG +7) =4("—3-), 
Writing 2P/En4; for |&n41| in (55), 
4rP 


— i 
En4i1a a 


4¢P+ fnsia— 


It follows just as in DAVENPORT’s work 3) that 


Pee fort! on cae ee] 


Now writing Q = 3941 941 and using the inequality af < 2r in (54) 
we have 


41Q 


41Q— Nn+1B — nasi B 


+1251. 
Also 
Bass < qarilnn < Qnsinae < 27Q, 


It follows just as in DAVENPORT’s 4) work that 


nn+ip > 1 + 41 raat 
We have also 


Hence 
att Pos ee 4 eT) 
By (56) and (57) 
OR > ast) (ier) Se nt 


a= (La 2 a) ene nets 
But 


FneiNng1 = (1 + 7%) (1 —1-7)/2 
<li ee V2 2 «. 


3) D. IV (747—48). 
4) D. IV (748). 
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Thus r. 
ap >21 4217-77-41 + 20-7). 


Provided « is smaller than a certain number depending only on no, it is 
clear that, if we carried out these calculations without neglecting «, we 
should still be able to conclude that 


-ap>2rz, 


contrary to (17). This contradiction proves that (51) is satisfied when n 
is the unique odd integer for which (44) and (46) are satisfied. 


Lemma 10. /f n is odd 
\(an€—1) (ae —1)| =1 
for the following values of é, 
1, En, Entis Mav Ynt1- 


Proof. By (5) 
=I) 


ani m+] 1 
_ m@(?—1—1)—1t 
mit | 
pares 
em i 


which has norm 1 as n is odd. Similarly by (5) and (47) we have (since n 
is odd) 


m—] 
Qnbs it 
mit)’ 
On bain 1 =r, 
an Nn ~ 1 — io yee 
' mi ] 
On Nn41— | = r+? 4 ’ 


and these all have norm 1. 


Lemma 11. There exists a constant C depending only on 8 such that, 
if a = 1/0, then there is a unique odd integer n, for which 


la a,| Ce, [B=a)s Ce, ,. yo Ser 
and (44), (46) and (51) are satisfied. 


Proof. We take n to be the unique odd integer for which (44), (46) 
and (51) are satisfied. We write 


ax=a,tu, BP=a,t+. 


5 hos 
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By (15), for every integer & of k(y2) 
[{(an + w)&—1} fan +») &’—1$| >1—e 
l—e 
i a ei oe 37\|> weep 


Taking & equal to &n, ‘om nn and n+; and using Lemma 10 we obtain the 
four inequalities 


l(l+ou)(1+o;»)|>1—e i=1,2,3,4 


so that 


(59) 


where 
oe En 1 ett + pte) 
Sh = an E,x—1 ee : l—1r" a0: (60) 
a ? = Zk (1+ 1-71) (| —1-”) 
sae 01 aay. ete he >90, 
aie on 
22 an Fait a y2 (:” a 1) < 0, 7 
ele (61) 
oe 02 Says ear ipa) oz 0 
ome site na tsl be 
Qs — dn fn—!} aye ch as 0; 
; t Och 
63;—= Q3 ape Mpa ee 
eet Sait il le FOE ee) 
Or OnNnti—1  y2t 1—r-" > 0, (63) 
ot . a ynt2 (1 ——e ee Sala | (1 Se! ta} 
O4 = Q4 Fi av2 a ree aot 
It is easy to a that 
l 1 
a <0 a at aa oot 
Nn+1 En En41 


and that 


po <<< <n <e. 


It follows from (46) and (51) that af —1 and an,&—1 and fé’—1 and 
a’n&’ —1 have the same signs when £'takes the values £n, Enis, Nav Mn+: 
Consequently (1 + o:u) and (1 + oi) are positive for i= 1, 2,3,4 and 
using the inequality of the arithmetic and geometric means 


+ $(ore + 97%) > 1—e, 
fe. 
ere +ojp >—2e for i=1,2,3,4. . . . . (64) 
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Eliminating first » and then w from the second and third of the inequ- 
alities (64), 


(02 + 030) uw — 2e(0,+ | 05 ), 
(0203 + 03 |02|) ¥ = — 2e(\e@| + Q3). 


0; 


But 
02 |93| + 0302 = 9203 + 93 |02| 
Spent) I) 
=— (er) (Lr) <0, 


Thus the above inequalities imply that w S cne, and vy S c’ne where cn and 
c’n depend only on n. Substituting these bounds for wu and y in the first 
or the fourth of the inequalities (64), we obtain u = —cy,eandv=—cp e. 
Since n is positive and less than no there is a constant C depending only 
on 6 such that 


iol = Ge, sta Ge. 


This proves the lemma. 


Lemma 12. If a = 7/0, then for some odd positive integer n, 
Ogee gh 


Proof. Let n be the integer of Lemma 11. We define numbers X, and 
Y, of k(/2) by the equations 


met 
Gn Xp— Ler att) — 


mt’ 


an Yp —1 = — ret, 


It is clear that 

NicatX,—1) 1; 

NiawY- = 
we have to prove that X, and Y, are integers of k(y2). Solving the 
equations for X, and Y,, and using (5) 


tah (n+i)+1 (cr? — 1) + (c” + 1) 
(Gert) 


and 
n Tinos 
=—_ Siler qr (nti) eet 


| 
y2 githl =. ] 


r 
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It is now clear that Y, is an integer of k(j/2). Also, since 
rFint1) +1 (gn J) 4 (72 4 4) 
Be pit ard Kmod del) ("tk [}) 
= (ct + 1)*—(r—1) 
=1(r— 1) * —(t—1) 
itl) ire) (mod (x — 1) («"*?—1)) 
E==\(): 


X, is an integer. 
We write a=an + mu and B = a’n +. By Lemma 11 we must have- 


|u| <Ce and |y|< Cz 
Applying (59) with é = X, and with = Y,, we obtain 
(1 +Rre(l+Rpy)|S1l—-.. . . . . . (65: 
pies (Let) b= 18 Naat oh oe OO} 


where 
ae 
— r(n+1)— Na 
Re= a; > en ae a mate 
= —r(n+1)+1 
R; apite = 
‘6 i r(n+1) 
Dey ae hae an 
, (68). 
Se re Le 


The numbers R,, —R’,, S; and —S’,; vary with r in a way which is 
essentially similar to the variation the numbers R,, R’,, S, and S’; occurring 
in DAVENPORT’s work 5). It follows just as in DAVENPORT’s investigation 


that ps 


8. Lemma 13. If a, 6 are of the form (4), then 


Wee shipler BY es Seis. gi we OOH 


An An 


for all integers & of k(y2); equality occurring for an infinite number of 


integral values of &. 


Proof. It clearly suffices to consider the case when 


a—~—, er eile 


an an 


5) D. IV (911—913). 
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where n is an odd positive integer. In this case we have to prove that 


UN lage e151 ee ee 


for all integers £ of k(y2); and that equality occurs for an infinite number 
of integral values of & We have seen in Lemma 12 that (70) is satisfied 
with equality when é = X, and when & = Y, and that X, and Y, are 
integers of k(y2) for all rational integers r. 

When n= 1 we have an = a’n = 2 So that anf —1 =—'2&—1 is a non- 
zero integer of k(y2) whenever & is an integer of k(y2). Thus (70) is in 
this case satisfied for all integers é of k(y2). 

When n = 3 we have 


472 
pas 
4/2 
One pan | 


so that, if = x + y2y, 
_4y2(x-+y2y)—2)2+41 


oo eek 272-1 
_ 2/2(2x—1)+8y+1) 
s 272-1 


Thus 
|N (as §—1)|=4|8 (2x—1P—(8 y + 1)}. 
Now, for any integers x and y 
8(2x—1)?—(8y +1)3?=>7 (mod 16) 
Thus 
|N(a3§—1)| >1 


for all integers & of k(y2). 
When n= 5 we use a different type of argument. We suppose that, 
for some integer 7 of k(//2), 


Lv (agp 1p) On oy or ee 


and we eventually arrive at a contradiction. Consider the substitution 


dagen Le lane Eh. eae fa eel 
We have 
Rei y i+ | 
"n= ae pot Sy ese m+} Senge wel 
Trae a grti & 2° 
ie card | ad 3 


c — oa! 7 Pie Be 


cen randy +. x-Aa~1 “a ; 


Qn 


ey 
api age 
sa 
<< bite ee ae 
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Thus using (21) the transformation (72) transforms integers ¢ into 
integers 7 and vice versa. Also 


N (an n—1) = N (an o—1). 


It is clear that by repeated application of the transformation (72) or of its 
inverse we may obtain an integer 7 of k(y2) satisfying (71) and such that 


goth can po vn ie eT) 


It follows from (71) and (73) that 
lang —1) <t@t), al ny =T] << det, eS (74) 


further one of these two numbers must be less than 1. We consider two 
cases separately, but first we note that 


eye Gy os — (98-26) 2) 41 37356 |: (75) 
V2 < an S as = (98 — 28 y2)/41 = 1-424... 
Case 1. Suppose that 
lan 47 —1|<1 and ja, 7’—1|/< A@), . . . (76) 
The first inequality implies that 


z 
0 fe We al er ne: 
by (75). 
Suppose, if possible, that | 7’ |< +. Then by (77), 
A 2 
0<|ni|<Z <2, 


so that 7 is a unit of k(/2). But there is no unit 4 of k(y2) with |4| << 4 
and |7/|<+. This contradiction proves that | 7’ | = v. 
Multiplying the inequality 


|Orq—1| S| any—1| + (At—an) 9 
by | a’ny’ —1| and using (71) and (76), we deduce that 7 
(O19 —1) (ann —1)| <1 + (Oe — arn) gr, 
Now, since 617 —1 is a non-zero integer of k(/2), 


N(@ryn—1)| 1. 


Hence 


| (ann’—1) | a Peay a 
\(@vqan| <1 +6 Gn) Ht eS, ce (78) 


31 
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Now the expression on the left hand side of (78) is either 
daly’ |—1 | ania! |] 
Or |n’|\—1 Ar |n’|+1 
according as 7’ > 0 or 7 <0. The latter is the smaller, since a’n > 0 > O/t. 
Hence, by (78) 


_@n|n’|-E 1 = i(n+1) 
Or |n| 41 <1+(@1t—az,) nt ; 
As 
‘sf Ca lee ae © ane 
Ba On | geo sarge aaa 3 
- this implies that 
dn|n’|+1 ae 
6x \7’|+1 <1+2n1 Se pearwe) Fe (79) 


Using the fact that | 7’ | = 1, (75), (79) and (77) we obtain 
y2e+1 — y2|n'|+1 eae 
V24+1 ~Or"|n’|+1 ~ 6r'\n’|+1 

since n = 5. This is a contradiction since the left hand side has the value 


1.828 ... while the right hand side has the value 1.552 .... ; 
Case 2. Suppose that 


[an n—1] < AMD and jann’—1|<1. . + . . (80) 


<1 2q0- 14+ $r4, 


The second inequality implies that 


hoe ; 
0< a pale a7 alent. A ane ak ee 
n 
by (75). 
Suppose, if possible, that | 7 |< 7. Then 
O< [nn ary 2< 4, 
and so, as 3 and —3 are not norms in k(y2), we must have either 
| 79’ | = 1 or | 4n’| = 2. If | ny’ | = 1, then 7 is a unit and as 0 <7’ < y2, 
|7|<t we must have 7 = 1. This is impossible by Lemma 10 and the 
fact that 4 satisfies (71). If |’|=2, then necessarily » =-/2¢, 
nf = —j2¢’, where ¢ is a unit of k(/2) satisfying |£|<z, | 0’ | <4 Bot 
there is no such unit of k(/2). These contradictions prove that |] he. 
Just as in case 1, using (71) and (80) 


[(¢n 9 — 1) (An’ —1)| S| (n= 1) (an 9’ —1){ + | (an »— 1) (an — 8)’ | 
<1 + (@r—8) yataty, 
Since 67’— 1 is a non-zero integer of k(y/2) this implies that 


a 


nem] ' , 
By +1 | <1 +> (an @) of ziet, 
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The expression on the left hand side is either 


an|nf+1 0. @aln|—l 
algal A \n| +1? 


according as 7 S —z or 7 =t. Thus, in any case, 


sbilaee —O)n! at) 
Fakes A). Tt Me . . ° ° . . (82) 
Now 
E Sy Flan 1 Tas 2 xy ths Eve 
aes Sr | os Ye ea (l—c7y"".. (83) 


Using the fact that | 7| =, (75), (82), (83) and (81) we obtain 
31—1 3|y|—1  an|n|—1 
¥2e+1~2|n|+1 ~@]n[+1 

< 14+ (an—6) n/ 3+) 
<14+2/2 7-34) (J —7-7)"! 
Te wd SPR SEM Borah es Be 


<a 


as n=5. This a contradiction since the left hand side has the value 
y2= 1.414... while the right hand side has the value 1.169.... This 
completes the proof of the lemma. 


University College, London. 


2 
Mathematics. — On lattice points in polar reciprocal convex domains. By 
K. MAHLER. (Communicated by Prof. J. G. VAN DER CORPUT.) 


(Communicated at the meeting of March 20, 1948.) 


Let k and K be two symmetrical convex domains in the (x, y)-plane 
with centre at the origin O = (0,0), and assume that k and K are polar- 
reciprocal with respect to the unit circle 

Crees 
ice. the boundary points of each domain are the poles of the tac-lines 
(Stiitzlinien) of the other domain with respect to C. 

Define A(k) as the minimum determinant of k, i.e. as the lower bound 
of the determinants d(A) of all k-admissible lattices A, and define A(K) 
analogously 1). I prove in this note that 


SA (hh A(K) Si. 


and here both inequalities are best possible 2). The proof is elementary 
and depends on similar inequalities for the areas of polar-reciprocal sym- 
metrical convex hexagons. 

Troughout this note, (P,, P.) = x,y2—xsy; denotes the determinant 
of two points Py = (x1, y,) and Py = (xo, yo), and —P = (—x, —y) is 
the point symmetrical to Pex) it Oe Ue 


§ 1. Let h be a symmetrical convex hexagon of vertices + P,, # P, 


+P3, where Py = (x1, 9;), Po = (xo, yo), and Ps = (x3, y3). Choose the 
notation such that these vertices follow one another in the order 


P,, P;, P;, —P,, —P,, —P;, 


when the boundary of A is described in the positive direction. Then the 
three determinants 


a, =(P,, P;), a2 =(P,, Ps), a3=(P,. Po) 
represent twice the areas of the triangles 
2, = OP) P;, T, = OP; (—P,), 1. OP, P,, 
respectively, and so are all positive, 


Ay 0, a, >0, a; > 0. oS Ue: Re een ee (1) 


1) For the terminology used, see my paper, Proc. Kon. Ned. Akad. v. Wetensch., 
Amsterdam, 49, 331—343 (1946). 

2) An analogous formula holds for polar-reciprocal symmetrical convex bodies k and 
K in n-dimensions, viz. 


CaS A (k) A(K) = Cy, 


a 


where c, > 0 and C, > 0 depend only on n; but it seems a difficult problem to find the 
best values of these two constants. 


483 


The triangles OP,P3, OP.(—P,), OP3;(—P.) are proper subsets of the 
quadrilaterals OP,;P,P3, OP.P3(—P,), and OP3;(—P,) (—P»), respec- 


tively; hence also the following inequalities hold, 
—a,t+a,+a,>0, a,;—a,+a,>0, a, ta,—a;>0.. . (2) 


Finally, h is twice the sum of the three triangles T,, T., and T3, and so h 
is of area, 


assay ay asli e Pes att eee} 

When A degenerates into a parallelogram, then some of the signs “>” 
in (1) and (2) are replaced by the equality sign. 

It is useful to notice that if a,, ao, ag are any three numbers satisfying 
the conditions (1) and (2), then there exists a hexagon A for which these 
numbers are the double areas of T,, Tz, and T3, respectively. For the 
hexagon of vertices P, = (1,0), Po = (0, a3), Ps = (—a,/az, 2g), —P3, 
—P., —P3, has this property. 


§ 2. Let H be the symmetrical convex hexagon which is polar-reci- 
procal to A with respect to the unit circle C. The sides of HT are therefore, 


xjxtyjy=Fl  ({=1, 2,3), 


and its vertices are the points Qj2, Qo3, Q31, where 


Q,.= pole of the line P} P, == c= al 
a3 a3 
Q.;= pole of the line P,P; = (ey a 
a a} 
Q;, = pole of the line P;(—P,) = =o Sar ; 
a2 a2 


A simple calculation shows that the determinants 
A; =(Qy2, Q3;), A2=(Qi2, Qr3), A3=(Qz3, Qsi); 


corresponding to a,, ao, a3 in the case of h, have the values 


easter ig BINA Pies Bs age Br Re UE As 4) 
42 a3 a; 43 a; 42 
Again the inequalities 
en MA ee, PAGO Oa pie te eee eNO) 
and 


—A,+A,+A;>0, A\—A,+A;>0, Ai +A2—-A; >0 . (6) 


hold; this is proved just as in § 1, and can also be seen from (1) and (2) 
since, e.g. 


Aa ai + a2 as Pasa A, +A, = (a;—az + a5) (a) + ay—as) 


a2 a3 a; a7 a3 
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Finally, H is of area, | 
A= A; Aj HAs. 2st eee E 
§ 3. Denote by 
: UW a Anse ne Pe 


the product of the areas of the two polar-reciprocal hexagons h and H. 
It is easily verified from (3), (4), and (7), that 


(—a, + ay + a3) (a;—az + a3) (a, + a,—as) 


l—&= 9) 
a a2 a3 
and | 
a be (ax-tas—ai) (a,—a3)?+(a3++-a—a2) (a3—a;)?-+(a; +a2—as) (a:—@2) . (10) 
2 a; 42 43 
Hence 
§ <n A 0 s  e 


Here the equality sign on the left cannot hold for proper hexagons, but 
only for hexagons degenerated into parallelograms. The equality sign on 
the right demands that 


a condition satisfied for the hexagons which are affine equivalent to a 
regular hexagon. 


§ 4. A theorem of K. REINHARDT 3), recently rediscovered by myself 
without knowledge of his earlier work 4), states: 


Theorem 1: Let K be a symmetrical convex domain, and let Ux be the 
set of all circumscribed hexagons H of K. Then A(K) is equal to a quarter 
times the lower bound of the areas of all elements H of Ux. 

On applying this result to the polar-reciprocal hexagons h and H con- 
sidered in §§ 1—3, we find that 


A (h) =a/4, A(H)=Af4, 


since a hexagon coincides with its smallest circumscribed hexagon. The 
inequality (A) of the last paragraph leads then to the following result: 


Theorem 2: If the two symmetrical convex hexagons h and H are 
polar-reciprocal with respect to the unit circle, then 


172 ATH AIA) SONG oe a es ee) 


§ 5. From now on, let k and K be any two symmetrical convex do- 
mains which are polar-reciprocal with respect to the unit circle, and let 
V(k) and V(K) be their areas. In order to generalize (B) to this case, 


3) Abh, Math. Sem. Hamburg, 10, 216—230 (1934). 
4) Proc. Kon, Ned. Akad. v. Wetensch., Amsterdam, 50, 692—703 (1947). 
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we apply a theorem of MINKOWSKI 5) and one of myself), as follows: 


Theorem 3: Let K be a symmetrical convex domain, and let Ix be the 
set of inscribed convex hexagons H which have their six vertices + P,, 
+ P,,-F Ps on the boundary of K such that P, + Pz = Py. Then A(R) is 
equal to a third times the lower bound of the areas of all elements H of Ix. 


Theorem 4: If the two symmetrical convex domains k and K are polar- 
reciprocal with respect to the unit circle, then 


V (k) V(K) > 8. 
From these two theorems, together with Theorem 2, we obtain: 


Theorem 5: If the two symmetrical convex domains k and K are polar- 
reciprocal with respect to the unit circle, then 


LS PV RV AIK 3/45... ss Aa Moree) 
Proof of the upper bound: Inscribe into k a hexagon h, the six vertices 


+ P,, + P,, + Pz of which lie on the boundary of k and satisfy the equation 
P, + P3 = Py, and which is of smallest area a; hence 
fi al3. 
Denote by H the hexagon polar-reciprocal to h with respect to the unit 
circle, and by A its area. By polarity, H is circumscribed to K, and so by 
Theorem 1, 
oN (hh (h)=A/4. 
Hence by Theorem 2, 
A (k) A(K) Sa/3- A/4 S9- 1/12 = 3/4, 

as asserted. 

Proof of the lower bound: By MINKowskI's theorem on convex do- 
mains 7), 

A (k) > V(k)/4, A(K) > V(K)/4. 
Therefore, 
A (k) A(K) > V (k) V (K)/16 = 8/16 = 1/2, 

as asserted. 

Both formulae (C) are best possible, since the left-hand equality sign 
holds when k and K are the squares 


ki |x|S1,|y|<1, and K:|x[+|y|/S1, 
and the right-hand equality sign holds when both k and K become the 
unit circle. 


Mathematics Department, Manchester University. 
January 30, 1948. 


5) See, e.g. my paper l.c. 4), Lemma 2 and Formula (1). 

6) See my paper “Ein Minimalproblem fiir konvexe Polygone”, Mathematica B 
(Zutphen), 7 (1938—1939). 

7) These two inequalities follow also from Theorem 1, since the area of k or K is 
not larger than that of any circumscribed hexagon. 


Zoology. — Lizards from the Island of Morotai (Moluccas). By L. D. 
BRONGERSMA. (Communicated by Prof. P. J. GAILLARD.) 


(Communicated at the meeting of March 20, 1948.) 


The herpetological fauna of the island of Morotai is still very incom- 
pletely known. DE Roo (1915, p. 359) and DE JONG (1928, pp. 148— 
149) mention ten species of lizards from this island. The study of two small 
collections in the Leiden Museum raises the number of species known from 
Morotai to nineteen. © 

The first collection was presented to the museum in 1862 by H. A. 
BERNSTEIN. Part of it served apparently as a base for.the records by 
De Roolj. Two species mentioned by this author (Gymnodactylus mar- 
moratus (Kuhl) and Lygosoma cyanurum (Less.)) were recorded errone- 
ously from Morotai. The second collection was made in June 1930 by 
Prof. H. BoscHMA. As zoologist of the oceanographical expedition on board 
of H.M.S. Willebrord Snellius, R.N.N., Prof. BoscHMA spent about ten 
days on Morotai. 

In the following notes all species at present known from Morotai are 
mentioned; those not included in the lists by DE Root (1915, p. 359) and 
by DE JonG (1928, pp. 148—149) have been indicated by an asterisk. 


*Gymnodactylus deveti nov. spec. (Fig. 1) 


Gymnodactylus marmoratus, DE ROolJ, 1915, p. 13 (part.), p. 359. 


1 4, holotype, Morotai, leg. H. A. BERNSTEIN, 1862, reg. no. 2775. 
1 4, paratype, Morotai, leg. H. A. BERNSTEIN, 1862, reg. no. 8683. 


Head large, oviform; forehead strongly concave. The length of the snout 
is 1.4—1.5 times the distance from the orbit to the ear-opening, and 
1.1—1.2 times the diameter of the orbit. Ear-opening oval, vertical, its 
diameter one fourth to one third that of the orbit. Head covered with 
granules, those on the snout largest; occiput, temples and supraocular 
region with tubercles among the granules. Rostral 1.5—1.7 times as broad 
as high, with a median cleft above; bordered above by a row of four small 
shields, the outer of which are the supranasals. Upper and lower lip 
bordered by 12 or 13 shields, and posteriorly by 2 or 3 small scales. Nostril 
bordered by rostral, first upper labial, supranasal and three postnasals. 
Symphysial pentagonal, 1.6—1.8 times as broad as long. A median pair of 
large chinshields, with a smaller one on each side. Behind the median pair 
a shield of irregular shape in the holotype (fig. 1c); in the paratype this 
shield is divided into two by a longitudinal suture. Throat covered with 
small granules (no tubercles on the throat). 


(i lnetes 
ae 
s ii 
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Body slightly depressed, covered above with small granules and numerous 
rather small tubercles. These tubercles are cofivex, some are slightly keeled 
to trihedral. About 21 to 24 tubercles across the back. Lateral fold strongly 
developed, with numerous enlarged convex to more or less conical tubercles. 


M c 
= 
b d 


Fig. 1. Gymnodactylus deveti nov. spec.; a, sketch of the colour pattern of the paratype; 
b, idem of holotype; c, chin of holotype; d, lower surface of tail of holotype. 
Figs. a—b, X 4; figs. c—d, X 3%. 


Ventral scales very small (almost granular) at the sides, larger, cycloid 
and subimbricate on the middle of the belly; 38 to 40 scales across the 
belly from fold to fold. An angular series of 18 to 23 preanal and femoral 
pores, the outer very small. The series of scales with pores extends for a 
short distance below the thighs; at each end 2 to 4 scales without pores. 
From these scales towards the knee, the lower surface of the thigh is 
covered by very small scales (about 33 scales from the pore scales to the 
inside of the knee, i.e., a distance of about 10 mm). The pore scales are 
about as large as the row of scales in front of it. Between the pore scales 
and the vent the scales are very much smaller. No trace of a preanal 
groove. 

Tail slightly vertically oval in cross section, annulate; covered above with 
small scales, 10 in an annulus; below with large scales, the two median 
rows strongly enlarged, four in an annulus (fig. 1d). Upper surface of 
tail with convex to slightly conical tubercles, arranged in transverse rows 
at the posterior border of each annulus; some other tubercles more or less 
irregularly disposed on the proximal part of each annulus. Three or four 
large tubercles on each side of the base of the tail. Postanal slits and 
ossicles present. 

Digits depressed at the base, compressed distally; with transversely 
enlarged lamellae under the proximal phalanx. Fourth finger with 26 
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lamellae, the basal 13 transversely enlarged; fourth toe with 28 to 29 
lamellae of which 15 under the basal phalanx. The adpressed hindlimb 
reaches to between the elbow and the shoulder. 

Colour (in alcohol). The colours have somewhat faded, but the colour 
pattern is still distinct. In both specimens a broad purplish brown band 
starts behind the orbit and curves across the occiput to the orbit of the 
other side; this band extends posteriorly on to the nape, where it ends in 
two protracted points. The lower (posterior) border of this band is-marked 
by an irregular line of very dark brown. The paratype has two broad cross- 
bands across the back; their purplish brown colour is continued along the 
sides and connects the two bands (fig. 1a). The bands have dark borders 
of almost blackish brown. A few small, irregular dark spots are present in 
the pale areas. In the holotype the anterior crossband of the back is still 
distinct, but it tends to dissolve into two crossbands; these are separated 
by a paler area in the middle of the band, and by two dark crosslines in 
it. The posterior crossband also tends to dissolve into narrower crossbands; 
the subdivision of the posterior band is more irregular than that of the 
anterior (fig. 16). On the sacral region a longitudinal blackish streak, 
interrupted in the type. Tail with three dark crossbands. Lower surface of 
head, body, and tail uniformly whitish. 


Measurements (inmm) Holotype Paratype 


Length of head and body 92 105 
Length of tail 100 86 (regenerated) 
Forelimb 39.5 42 
Hindlimb 43 eh) 


The two specimens described above are apparently those on which 
DE Rooj based her record of Gymnodactylus marmoratus. They certainly 
do not belong to G. marmoratus (Kuhl). From this species G. deveti 
nov. spec. differs inter alia in the absence of a preanal groove, and in the 
presence of large shields on the lower surface of the tail. From the neigh- 
bouring island of Halmaheira, MERTENS (1929, p. 237) described G. 
fumosus halmahericus Mrts. From this subspecies as well as from G. fumo- 
sus fumosus Miiller, the new species differs in the absence of a preanal 
groove. From G. }. halmahericus the new species differs also in having a 
lower number of scales across the belly (38—40 as opposed to 50—55), 
in the lower number of pores (18—23 as opposed to 43). I am indebted 
to Mr. J. C. BATTERSBy for comparing the holotype of the new species 
to a Gymnodactylus from Halmaheira that like the types of G. f. halma- 
hericus was collected by KUKENTHAL, and that consequently may be 
considered to belong to the subspecies described by MERTENS (1929, p. 
237). This specimen (British Museum (Natural History), reg. no. 
95.10.26.1) is a male with a distinct preanal groove, and 44 pores; the 
series of pore scales extends much farther towards the knee (15 small 
scales from pore scales to inside of knee = 2.5 mm); the scales on the 
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lower surface of the tail are enlarged, but not regularly as in the pelolype 
of the new species. 


The new species has been named in honour of Dr. A. C. DE VET, 
neurosurgeon of the St. Ursula Clinic, Wassenaar, Holland. 


*Hemidactylus frenatus Dum. & Bibr. 
1 ¢g, 2 eggs, Morotai, 3—7. VI. 1930, leg. Prof. H. BOSCHMA, reg. no. 7955. 


*Peropus mutilatus (Wiegm.) 
1 specimen, Morotai, leg. H. A. BERNSTEIN, 1862, reg. no. 2616. 


: Gehyra marginata Blgr. 
Gehyra marginata, DE ROO}, 1915, pp. 44, 359. 


1 specimen, Morotai, leg. H. A. BERNSTBIN, 1862, reg. no. 2769. 


*Lepidodactylus lugubris (Dum. & Bibr.) 
1 specimen, Morotai, leg. H.A, BERNSTEIN, 1862, reg. no, 2620. 


Gekko vittatus Houtt. 
Gecko vittatus, DE ROOI, 1915, pp. 52, 359. 


12 specimens, Morotai, leg. H. A. BERNSTEIN, 1862, reg. no, 2772. 


Calotes cristatellus moluccanus (Less.) 
Calotes cristatellus, DE JONG, 1928, p. 148. 


7 specimens, Morotai, leg. H. A. BERNSTEIN, 1862, reg. no. 3029. 


In all specimens the rostral is broader than the symphysial. The nasal is 
situated mainly above the second upper labial; in most specimens its anterior 
border is placed over, or just in front of the suture between the first and 
second upper labials. In four specimens the nasal is separated from the 
rostral by 2 scales, in two specimens by 1 scale, while in one specimen 2 
scales are present on the left and 1 scale on the right. One row of scales 
between the nasal and the upper labials. Upper labials 7 to 9, generally 8 
(7 times) or 9 (5 times); 8 to 10 lower labials, generally 9 (8 times) or 
8 (4 times). Scales round the base of the tail in 15 to 17 rows (15 in two, 
16 in three and 17 in two specimens). Scales round the body in 65 to 
72 rows (67 and 71 in two specimens each; 65, 70 and 72 in one specimen 
each). 


*Varanus (Varanus) indicus indicus (Daud.) 
1 juv., Morotai, leg. H. A. BERNSTEIN, 1862, reg. no. 3188. 


Fifty scales across the head from the corner of the mouth to that of the 
other side; 148 scales round the middle of the body; 101 scales from the 
gular fold to the anterior level of the hindlimbs. Length of head and body 
145 mm; tail 211 mm. 


*Mabuya multifasciata (Kuhl) 
1 9, 1 juv., Morotai, 3—7, VI. 1930, leg. Prof. H. BOSCHMA, reg. no, 7944. 
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Otosaurus variegatus (Ptrs.) 
Lygosoma variegatum, DE JONG, 1928, p. 149. 


*Lygosoma (Sphenomorphus) brevipes Bttgr. 
12 specimens, Morotai, 3—7. VI. 1930, leg. Prof. H. BOSCHMA, reg. no. 7946. 


The scale counts for this series are given in Table J. As is clear from 
this table the number of nuchals is extremely variable. The length of the 
hindlimb very slightly exceeds the distance from the forelimb to the anterior 
corner of the eye in seven specimens, it is equal in two specimens, and in 
three specimens the hindlimb is very slightly shorter than this distance. 
The distance from the snout to the forelimb is contained 1.4 to 1.8 times 
in that from axilla to groin. Only three specimens have the tail complete; 
in these the length of the tail is 1.4 to 1.5 times the length of head and 
body. 

The scales on the upper surface of the fourth toe are arranged as follows: 
3 single scales at the tip, followed by 3 pairs of scales, and from there to 
the base of the toe 3 rows of scales. 


TABLE I. Lygosoma (Sphenomorphus) brevipes Bttgr.. 


Scales Lamellae Supra- Labial Wavhals Length of head 
round body | under 4th toe ciliaries below eye -++ body (in mm) 
26 18/18 7/8 4 3/3 56 
28 16/17 8/8 5 2/2 5455, 
28 15/16 aie 5 1/1 poe 
28 16/16 8/8 5 4/4 52 
28 17/17 9/8 5 6/6 50 
28 17/17 7/8 5 4/4 48 
28 16/17 8/8 5 re Leles 47 
28 Gye 8/8 5 poe ad AE 46 
28 19/18 8/8 re Koy WES TeeGalos 39.5 
28 17/17 8/8 5 r.3-+-1*), 1.7 3755 
28 17/16. 8/8 5 5/5 32 
28 17/17 8/8 5 4/4 29 


*) This last nuchal separated from the anterior three by a pair of scales, 


Lygosoma (Leiolepisma) fuscum fuscum (Dum. & Bibr.) 
5 specimens, Morotai, 3—7. VI. 1930, leg. Prof. H. BOSCHMA, reg. no. 7947. 
1 specimen, Morotai, 3—7, VI. 1930, leg. Prof. H. BOSCHMA, reg. no, 8659. 


TABLE II. Lygosoma (Leiolepisma) f. fuscum (Dum. & Bibr.) 


Scales 
Reg. no. i. Lamellae under 
Round body From nuchals 4th toe 
to base of tail 
| 32 47 31/31 
as 48 30/28 
7947 34 47 29/31 


31/33 


ge 

| w 
nN 

| & 


8659 32 49 27/27 


oe 
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Lygosoma (Leiolepisma) novae-guineae Meyer 
Lygosoma novae-guineae, DE JONG, 1928, p. 149. 


Dasia smaragdina moluccarum Barb. _ 
Lygosoma smaragdinum, DE ROOIJ, 1915, p, 199 (part.), p. 359. 


1 specimen, Morotai, leg. H. A. BERNSTEIN, 1862, reg. no. 2567. 


Scales in 22 rows: 30 lamellae under the 4th toe. 


Emoia sorex (Bttgr.) 
Lygosoma sorex, DE JONG, 1928, p. 149. 


4 specimens, Morotai, leg. H. A. BERNSTEIN, 1862, reg. no. 7272. 


TABLE III: Emoia sorex (Bttgr.) 


Scales Lamellae under 


Round body From nuchals 4th toe 
to base of tail 


30 55 44/44 


28 56 —/45 
30 + 58 47/47 
28 54 45/44 


Emoia werneri (Vogt) 
Lygosoma cyanurum, DE ROOI!, 1915, p. 253 (part.), p. 359, 
Lygosoma werneri, BRONGERSMA, 1933, p. 19. 


16 specimens, Morotai, leg. H. A. BERNSTEIN, 1862, reg. no. 2553. 

11 specimens, Morotai, leg. H. A. BERNSTEIN, 1862, reg. mo, 2556. 

3 specimens, Morotai,, 3—7. VI. 1930, leg. Prof. H. BOSCHMA, reg. no. 8660, 
*Emoia kuekenthali kuekenthali (Bttgr.) 

3 specimens, Morotai, leg. H. A. BERNSTEIN, 1862, reg. no, 2571. 

1 specimen, Morotai, 3—7. VI. 1930, leg. Prof. H. BOSCHMA, reg. no, 8658. 


TABLE IV. Emoia k. kuekenthali (Bttgr.) 


Scales Lameilae under 
Round body From nuchals 4th toe 


to base of tail 
ene here ee 10 a eee 


Reg. no. 


42 65 —/56 
2571 42 67 54/54 
40 62 55/55 
8658 40 67 59/59 


In one specimen the right supranasal is divided into two small shields. 


*Riopa albofasciolata mentovaria (Bttgr.) 


Lygosoma mentovarium BOETTGER, 1895, p. 119; BOETTGER, 1900, p. 345, pl. 14 fig. 4; 
DE Rooij, 1913, p. 18; DE Root, 1915, pp. 263, 265, 359. 

Riopa mentovaria, MERTENS, 1934, p.70. 

Riopa (Eugongylus) mentovaria, SMITH, 1937, p. 229. 

Lygosoma (Riopa) [albofasciolatum| menfovarium, STERNFELD, 1918, p. 418. 
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5 specimens, Morotai, leg. H. A. BERNSTEIN, 1862, reg. no, 2583. 
2 specimens, Morotai, leg. H. A. BERNSTEIN, 1862, reg. no. 8684. 
2 specimens, Morotai, 3—7. VI. 1930, leg. Prof. H. BOSCHMA, reg. no. 8673. 
4 eggs, Morotai, 3—7. VI. 1930, leg. Prof. H. BOSCHMA, reg. no. 8674. 


STERNFELD (1919, p. 418) considers mentovaria to be a subspecies of 
albofasciolata, but MERTENS (1934, p. 70) mentions mentovaria as a separate 
species. When the descriptions of mentovaria and albofasciolata as given 
by DE Roo (1915, pp. 263, 265: Lygosoma mentovarium, and pp. 263, 
266: Lygosoma albofasciolatum) are compared, the differences between the 
two forms appear to be very slight. Although I had no specimens of albo- 
fasciolata for comparison to the specimens from Morotai, I feel justified in 
following STERNFELD in considering mentovaria as a subspecies of albo- 
fasciolata. It remains remarkable, however, that the two subspecies are 
widely separated from one another in geographical range. Riopa a. albo- 
fasciolata (Gthr.) has been recorded from the territory of New Guinea, 
the Bismarck Archipelago, Solomon Ids., Rossel Id., Caroline Ids., Sta. 
Cruz Ids., Fergusson Id., and Queensland; R. a. mentovaria (Bttgr.) is 
known only from Halmaheira and Morotai. 

Exact data on the variation of R. a. mentovaria are scarce, and therefore 
I give an extensive description of the Morotai specimens examined by me. 

Snout short, obtuse. Lower eyelid scaly. Ear-opening oval (in one 
specimen somewhat distended to roundish), its diameter about half. that 
of the orbit; 4 or 5 small, rounded auricular lobules at its anterior border. 
Supranasals present, separated from each other by the frontonasal. Nostril 
in the nasal, bordered above by the supranasal. Frontonasal more broad 
than long, its length contained 1.4—1.7 times in its width. The frontonasal 
is in contact with the rostral and the frontal. The suture with the rostral is 
much shorter than that with the frontal, i.e., about 1/3—2/3 of the latter. 
The suture with the frontal is from 0.4—0.5 times the width of the frontal. 
Prefrontals small, widely separated; their length is contained 2.4—3.4 
times in the length of the frontal. The frontal is longer than broad, its 
breadth is contained 1.4—1.6 times in its length. The frontal is slightly 
longer (1.1—1.2 times) than the frontoparietals and interparietal together; 
the length of the frontal is about equal to its distance from the posterior 
border of the parietals; in two specimens the frontal is slightly shorter, 
in one specimen it is slightly longer than this distance; in all specimens the 
frontal is shorter than the combined length of the frontoparietals and 
parietals, The frontal is wider than the supraocular region (in 7 out of 9 
specimens much broader). Five supraoculars, viz., four large shields, the 
fifth very small; the anterior two supraoculars in contact with the frontal. 
Fight or nine supraciliaries. Frontoparietals slightly longer than the inter- 
parietal in 5 specimens, equal in 1 specimen, and slightly shorter in 2 
specimens. Parietals in contact behind the interparietal, followed by a 
pair of broad nuchals, and with a large temporal on each side. Generally 
9 upper labials, the sixth largest and below the centre of the eye; three’ 
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specimens have 8 upper labials on one side, the 5th below the eye. A row 
of small subocular scales separates the labials from the orbit. 

Scales in 34—36 rows; on the neck the vertebral two ‘series much 
broader than the scales of the adjoining rows. On the body the vertebral 
scales are only very slightly broader than those of the adjoining rows. 
Towards the sides the scales gradually diminish in size. The middorsal 
scales are about as broad as 114 rows of ventrals together. The preanal 
scales are not or hardly larger than the ventral scales in front of them. 

The distance from the tip of the snout to the forelimb is contained 
1.5—1.9 times in the distance from axilla to groin (1.1 times in a fullgrown ° 
embryo). The length of the tail is 1.4—1.5 times that of head and" body 
in the only two adult specimens having a complete tail (1.3 times in a 
fullgrown embryo). The adpressed limbs are separated from each other, or 
they just meet (one specimen); in the embryo they overlap. Third and 
fourth finger of about equal length; fourth toe longer than third, with 
20—23 infradigital lamellae. Upper surface of fourth toe with 10 single 
scales at the tip, followed towards the base by 3 pairs of scales, and at the 
base a few transverse rows of 4 scales each. The length of the forelimb is. 
equal to its distance from the posterior corner of the orbit in 3 specimens; 
in the other specimens it is equal to the distance from the forelimb to 
between ear-opening and orbit. The length of the hindlimb is equal to the 
distance from the forelimb to the anterior corner of the orbit in one spec- 
imen, to between the orbit and the nostril in 5 specimens, and to the nostril 
in one specimen. 

Colour (in alcohol). Brown above. The sides of the head with four to 
five blackish bars on the upper labials, three of which start from the orbit. 
These bars run downwards across the lower labials; they are continued 
obliquely backwards on the chin and throat, where they converge towards 
their fellows. These black lines are clearly marked in fully adult specimens. 
One black stripe from the posterior corner of the orbit to above the ear. 
In some specimens a blackish longitudinal stripe on the middle of the 
nape and neck. Two narrow transverse black bands, interrupted on the: 
vertebral region; in one specimen the anterior pair of these bands is 
confined to the sides of the neck, while those of the posterior pair converge 
forwards towards the median stripe. A broader blackish brown transverse 
band across the back in front of the shoulders, a second band behind the 
shoulders. Some other transverse bands are indistinctly marked on the 
back. Between these dark transverse bands a number of scales have pale 
centres, and these together form more or less distinct pale crossbands, 
which are most conspicuous on the shoulder region; posteriorly they are 
distinct only on the sides. The dorsal scales have dark borders, and these 
form more or less distinct dark longitudinal lines on the back. Except for 
the blackish converging lines on chin and throat, the whole of the lower 
surface is uniformly whitish. 

Prof. BOSCHMA collected four eggs, apparently two sets of two. Two of 
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these eggs measure 2914 X 15 mm; one of these was opened and contained 
a young embryo. The other two measure 26 X 16 mm, and contained fully 
developed young. These young agree in all characters with the adult 
specimens, except that the distance from axilla to groin is relatively shorter; 
the adpressed limbs distinctly overlap. The coloration is similar to that of 
the adults, although somewhat more clearly marked. On the anterior part 
of the back the dark crossbands are very distinct. On the posterior half 
they are replaced by more or less irregular narrow crossbands, which 
alternate and fuse with those of the other side; they are not very distinct, 
and the back appears to be more or less variegated. 

The eggtooth is well developed in the two fullgrown young. It consists 
of a short vertical shaft with which the tooth is inserted on the premaxillary, 
and of a horizontal pear-shaped cutting blade. The surface of this cutting 
blade bears four strong ridges on its (lower) surface (fig. 2). 


Fig. 2. Riopa albofasciolata mentovaria (Bttgr.), eggtooth, X 35; a, from the left side; 
b, from below. A 


TABLE V. Riopa albofasciolata mentovaria (Bttgr.) 
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Dibamus novae-guineae Dum. & Bibr. 


Dibamus novae-guineae, DE JONG, 1928, p. 149. 
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Mathematics. — Une extension de la loi de réciprocité pour lénergie dans 
la théorie du potentiel et quelques applications. 1. By H. BOLDER. 
(Communicated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of March 20, 1948.) 


1. Notations. 


— cor 


(P): charge en un point P, 
( 


Q): moment (vecteur) d'un dipéle en un point Q, 

G, G,, Gg: ensembles (distributions) de charges, 

H,H,, Hyg: ensembles (distributions) de dipédles, 

combinations de 3) et 4), = G+H, 

U(I|P):  potentiel généré en P par l'ensemble /, 

F(I|P): = dee Fed U(I|P), (si P est a distance positive de /), 

E(I,|Ig): énergie potentielle que J, impose a I, 

(P,P,): = U(G,|P2) = U(G2|P;), ot Gi désigne une charge 

+1 en Pi i= 1,2, cad. ow(P Po) = log | PiPe! 
pour le cas de deux dimensions. 
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§ 2. Introduction et sommaire. 


La loi de réciprocité, comme elle a été utilisée pour diverses problémes 
de la théorie du potentiel, s'exprime dans la notation introduite ci-dessus 
par la formule 


EGA G)J=E(GAG\ ea eed 


dans laquelle G,.et G_ sont des distributions données comme fonctions 
complétement additives d’ensemble borélien. 

Elle repose sur la composition de deux intégrales simples consécutives 
a une intégrale double, valable sous condition de convergence de cette 
intégrale double. Comme exemple d’application nous mentionnons la 
méthode de détermination la distribution de charges par leur potentiel 
supposé connu employée par M. DE LA VALLEE Poussin [1], [2]. 

Dans § 3 nous développerons une extension de la définition d'énergie 
potentielle, et de la loi de réciprocité en introduisant des distributions de 
dipdles, c.a.d. en remplagant les ensembles G, et Gg par J, et Jy, et nous 
obtiendrons la généralisation de 2.1 


B= BW ides 5 ee ee eee 


Cette formule aussi est applicable 4 la détermination des charges par leur 
potentiel; elle conduit en un cas spécial 4 la formule classique pour le flux, 
comme nous verrons dans § 4, 


¥ 
As 
. 


as 
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Dans §5 nous poserons le probléme de la détermination d'une distribution 
de dipdles (double couche) sur l'axe des X par son potentiel supposé connu. 

Nous construirons un ,,instrument’”’ pour mesurer les moments portés par 
un intervalle de l’axe des X. ; 

En appliquant (2.2) nous retrouverons une formule exprimant la 
relation entre le saut du potentiel de y- a y+ et la densitée généralisée 
de la double couche, formule obtenue dans un article précédent de M. 
Monna [3]. Toutes les relations paraissant dans cette démonstration 
ont une signification physique intuitive. 

Dans § 6 nous utiliserons le résultat de § 5 pour résoudre le probléme 
de la détermination de la distribution des dipdles dans une double couche 
étendue sur l’axe des X par son potentiel 4 un c6té de cette axe. En 
opérant ainsi nous suivons une marche inverse a celle que suit M. MONNA 
dans son article cité ci-dessus. 

Nous terminerons en faisant dans § 7 quelques remarques sur les 
problémes analogues pour le cercle. 

Nous remercions ici M. MONNA, qui nous a fourni l'occasion d’étudier 
son article cité avant sa publication. 


§ 3. La loi de réciprocité. Introduction des dipéles. 
Nous partons des définitions, exposées dans le tableau suivant. 


Tableau de définitions. 


Se ae U(A|P,) F(A|P,) E(I,|A) 
pour A ’ 
g(P) ou g g p \P P,) —- gradp, U(g| P;) g U(I, | P) 
R(Q)ouh | (gradgp(P,Q).h) | —grade,U(h| P,) Bee F(I,|Q),h 
G { Uldg| P,) LF (dg | P,) | (I; | dg) 
H [ U(dh|P,)  U(ah|P,) nf E(I,|dh) 
H H 


(I=G+H |U(G|P,)+U(H|P)| F(G|P) + FIP) 


E(I,|G)+ E(I,| A) 


Le tableau ci-dessus contient une chaine de définitions, composée dans 
l'ordre suivant: premiérement la colonne U(A|P,) de haut en bas, ensuite 


Fe * . . . 
de méme pour F, et enfin de méme pour E. Remarquons que les définitions 


ee . . 
de F sont un peu singuliéres; nous laissons de cété si nous avons toujours 


PUGEP\ == grad UI} P). 
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Nous en tirons successivement les propri€tés 


1) USD = U(I,| P) + UI, | P). 

2) Fly ¢lp\P) = Fn lp) + F(Iy|P). 

3) E(y+b|)= AID Lee 

4) E(I\Ig +14) = E(I|Is) + E(I| 1a). 

5). Bly t+lo|lg tla Ely | Ig) + Ey | Ia) + E (lo le) + Ello | Ta), 


et de plus, pourvu que les intégrales remplissent les conditions de 
majorisation usuelles, 


6) U (lim In| P) = lim U(In | P). 


ae 
7) F (lim In| P) = tee F(In | P). 
ert 
6) ead lim fase} = te “E(In|1) : 
iim n> @ 
Oyente (1s) lim: T,) = Mes BEAL Ita 
nao 


Comme cas particulier de 5) nous avons: 
El, |f)=£ (G, + H,|G2+ A2)= 
= E(G, | G2) + E(G, | H2) + E (Ay | G2) + E (A; | A). 


Pour démontrer (2.2) il suffit donc de démontrer la validité du renver- 
sement pour chaque terme de la décomposition ci-dessus. 
Considérons quelques cas particuliers du tableau. 


a) E(g;(Pi)|g2(P2))=g2° U (gi | P2) =91 g2 v (Pi P2). 
b) E(g(P)|h(Q)) =(—F(g| Q), h)= 
= (gradg U(g | Q), h) = 9 - (grado y (PQ), hi. 
c) E(h(Q)|g(P))=g- U(h| P)=g: (gradg @ (PQ), hi. 
E (hy (Q,) | hz (Q:)) = (—F (hy | Qz), hia) = (gradg, U (hy | Q,), ha) = 


> 


=(grado,(grado, p(Q, Qy), hy), ha=(gradg, (grada, p(Q; Q,), hz). hy). 


Nous en bone 
de a) : E(91 | 92) = E(ge| 91) 
> > 
de b) et c): E(g|h) = E(h|g) 
era he 


Passons au cas des ensembles G et H. 
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Pourvu que le remplacement des intégrations simples consécutives par les 
intégrations doubles soit légitime nous avons: 


E(G, | G,) =f E(G, | dg2) ma dg2(P2) U(G, | P2)= 
age) U (dg, | P2) ait dg, U (dg, | P2) = 
=i a (dg, | dg>) ae le | dg,)= E(G, | G}) 


E(G|H)={E(G\dh) =| (-F(G|Q).dh(Q) =/[ (-F F(dg| Q),dh)] = 
[(—F (dg | Q), dh) = [ [ E (dg | dh) = [ |B (dh | dg) = E(H|G) 


E(H, | H;) = J E(H, | dh) =|(-F (H, | Q,), dh, (Q,)) = 


> - > > => 

=f {(—F (dh, | Q,), dh2) =f { E (dh, |dhy)= f jE (dhz|dh,) = E(H;| A). 

H, Ay H, i, A, Hy 

Par combinaison de ces résultats nous obtenons en effet (2.2), mais 
encore soumise a des restrictions, qui assureront la validité du remplacement 
des intégrales simples consécutives par des intégrales doubles. Une telle 
condition par exemple“est la suivante: la distance de H, a Ho est positive. 

Or, les applications 4 suivre présenteront quelques cas dans lesquels 
cette restriction n'est pas remplie, et il nous faut donc étudier ici des 
extensions. - 

Pour cela, considérons deux ensembles de charges (simples et doubles) 


A et B. Faisons la décomposition suivante. 


A = A*+ A’ oi: A* désigne l'ensemble des éléments de A ayant une 
distance = 0 de B, et A’ la reste de A. 


B= B*+ B’, la décomposition analogue de B. 
Alors nous pouvons construire une suite d’ensembles A; C Ap...C An..., 


de maniére que 


lin An A. 


nvro 


et toutes les A’n aient une distance positive de B, et l'analogue pour B. 
Alors nous décomposons 


A=A‘*+A’=A*+A,4+(A—A)). 
E(A|B)=£ (A"|B) + E(A;|B) + E(A’—A; |B). 
E(B| A) = E(B| A’) + E(B| Az) + E(B|A’—An), 


si toutes les termes ont un sens. 


500 


Nous savons déja 
E(A,|B)=E(B|An) pour tout n. 
Dans les cas a considérer dans nos applications nous aurons 
lim E(A’—A;,|B)= lim E(B|A’—A;)=0 
n> oo nvo 
et il nous restera donc a vérifier 
E (A*|B)=E(B|A’). 
Nos applications ne présenteront que deux cas particuliers de cette 
catégorie: (i) A* est une charge simple, et (ii) A* est un dipdle, et il n'y 


aura pas une partie B*, 
Alors nous avons 


E(A*|B) = E(A‘|B’) =] EA’ |db’), 
E(B\A‘)= E(B’ | A‘) =| E(db’|A’) 


parce que ces cas ne présentent qu'une intégration simple, et nous avons 
l'égalité désirée sous la seule condition d’existence des intégrales. 

Pour simplifier nous restreignons ici B aussi au cas de nos applications. 
Supposons pour fixer les idées A* situé en O; au cas (i) A* sera une charge 


> 
go, et au cas (ii) A* sera un dipdle hp orienté dans la direction + x. Pour 
les deux cas l'ensemble B sera composé d’une double couche H étendue 
sur l’axe de X, et d'un ensemble D arbitraire 4 distance positive de A*. 


> 
Pour indiquer les éléments dh de H, étant tous orientés dans la direction 
+ y, nous n’avons pas besoin d'une notation vectorielle: nous indiquons 


> > 
dh(x) par dh(x) = [dh(x)]y. Alors pour ces deux cas les formules ci- 
dessus assurent la validité de la loi de réciprocité. 

Décomposons 


FE (A*|B)=E(A*|H+ D)=E(A*|H) + E(A*|D) 
E(B|A*‘)=E(H + D|A’*)=E(A|A*)+ E(D| A’). 
Par application directe des formules de définition de E nous avons, aux 
€as (1) et (ii) 
EXAY EH == GAA =o. 
Puisque nous avons 
F(Ao | D) = E(B A’), 
nous retrouvons la loi de réciprocité pour ces cas. 


De plus nous en tirons les valeurs qu'il nous faut substituer pour 


> 
U(B|O) et F(B|O) dans la calculation de E(B| A*); O étant un point 


de discontinuité. Pour cela nous considérons les décompositions 
U (B| O) = U(H|O) + U(D|O) 
> + as 
F (B| O) = F(H|O)+ F(D|O). 
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En vertu des relations 
U(A\(x, y)) = — U(A|(x,—y)) 
> > 
Fy (| (x, y)) = — Fx (| (x, —y)), 
et de la continuité en O des contributions de D, il faut substituer dans 
l'évaluation de l’énergie de A* en O aux cas (i) et (ii) pour U(B|O) et 


=~ 
Fx(B|O) la moyenne de leurs valeurs aux deux cétés de H. 


§ 4. Applications. Détermination des charges par leur potentiel. 


4.1. La loi de réciprocité fournit un instrument propre pour obtenir des 
informations concernant la distribution G, des charges générant un 
potentiel connu, U,(P) = U(G,|P). 

Soient I’; et I’e deux courbes de JORDAN, satisfaisant a certaines con- 
ditions de régularité, I’; située dans l'intérieur de I’. Par ces deux courbes 
le plan est partagé en trois régions, nommées D,, Do, Dz de Vintérieur a 
l’extérieur. Considérons le systéme I; J'’e comme un condensateur, et 
placgons sur I; et I’e une distribution G, de charges de maniére que son 
potentiel U(G.|P) satisfasse a 


U(G,|P)=1 pour P dans D, et sur I; 
U(G,|P)=0 pour P dans D; et sur I. 


Pour P dans l’anneau Ds, nous avons dans ce cas 
U(G,|P)=6(P), avec OX O<1. 


La distribution G, et par suite son potentiel ne dépendent que de I’; 
et Ie. 

Application de la loi de réciprocité dans le cas classique de charges 
simples suffit pour obtenir. 


E (G,| G2) = E(G,| G,), 
E(G, | G.)=[U(G, | P) dg, (P). 


E(G,| Gi) =f U(G2|P) dg, (P). 


L’expression pour E(G,|Gz) est une intégrale étendue sur les deux 
courbes I’; et Ie; la fonction U, et la distribution Gy étant connues, sa 
valeur est déterminée. 

L’intégrale représentant E(G,|G,) se décompose par 


G, = G, (D, + Ti) + G, (D2) + Gi (D3 + We) =1 + H+ I, 


a laquelle correspond 
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Le dernier terme s’annule, parce que U(G2|P) s’annule. Pour la partie 
I nous avons 


Uu(G,|P)= L 
[U(G,|P) dg, (P) =| dg, (P) = G, (Dy): 


Pour / nous avons 
u 


J U(G,|P) dg; (P) =[ 8 (P) dgx (P). 


E(G2|G,) mesure donc la charge portée par D, et Ii, et partiellement 
les charges portées par l’anneau Dy. 

En choisissant I’e suffisamment voisine de I’; nous pouvons rendre la 
contribution de D, négligéable. 

Un cas particulier a été utilisé par M. DE LA VALLEE POUSSIN. 

Nous n’‘insistons pas. 

4.2. Un cas limite du précédent, utilisant la loi de réciprocité dans sa 
forme plus générale, peut servir au méme probléme de la détermination de 
la distribution G, par son potentiel U(G, | P). 

Les deux courbes I’; et I'e du cas précédent sont remplacées par une 
seule courbe I’, et les deux couches de charges sur I’; et Ie composant 
G, sont remplacées par une double couche Hy portée par I’. 

La distribution Hz a été choisie de maniére que son potentiel U (Hz | P) 
égale 1 dans l’intérieur de I’ et s’annule dans |’extérieur. 

Dans ce cas la loi de réciprocité 


E(G, | H2) =E£ (H}| G);) 


se démontre identique a la régle classique pour le flux. Nous n’insistons pas. 


Zoology. — On the function of the Golgi-apparatus in the exocrine 
pancreas cell. Il. Experimental quantitative study on the relationship 
between Golgi-vacuoles and pro-enzyme granules. By J. W. SLUITER. 
(From the Zoological Laboratory, University of Utrecht.) (Com- 
municated by Prof. Cur. P. RAVEN.) 


(Communicated at the meeting of March 20, 1948.) 


It is generally accepted that the Golgi-apparatus is participating in 
some way in the process of formation of pro-enzyme granules in the 
exocrine pancreas cell. This has been concluded from the marked topo- 
graphical connection, which can be observed between Golgi-apparatus and 
pro-enzyme granules but it has never been definitely proved for instance 
by experimental or quantitative data. 

In a previous paper (SLUITER, 1948) it could be shown that special 
small vacuoles are lying in close connection with the Golgi-apparatus, 
which vary considerably in number. 

The aim of the present paper has been to find out, whether this 
phenomenon could be a structural manifestation of the functional activity 
of the Golgi-apparatus. 


Experiments. 


The pancreas cells of a white mouse do not function synchronously 
under normal conditions. Sections of the pancreas of this animal show, at 
any given moment, cells in several different stages of their activity. This 
wellknown circumstance is not favourable for a statistical investigation 
into the physiological sequence of these stages and of the functional 
changes, which may go on in the Golgi-apparatus, Therefore, the method 
of pilocarpine injections has been used for this investigation. 

Although several of the previous authors on the subject (NASSONOV 
1924, MORELLE 1927) have used this method, the most important results 
have been obtained by HirscH (1932). Applying his “Stufenzahlmethode”’ 
on living pancreas material, partly after injection of pilocarpine, this author 
could show the following facts. Under normal conditions the cells of one 
pancreas are functioning asynchronously (i.e. less than 30 % of the cells 
have reached the same functional stage). In starving animals the cells 
work hemisynchronously (i.e. 30—60 % of the cells are at the same stage). 
Injection of pilocarpine after a starvation period forces most-of the cells 
to extrude their accumulated products and to begin at the same moment 
with the restitution of pro-enzyme granules. This causes the hemisynchro- 
nous activity to be altered in a synchronous one (i.e. more than 60 % of 
the cells are at the same stage). 

This state of affairs is much more favourable for the aim of the present 
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investigation. Therefore, a number of white mice, with body weights 
varying from 5,3 to 25,5 gr, were injected with 0,3 to 0,7 mgr pilocarpine. 
At different moments after the injection two injected animals (one juvenile 
and one adult) were killed for autopsy at the same time. Pieces of their 
pancreas were fixed, impregnated with osmic acid, sectioned and coloured 
as has been described in a recent paper (SLUITER 1948). 

Of each pancreas 100 median cell sections were selected and classified 
according to the ‘‘Stufenzahlmethode”’. This number can be considered to 
be sufficient, since HiRSCH (1932) actually observed that data, which 
are obtained from a little part of the pancreas, are representative for the 
organ as a whole. Objectivity in selecting the cell sections is sufficiently 
guaranteed by the condition that they must contain the median plane of 
the cell. This can be easily recognized as the cells are conical and as the 
positions of the nucleus, the mitochondria and other cell components in 
the sections are very characteristic. 

Moreover, the “Stufenzahlmethode” has been applied here for the first 
time to cell components by counting the Golgi-vacuoles and by estimating 
the number of pro-enzyme granules in the 100 cell sections mentioned 
above. 

Considering the reliability of the method used here, it must be taken into 
account that according to HIRSCH (1932) circumstances like food, general 
condition, age and other ones may influence the results. Moreover, it was 
not possible to observe the Golgi-vacuoles in living cells. Fixation of the 
material implies in this case that the data of several different mice have 
to be used to reconstruct processes, which are supposed to go on in one 
pancreas cell, while HIRSCH (1932) studying the living pancreas could use 
the same animal during 10 hours after pilocarpine injection. 

In order to test the reliability of material and method, used for the present 
paper, the mode of functioning of the pancreas cells has been reinvestigated 
on fixed sections and compared with the results, which HIRSCH (1932) 
obtained by counting living total cells. 


Results. 


It is impossible to count all stages of restitution which may occur, 
separately, because these stages are passing gradually into each other. 
Therefore, HirscH (1932) selected 4 stages which are lying far enough 
apart to be distinguished and to be counted separately. They are character- 
ized by the amount and the position of the pro-enzyme granules to be 
found in one cell. 

In the present paper the restitution period will be divided into 4 phases. 
These phases are defined by the following properties of the cell sections: 


I. One cell section contains from 0 to 10 pro-enzyme granules, which 
are mostly lying in the extreme apex of the cell (cf. fig. 1). They originate, 
probably, from a previous restitution period, 
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II. One cell section contains from 10 to 30 pro-enzyme granules, which 
form little groups in the region of the Golgi-apparatus (cf. fig. 2). 


III. One cell section contains from 30 to 50 pro-enzyme granules. 
They form a compact mass with a convex base line, which extends 
downwards to about half the height of the cell (cf. fig. 3). 
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Fig. 1—4. Exocrine pancreas cells in different phases of the restitution period. 900. 


Only the outlines of pro-enzyme granules and nuclei have been drawn. Fig. 1: phase I; 
fig. 2: phase II; fig. 3: phase III; fig. 4: phase IV. (cf. the definitions on page 504). 


Fig. 5. Graph showing extrusion and restitution after pilocarpine injection in starving 

animals. Abscissae: time. Ordinates: percentages I, II, III, IV; phases cf, text. During the 

first hour the extrusion prevails causing a drop of III and IV and a rise of I. Thereafter, 

restitution begins causing a drop of I and a rise of II, III and IV, successively; II and 
III obtain a maximum at about 3} and 11 hours after the injection, respectively. 
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Fig. 6. Reproduction of HIRSCH’ Abb, 4 (1932, p. 300) showing similar results 


(cf. fig. 5), obtained by counting of living cells. 
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IV. One cell section contains from 50 to 70 pro-enzyme granules 
forming a mass, whose often straight or concave base line is situated 
further downwards than half the height of the cell (cf. fig. 4). 


a) Counting of stages on. fixed material. 


~ 


Fig. 5 demonstrates the results, which were obtained by counting 100 cell 
sections in the pancreas of 20 animals killed at different moments after 
pilocarpine injection, and by classifying these sections according to the 
restitution phases I to IV, as defined above. 

Comparing these graphs with those obtained by HIRSCH (1932, Abb. 4, 
p. 300) which are reproduced here in fig. 6, the following similarities can 
be observed, 


1) The mean values found in starving animals differ very little. This 
causes the curves to begin at about the same points. 

2) In consequence of the sudden extrusion caused by pilocarpine the 
curves III and IV reach their lowest and the curve I reaches its highest 
point between 1 and 2 hours after the injection. 

3) In consequence of the beginning of the restitution of pro-enzyme 
granules the curve I reaches a very low and the curve II reaches its highest 
point between 3 and 4 hours, followed by a peak of curve III between 9 
and 11 hours after the injection; the peak of curve IV is, probably, not yet 
reached between 14 and 16 hours after the injection. 


The principal differences are: 


1) The peaks of the curves in the present paper (fig. 5) are lower 
than those obtained by HIRSCH (fig. 6). This difference is not essential; 
it may be caused by the dose of pilocarpine in the present investigation 
being lower than that administered by HirscH (1932). 

2) The way of crossing of the curves II and III in this paper (fig. 5) 
differs from that of HIRSCH’ curves 2 and 3 (fig. 6). But this also may 
be a fact of less importance, as it is caused, probably, by the phases II 
and III being delimited in not quite the same way as has been done by 
Hirscu (1932, Abb. 2, p. 296) with respect to his “Stadium” 2 and 3. 

It may be concluded, then, that it is actually possible to reconstruct the 
restitution process, as it is going on in the pancreas cells of one animal, 
with the aid of data, obtained from the 20 white mice, which have been 
used here. Therefore, it will also be allowed to reconstruct quantitatively 
the changes in number of Golgi-vacuoles and pro-enzyme granules during 
the restitution process by counting them in the pancreas material of these 
20 mice. . 


b) Numbers of Golgi-vacuoles during the restitu- 
tion period. 


The Golgi-vacuoles have been counted in each of the 100 cell sections 
of each of the pancreas glands, which have been used for the composition 
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of fig. 5; in fig. 7 the means of these numbers have been plotted against 
the times after pilocarpine injection, 

This graph shows the following quantitative variations of the Golgi- 
vacuoles in the pancreas as a whole. 


1. With the sudden extrusion of pro-enzyme granules some vacuoles 
disappear. too. 

2. From the beginning of the restitution period on the mean number 
of Golgi-vacuoles begins to rise and reaches a maximum at about 7 hours 
after the injection. This is a point, where nearly all the cells are in phase II 
or III of the restitution period (cf. fig. 5). 

3. From 7 hours after the injection on the mean number of Golgi- 
vacuoles begins to decrease and reaches a lower level at a time, when most 
cells are in phase III and IV of the restitution period (cf. fig. 5). 

In order to analyse these phenomena more in detail, the numbers of 
Golgi-vacuoles have been counted separately in each phase of the restitution 
period and at different points of time after pilocarpine injection, as is 
shown in fig. 8. From this figure the following conclusions can be drawn: 


ad 1. The disappearing Golgi-vacuoles have been extruded not only 
from cells, which were in phase III and IV, but also from cells, which 
were in phase II of the restitution period at the moment of the injection. 

ad 2. Already during phase I there is a distinct increase in number 
of the Golgi-vacuoles, which is continued during the first part of phase II. 
At 7 hours after the injection this increase ends and during the remaining 
part of phase II the number of Golgi-vacuoles is kept nearly constant on 
a high level. 

This means that the number of Golgi-vacuoles begins to increase before 
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Fig. 7. Graph showing the changes in average number of Golgi-vacuoles during extrusion 
and restitution period after pilocarpine injection in starving animals. 
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any pro-enzyme granules worth mentioning can be observed in a cell; the 
vacuoles are most numerous at the time, when the first granules have 
appeared in the cell. 

ad 3. The decline of the curve of ge 7 is caused according to fig. 8 
by a rather sudden decrease in number of the Golgi-vacuoles on the moment 
that the cell passes over from the restitution phase III to phase IV (in a cell, 
reaching this last phase, the restitution of granules has come to an end). 

This means that the number of Golgi-vacuoles in a cell is maintained 
on a high level, as long as the restitution of pro-enzyme granules in the 
cell is going on, but decreases as soon as the end of the restitution period 
is reached. 

Conclusion. The points ad 2 and ad 3 are strong arguments for the 
hypothesis that the formation of pro-enzyme granules in the exocrine 
pancreas cell depends on the formation of vacuoles by the Golgi-apparatus 
of this cell. 

These processes are going on in one cell simultaneously, but not at the 
same speed at every moment. In the following chapter this phenomenon 
will be investigated more closely. 


Numbers of Golgi-vacuoles and pro-enzyme 
Granules. directly compared, 


The numbers of pro-enzyme granules were estimated by multiplying 
the mean numbers of granules, which are present during phase II, III and 
IV respectively (cf. the definitions on page 504) with the numbers of 
the cells, which have reached these phases at a given moment (cf. the 
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Fig. 8. Graph showing the changes in number of the Golgi-vacuoles, when counted in 
each restitution phase separately, and at different moments after pilocarpine injection in 
starving animals, 
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numbers of fig. 5). By summing up the 3 products, obtained in this way, 
the total number of granules, which is present at this moment in 100 cells 
can be calculated. 

In fig. 9 the mean numbers of granules of cells at different moments of 
the restitution period have been plotted against the mean numbers of Golgi- 
vacuoles, which are present in the same cells at the same moments. These 
numbers of vacuoles have already been used before for fig. 7. Each point 
of fig. 9 represents the data of two animals which have been killed at the 
same time after pilocarpine injection. 

Considering the curve on fig. 9 one must realize that each new-formed 
granule is probably remaining in the cell during the entire restitution period, 
whereas it is most probable that each vacuole does exist much shorter. 
Therefore, the values for the granules represent the total numbers, which 
have been formed on a given moment, whereas the values for the vacuoles 
represent, probably, only the difference between the total numbers, which 
have been formed by the Golgi-apparatus, and the numbers, which have 
been consumed for the formation of granules. 
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Fig. 9. Graph showing that the quantitative relationship between Golgi-vacuoles and 
pro-enzyme granules during the restitution period can be expressed by an optimum curve. 


From fig. 9 it may be concluded that the quantitative relationship 
between Golgi-vacuoles and pro-enzyme granules can be expressed by an 
optimum curve dividing the restitution process into two parts. During the 
first part, the regeneration of vacuoles by the Golgi-apparatus is going on 
at a higher rate than the consumption of vacuoles in behalf of the process 
of granule formation; this causes the curve to rise. However, during the 
second part the reverse is happening, causing the curve to decline. 
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From the results of fig. 9 this conclusion may only be drawn for the 
pancreas gland as a whole. But considering the numbers of Golgi-vacuoles 
in the 4 restitution phases separately (cf. fig. 8) and the frequency of 
the cells, which are in these phases on different moments after pilocarpine 
injection: (cf. fig. 5), it may be concluded that the optimum curve of fig. 9 
is valid also for each pancreas cell separately. 


Discussion. 


Hitherto noting has been said about a physiological interpretation of 
the phenomena described. 

According to the ‘‘Systemtheorie” of HirscH (1939, 1940) the function 
of the Golgi-apparatus in the exocrine pancreas cell would be to attract . 
and to concentrate the raw material, which the cell has taken up from the 
blood, and to transform the molecules of this material into the “Golgi- 
Produkte’, which are, in this case, the pro-enzyme granules. These 
processes should be reflected in the following structural phenomena (cf. 
fig. 10). Inside the Golgi-substance (‘‘Golgi-Prasubstanz’’) vacuoles 
(“Golgi-Interna’’) are formed; originally they are very small but they 
grow gradually and become visible microscopically. In this phase of the 
process HIRSCH (1939, 1940) calls the Golgi-substance, which can be 
blackened with osmic acid “‘Golgi-Externum”’. One “Internum” forms 
together with the surrounding “Externum” a ‘Golgi-System”’. The 
“Externum” attracts raw material, which is transformed into the ‘Golgi- 
Produkt” in the “Internum’’. This produces a condensation of substances 
in the “Internum’’, which causes the original vacuole to be transformed 
into a granule. The “Golgi-Produkt’ releases itself from the Golgi- 
substance and is identical, then, with a pro-enzyme granule. 

JARvi (1940)3 is fundamentally in accord with the hypothetic 
reconstruction of HirscH (1940) as far as the structural changes are 
concerned, which are reproduced in fig. 10 of the present paper. However, 
JARVI considers conceptions as used by HIRSCH (1940, p. 378) in the 
following scheme: 


Golgi-Externum ) ———————-> vielfach Golgi-Rest 
Prasubstanz < Golgi-System 
Golgi-Internum — Produkt 


eine Golgi-Phase 


to be incorrect and deceptive. For a discussion of the further conflicting 
points of view of both authors on these questions I may refer to my recent 
paper (SLUITER 1948). 

As I pointed out before (SLUITER 1948) it is doubtful whether either 
HirscH or JARVI have actually seen the vacuoles, which I have counted 
here, or even whether they have seen any real vacuoles at all in connection 
with the Golgi-apparatus in the exocrine pancreas cell. 
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Considering the diagrammatic reconstruction by Hirscu (1940) (cf. 
fig. 10 of the present paper) with respect to the results of my own 
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Fig. 10. Reproduction of fig. 1—7 of HIRSCH (1940, p. 382) showing a hypothetic 
reconstruction of the functional changes in the Golgi-apparatus of the exocrine pancreas 
cell according to the “Systemtheorie”’. 


investigations on the subject, only the following conclusions can be 
definitely drawn: 


1) There are indeed vacuoles, which are in close connection with the 
Golgi-apparatus. 

2) The formation of pro-enzyme granules depends, actually, on the 
formation of these vacuoles by the Golgi-apparatus. 

3) The quantitative relationship between vacuoles and granules is not 
in conflict with the assertion of HIRSCH that each vacuole would be a 
pro-enzyme granule in statu nascendi. 

4) The pro-enzyme granules, which appear first, are indeed lying in the 
region of the Golgi-apparatus, 


However, in accepting this diagrammatic reconstruction, the following. 
restrictions must be made: 
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ad 1) The vacuoles cannot be observed lying in the centre of the Golgi- 
threads and growing gradually (SLUITER 1948). 

ad 3 and 4) A gradual condensation of substances within the vacuoles 
cannot be observed; I have never seen pro-enzyme granules to be 
surrounded as completely and as closely by the blackened Golgi-substance 
as has been drawn by HIRSCH (1940). 


Summary. 


The following results have been obtained by counting of exocrine 
pancreas cells of the white mouse in different phases of their functional 
activity and of the Golgi-vacuoles and pro-enzyme granules in these cells 
according to the “Stufenzahlmethode” (HIRSCH 1932) after pilocarpine 
injection. 

It is actually possible to reconstruct the restitution process, as it is going 
on in the pancreas cells of one mouse, with the aid of data, obtained from 
20 mice, which have been killed at different times after pilocarpine injection 
(CR otiguss ) 2 

The formation of pro-enzyme granules depends on the formation of 
vacuoles by the Golgi-apparatus (cf. fig. 7 and 8). 

The number of Golgi-vacuoles, which can be observed in one cell on a 
given moment, is the resultant of two processes: regeneration of vacuoles 
by the Golgi-apparatus and their consumption by the process of granule 
formation. In the first part of the restitution period the regeneration 
surpasses the consumption. In the second part the reverse is happening 
(cf. fig. 9). 

The “Systemtheory” of HIRSCH (1939, 1940) could be confirmed in 
some respects, but not in other ones, as fas as the exocrine pancreas cell 
is concerned (cf. fig. 10). 
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Zoology. — The Rhizocephalan parasites of the crab Atergatis floridus 
(L.). By H. BoscHMa. 


(Communicated at the meeting of April 24, 1948.) 


Six different species of Sacculinidae may occur as parasites of the crab 
Atergatis floridus. In two of these (Loxothylacus aristatus and L. vepretus) 
the excrescences of the external cuticle of the mantle are extremely similar, 
the other species can be easily distinguished by means of the characters of 
the external and the internal cuticle of the mantle. The six species may be 
briefly defined as follows: 


Loxothylacus corculum (Kossmann). External cuticle with conical 
excrescences of large size, about 100 to 500 wu long, and 75 to 175 wu thick 
(in their basal part). Retinacula more or less evenly distributed, with 8 to 
12 barbed spindles of a length of about 18 w. 


Sacculina weberi Boschma. External cuticle with hairs or elongate 
papillae, which, especially in their basal part, possess some minute lateral 
stiff spines or hairs. The excrescences have a length of 18 u approximately. 
Retinacula more or less evenly distributed, consisting of a basal part and 
6 to 10 barbed spindles, the latter may reach a length of 16 wu. 


Loxothylacus aristatus Boschma. External cuticle with excrescences 
consisting of a hyaline kind of chitin, different from that of the main 
layers. Excrescences as a rule with numerous spines, united on a common 
basal part. Total length of the excrescences 35 to 85 uw. Retinacula un- 
known, probably not occurring. Left and right male genital organs of 
approximately equal size. 


Sacculina gordonae Boschma. External cuticle with hairs or elongate 
papillae, with a length of 10 to 20 w. They possess minute lateral hairs. 
Retinacula arranged in narrow bands on the internal cuticle. Each retina- 
culum consists of a basal part and one to six spindles; the latter have a 
length of 10 to 20 w and are not barbed. 


Loxothylacus vepretus Boschma. External cuticle with excrescences 
consisting of a hyaline kind of chitin, different from that of the main 
layers. Excrescences as a rule with rather few spines, mostly united in 
groups on common basal parts. Total length of the excrescences 15 to 85 wu. 
Retinacula more or less evenly distributed, consisting of a basal part and 
6 to 10 spindles of a length of 9 to 12 4, which do not seem to possess 
barbs. One of the testes much smaller than the other. 


Sacculina robusta nov. spec. External cuticle without excrescences. 


Retinacula unknown, probably not occurring. 
Some notes on a few of these parasites are given in the following pages. 
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Loxothylacus corculum (Kossm.) 


Sacculina corculum Kossmann, 1872; type specimen on Afergatis floridus (L.) from 
Bohol Island, Philippine Islands. 

Sacculina corculum Van Kampen & Boschma, 1925; specimen on Afergafis floridus (L.), 
Beo, Karakelong, Talaud Islands (Siboga Expedition, Stat. 131). 

Loxothylacus corculum Boschma, 1931; same specimen. 


Until now the parasite is known to occur on one species of crab only. 


Sacculina weberi Boschma 


Sacculina spinosa Van Kampen & Boschma, 1925 (p.p.); specimen on Atergatis floridus 
(L.) from Celebes (?), M. WEBER leg., 1888/89 (collection Zoological Museum 
Amsterdam), 


Sacculina weberi Boschma, 1931; type: the specimen mentioned above. 
Sacculina weberi Boschma, 1937; same specimen. 


Until now the parasite is known to occur on one species of crab only. 
Two specimens from Mamoedjoe, Celebes, shore or reef, 4—5 August, 
1929 (Snellius Expedition) in their anatomical characters and in those of 
the excrescences of the mantle completely correspond with the type 
specimen. Moreover the three specimens have a similar external shape, 
being of more or less trapezoidal form (fig. 1 d—f). In the three specimens 
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Fig. 1. Left side of parasites on Atergatis floridus (L.). a, Loxothylacus aristatus 

Boschma from Beo, Talaud Islands, after WAN KAMPEN and BOSCHMA, 1925, Pl, I 

fig. 4a; b, Loxothylacus vepretus Boschma from Talisay; c, Sacculina robusta nov. spec. 

from Kafal; d, Sacculina weberi Boschma from Celebes (?), after BOSCHMA, 1931, fig. 5a; 

e and f, Sacculina weberi Boschma from Mamoedjoe. Enlarged; the greater diameter in 
mm is: 7.5 (a), 8 (b), 16 (c), 14 (d), 14 (e), and 12 (f). 


the mantle opening is found at a short distance from the anterior border, 
the surroundings of this opening do not project noticeably above the rest 
of the mantle, The surface of the mantle in one of the specimens (fig. 1 e) 
is somewhat wrinkled, in the other specimens it appears more or less smooth 
to the naked eye. The three specimens have approximately the same size, 
their larger dimensions are 14, 14, and 12 mm respectively. 
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Loxothylacus aristatus Boschma 


Sacculina pilosa Van Kampen & Boschma, 1925 (p. p.); specimen on Atergatis floridus 

(L.) from Beo, Karakelong, Talaud Islands (Siboga Expedition, Stat. 131). 
Loxothylacus aristatus Boschma, 1931; type: the specimen mentioned above. 
Loxothylacus aristatus Boschma, 1936; same specimen. 


Until now the species is known to occur on one species of crab only. 
The contours of the type specimen are given in fig. 1 a for a comparison 
with the specimen of Loxothylacus vepretus on Atergatis floridus (fig. 1b). 
One of the excrescences of the external cuticle is represented in fig. 3a. 


Sacculina gordonae Boschma 


Sacculina gordoni Boschma, 1933; type specimen on Afergatis floridus (L.), Sultan Shoal, 
Singapore, ADOLF MONTEIRO leg., October 27, 1930. 
Sacculina gordoni Boschma, 1937; same specimen, 


Until now the parasite is known to occur on one species of crab only. 
As the name was given in honour of Dr. ISABELLA GORDON of the British 
Museum (Natural History), the spelling ought to be emended to Sacculina 
gordonae. 


Loxothylacus vepretus Boschma 


Loxothylacus vepretus Boschma, 1947; type specimen on Chlorodiella nigra (Forsk.) 
from the Red Sea (collection Zoological Institute Heidelberg). 


The parasite was known to occur on the crab Chlorodiella nigra (Forsk.) 
only. 

A specimen on Atergatis floridus (L.) from Talisay, Cebu, Philippine 
Islands, leg. H. C. KELLERS, April 17, 1929 (collection United States 
National Museum, Washington, D.C., acc. no. 72316) undoubtedly 
belongs to this species. 

In many respects the specimen shows a strong resemblance to the type 
specimen of Loxothylacus aristatus. Even in their macroscopical external 
characters the two specimens are extremely similar (fig. 1a and b). Both 
specimens have a more or less roundish contour, in both the mantle opening 
is surrounded by a rather voluminous sphincter, so that this region slightly 
protrudes above the rest of the mantle. 

The measurements of the specimen of L. vepretus on Atergatis floridus 
are 8 X 7 X 5mm, it is therefore somewhat larger than the specimens on 
Chlorodiella nigra of which the maximum measurements are 6 X 5 X 2mm. 

There is a difference in the male organs of the two species which may 
be of real specific value: in Loxothylacus aristatus the two male organs are 
of approximately the same size, and in all the known specimens of Loxo- 
thylacus vepretus one of the testes is decidedly larger than the other. Now 
in general this character is not of constant value in species of the genus, 
and it is not improbable that later specimens of L. aristatus may be found 
with unequal male organs and specimens of L. vepretus with equal male 
organs. 
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In the specimen of L. vepretus on Atergatis floridus the male organs 
were examined in longitudinal sections of the visceral mass (fig. 2 a-d). 
The vasa deferentia are narrow canals (fig. 2a), which gradually pass 
into the testes, the right of which soon attains a fairly large size, whilst 
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Fig. 2. Loxothylacus veprefus Boschma, specimen from Talisay. a—d, longitudinal 

sections of the posterior part of the visceral mass; a, in the region of the ventral part of 

the vasa deferentia, each following section from a more dorsal region. e, longitudinal 

section of the left colleteric gland in its most strongly branched part. /f, left testis; 
rf, right testis; vd, vasa deferentia. X 45. 


the left remains narrow (fig. 2b, here the right testes is surrounded by its 
muscular sheath). In a more dorsal region both testes increase in size, but 
in its most strongly developed part the left testis does not become appre- 
ciably larger than the vasa deferentia (fig. 2c). In a still more dorsal 
plane the right testis only remains visible (fig. 2d); here it consists of a 
rather voluminous pouch with a fairly large lumen. In its most dorsal part 
the right testis shows a tendency for a curvature in an anterior direction, 
as shown in fig. 2d. There is a slight indication of such a curvature only, 
practically the male genital organs of this specimen are entirely straight, 
just as in the majority of the specimens of L. vepretus on Chlorodiella nigra 
which were examined in this respect. 

The colleteric glands of three specimens of L. vepretus on Chlorodiella 
nigra contain in their most strongly branched region 40, 25, and 50 canals 
respectively in a longitudinal section. In the specimen on Atergatis floridus 
these glands contain a larger amount of canals, in a longitudinal section of 
the most strongly branched region 81 of these canals were counted (fig. 
2e). The arrangement of the canals in the specimen on Atergatis is not 
strikingly different from that in the specimens on Chlorodiella. 

The excrescences of the external cuticle of the mantle in the specimen 
of L. vepretus on Atergatis in nearly every respect remind of those of the 
specimens of L. vepretus on Chlorodiella. They consist of hyaline spines 
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which are arranged in groups. Then the individual spines may remain 
isolated (fig. 3e), they may be united on a rather thin common basal part 
(fig. 3b, d), or these basal parts may reach a fairly large size (fig. 3c). 
In the specimens on Chlorodiella the excrescences have a length of 15 to 
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Fig. 3. a, Loxothylacus aristatus Boschma, excrescence of the external cuticle. b—# 
Loxothylacus vepretus Boschma; b—e, excrescences of the external cuticle; f, retinacula 
in side view and seen from above. X 530. 


60 uw; in some parts of the mantle of the specimen on Atergatis the excres- 
cencens are appreciably longer, they may reach a length of 85 w (fig. 35). 
The excrescences constantly form compounds consisting of comparatively 
few spines only, they never unite to compounds with as numerous spines 
as form the rule in L. aristatus (fig. 3a). This peculiarity forms the chief 
specific distinction of the two species. 

The internal cuticle of the mantle has numerous retinacula which are 
more or less evenly distributed on the surface of this cuticle. Each retina- 
culum consists of a basal part and 6 to 10 spindles, on the latter no barbs 
could be found (fig. 3 /). The retinacula of this specimen closely correspond 
with those of the specimens of L. vepretus on Chlorodiella, though the 
number of spindles may be slightly larger than observed in the latter. As 
in L. aristatus no retinacula were found they may be constantly missing 
in this species; then the presence or absence of retinacula forms another 
character for specific distinction. 


Sacculina robusta nov. spec. 


Maratoea Island, East of Borneo, coral reef, March, 1926, E. MJOBERG (collection 
Stockhoim Museum), 1 specimen on Afergatis floridus (L.), 20 K 14 X 8mm (holotype). 

Kafal Island near Misool, shore or reef, October 3—5, 1929 (collection Snellius 
Expedition), 1 specimen on Afergafis floridus (L.), 16 * 11 * 5mm (paratype). 


Specific characters. Male genital organs in the posterior part of the 
body, outside the visceral mass. Testes united into a common pouch which 


520 


may have a curved shape or may be of irregular form. Vasa deferentia 
entering the testes in the central part of the anterior surface of the male 
genital complex. Colleteric glands with a fairly large number of branched 
canals, the latter not arranged in rows. External cuticle without .excres- 
censes. Retinacula unknown, probably not occurring. 

The species is known as a parasite of Atergatis floridus only. 

In their external form the two specimens are highly similar. The 
specimen from Kafal is represented in outline in fig. 1c. The figure shows 
that the parasite has a more or less oval shape, the mantle opening lies 
at the top of a slight protuberance in the centre of the anterior region, 
next to the stalk the mantle slightly protrudes into posterior outgrowths. 

Longitudinal sections of the specimen from Maratoea show that already 


Fig. 4. Sacculina robusta nov. spec., specimen from Maratoea. Longitudinal sections of 

the posterior part of the body; a, in the region of the male genital openings, each following 

section from a more dorsal part. cl, chitinous ring of the left vas deferens: cr, chitinous 

ring of the right vas deferens; [f, left testis; Iud, left vas deferens; m, mantle; mc, mantle 

cavity; rt, right testis; rvd, right vas deferens; st, stalk; um, visceral mass; x, tube 
connecting the two testes. 15. 
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the most ventral part of the right testis appears in the region of the male 
genital openings (fig. 4a). Towards a more dorsal plane the right testis 
gradually becomes wider (fig. 4b) and soon gives off a tubiform extension 
(x, fig. 1c). Farther towards the dorsal region a plane is reached in which 
each of the vasa deferentia passes into its testis, the part of each vas 
deferens just before it enters into the testis has a strongly developed 
chitinous wall (cr and cl, fig. 4d). Gradually the two testes acquire a 
fairly large dimension whilst next to these organs the tubiform extension 
remains visible (x, fig. 4e). In a still more dorsal plane the right testis 
diminishes in size whilst the left becomes somewhat larger (fig. 4). Some- 
what farther dorsally the tubiform extension joins the left testis (fig. 4g). 
The last section (fig. 4h) shows the dorsal region of the left testis. 
Diagrammatically the male genital organs are represented in fig. 5, 
showing the two testes and their connecting tube x, and the vasa deferentia 
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Fig. 5. Sacculina robusta nov. spec., specimen from Maratoea. Diagram of the two 

testes and their connecting part, and the vasa deferentia. Anterior surface. The lines with 

the letters a—h indicate the sections represented in fig. 4 with the corresponding letters, 

It, left testis; Ivd, left vas deferens; rt, right testis; rvd, right vas deferens; x, tube 
connecting the two testes, 


passing into the testes. A comparison of the sections of fig. 4 with fig. 5 
(in which the place of each figured section is indicated with a correspond- 
ing letter) shows the peculiar arrangement of the male genital organs. 

In the specimen from Kafal the male genital organs are less complicated 
than those of the former specimen. Here the testes form a common pouch 
of somewhat irregular shape in which not a left and a right part can be 
distinguished. In this specimen the left male genital opening (in a slightly 
more ventral section than the one of fig. 6a) lies far more ventrally than 
the right (in a slightly more ventral section than the one of fig. 6e). Here 
again the parts of the vasa deferentia which enter into the testis have a 
strongly developed chitinous wall (represented for the left vas deferens 
in fig. 6c). It is interesting to note that, as in the specimen from Mara-~- 
toea, the vasa deferentia are not passing into the testes in the ventral 
regions of the latter, but about in their middle part. In the specimen from 


522 


Kafal the combined testis obtains its largest size in the most dorsal region 


(fig. 6A). 


Fig. 6. Sacculina robusta nov. spec., specimen from Kafal. Longitudinal sections of the 

posterior part of the body; a, in the region of the left male genital opening, each following 

section from a more dorsal part. ce, external cuticle of the mantle; ci, internal cuticle 

of the mantle; Jud, left vas deferens; rvd, right vas deferens; sf, stalk; f, testis; 
vm, visceral mass. X 12. 


The colleteric glands of the two specimens do not show pronounced 
differences. Fig. 7 b represents a section of the right colleteric gland of the 
specimen from Maratoea, in its most strongly branched part; here there 
are 23 canals to be seen. In a more central section (fig. 7a) the canals 
are larger and less in number. In fig. 7 c—e the canal system of one of the 
colleteric glands of the specimen from Kafal is represented. Fig. 7e was 
' drawn after a section not far from the central region, with rather few and 
large canals; fig. 7d after a more peripheral section, and fig. 7c after a 
still more peripheral section. In the latter two figures the canals are seen 
to gradually decrease in size, whilst the number of canals increases to 
23s0RIZ24, 

In the colleteric glands of Sacculina robusta the larger canals are more 
or less arranged in a row parallel to the surface of the gland, but the 
smaller canals form a comparatively broad mass in two or more irregular 
rows. 

The external cuticle of the mantle does not show excrescences. In the 
specimen from Maratoea the thickness of the external cuticle in various 
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parts of the mantle differs from 10 to 40, in the specimen from Kafal 
this cuticle as a rule is slightly thicker. 

The internal cuticle of the mantle is thin in the specimen from Maratoea, 
whilst in the specimen from Kafal it is exceptionally thick. Though large 
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Fig. 7. Sacculina robusta nov. spec. Longitudinal sections of the right colleteric gland 
of the specimen from Maratoea (a, 6) and of the specimen from Kafal (c—e). a, b, X 80; 


c—e, XK 45. 


parts of the internal cuticle of both specimens were examined in this 
respect, in none of these retinacula could be found. 

Sacculina robusta nov. spec. corresponds with S. plana Boschma and 
S. schmitti Boschma in the following characters (cf. Key to the sufficiently 
known species of the genus Sacculina, BOSCHMA, 1937, pp. 197—202): 
Male genital organs in the posterior part of the body, outside the visceral 
mass; male genital organs of both sides of the body at least partially 
united, so that their cavities communicate; vasa deferentia rather abruptly 
passing into the testes; external cuticle without distinct excrescences. In 
S. schmitti the vasa deferentia join the testes in the posterior region of the 
ventral parts of these organs; in S. plana the vasa deferentia pass into the 
testes in the central region of the ventral parts of these organs; in S. 
robusta the vasa deferentia pass into the testes in the central part of the 
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anterior region of the male genital complex. Moreover the species differ 
in the canal system of their colleteric glands. These glands have the most 
strongly branched canals in S. plana (maximally 59 canals in one section), 
they are less strongly branched in S. robusta (maximally 24 canals in one 
section), and contain a very small number of canals in S. schmitti 
(maximally 7 canals in one section). Though there is a great deal of 
individual variation in the structure of the colleteric glands the differences 
as given above are of sufficient importance for specific distinction. 
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Aerodynamics. — On the influence of gravity upon the expansion of a gas. 
Il. By J. M. Burcers. (Mededeling no, 53 uit het Laboratorium 
voor Aero- en Hydrodynamica der Technische Hogeschool te 


Delft.) *) 
(Communicated at the meeting of April 24, 1948.) 


7. Approximate course of the S-curves in the neighbourhood of the 
point E of the 7, 8-plane. — As mentioned in section 6 shock waves 
appear when ‘‘S-curves’’ (representations in the 7, )-plane of the paths of 
elements of volume of the gas) intersect with the curves AEDA and ADF. 
Several shock waves will be obtained and the properties of a later wave 
will be influenced by the behaviour of the wave which appeared first, 
which is the one starting from the point E. 

In order to investigate the character of the solution in the neighbourhood 
of E, we replace the formulae deduced before by series developments. It 
is convenient to take a and g equal to unity and at the same time to shift 
the origin for 7 and # to E, which requires that in all formulae 7 and # be 


changed into $/2+ 7, /2 + @ respectively. In the domain of interest we 
can restrict the values of the new 7 to amounts of the order of #2; the 
developments will be arranged accordingly. 

Equation (20) for the S-curves becomes transformed into: 


f=n—8 +2929n—4F 2014+ 202n—2)2n?. . « (27) 

Here f = }(16,26345 —S), so that f is zero for the curve through E and 

negative for curves passing to the left of E. Shifting the origin for ¢ and t 

simultaneously to the point of the ¢, t-plane which corresponds to E, the 
expressions (13) and (14) can be developed into: 6) 

t=2n+28—4 72 on—S5YV2044+1202n. . . . (28) 

C= §/2n +4 /2P—¥ On— HY Ot + 29 1204 + by, - (29) 

The interesting terms are those which are at most of the order #3; 

restricting ourselves to these terms we obtain: 


f=n—#8 +272 04 Oe GN tg a Ere 5 ees (27a) 
t= 2n+28—4720n . . . . . c « (28a) 
C— 5 J2n+4 V20—16 On. . . «  s (29a) 


*) Part I has appeared in these Proceedings 51 (1948), p. 145. — An error of print 


occurred at p. 153, line 27 from the top, where 73 V2 should be 23 2 (the value 16,26345 
is correct). 
6) The coefficient of the term with 7? in the series for t is zero. 
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A sketch of the S-curves as determined by (27a) has been given in 
fig. 3. The value of dy/dd becomes zero when 4 = 4/2. 82, which is the 


trace of 
the shockwave 


Fig. 3. Approximate form of the S-curves in the neighbourhood of E. 


approximate equation for the relevant part of the curve AED of fig. 1 
[exact equation given by (17)]; in fig. 3 this curve is indicated by the 
chain line A,ED,. In the points of this curve also 07/0% and 0£/0% become 
zero. 

Elimination of @ from (28a) and (29a) with the aid of (27a) gives: 
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Since f is constant along every path, these expressions provide a simple 
representation of the paths in the ¢,r-plane in the neighbourhood of the 
point where the shock wave originates. The representations thus obtained 
appear to be parallel straight lines. Actually the velocity w in the ¢, r-plane 
and the velocity of sound c are given by the expressions: 


w=h/2+h9+49; cHty 2448-40 « « (30) 


from which it is evident that, in consequence of the rapid change of #, the 
values of w and c likewise change rapidly with r in the neighbourhood of 
E. Higher terms of the original developments (28) and (29) are necessary 
to obtain the curvature of the paths (a sketch is given in fig. 4a). Never- 
theless expressions (28b) and (296) reveal the characteristic difference 
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between paths with a negative value of f and paths with a positive value: 
It will be seen from fig. 3 that in the case of a negative f the value of » 
increases monotonously with # along the path, so that rt and ¢ likewise 
increase in a monotonous way; with a positive value of f, on the other 
hand, this no longer is the case and a retrograde movement in appears 
over a certain distance, in consequence of which a particular segment of 
the corresponding line of the ¢, t-plane is covered three times. 


8. Provisional estimate of the effect of the first shock wave. — In the 
case of a weak shock wave it is known that the change of entropy is of the 
third order with respect to the change of the velocity. If provisionally we 
neglect the change of entropy for the small values of % considered here 7), 
the representation of the state of motion of the gas with the aid of the 
7, 0-plane remains applicable also after the change brought about by the 
shock. Hence the expressions for t and ¢ will retain their validity. We 
must, however, jump from a point of the lower portion of the S-curve 
referring to the motion of the element of volume considered to a point of 
the upper portion of the same curve, in order to eliminate the part where 
dié/dy has a negative value. The jump evidently must satisfy the condition 
that neither zt nor ¢ shall change, as there is only a change of state and 
not a discontinuity in the actual motion. Having regard to (285) and (296) 
we see that, to the order of approximation considered, both 7 and f must 
retain their values. Hence we remain on the same S-curve (as mentioned 
already); and the jump occurs along a vertical line in fig. 3. 

The actual position of the jump, and thus also the precise position of 
the shock wave in the ¢,t-plane is not fixed by this result. Neither is this 
of great importance so long as we keep to the present order of approximat-- 
ion, as the further history of an element of volume of the gas is determined 
by the course of its S-curve in the 7, )-plane, which remains the same in- 
dependently of the position of the jump. However, if instead of (285) 
and (296) we make use of (28) and (29), it is found that in order to keep: 
z and ¢ unchanged to terms of the order #4, we must perform the jump in 
such a way that # merely changes sign. This will be the case if # jumps 
from the value — (2) 2-7)! to the value + (2//2-7)+; the corresponding 
points have been indicated by P and Q in fig. 3. 

In this way we arrive at a first approximation to the trace EPP’ of the 
shock wave in the 4, #-plane. This trace is given by the formula: 


op ad V2 +. is ty Mi, ky i se Mee None 


in which @ is a negative quantity (values below the point E). The trace 


7) This assumption is made by J. HADAMARD, Legons sur la propagation des ondes 
(Paris 1903), in discussing the initial stages of a shock wave appearing in a gas originally 
at rest when set in motion by a piston. HADAMARD introduces developments of a different. 


nature from those applied here. 
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lies outside the curve A,ED,, as it must do, the region inside this curve 
being physically impossible. 

Inserting (31) into (28a) and (29a) we obtain the initial course of the 
shock wave in the £,t-plane. This course, together with the paths of a 
few elements of volume of the gas, has been sketched roughly in fig. 4a. 


The shock wave starts with the initial speed £ = dt/dr = 2. Those 
paths of elements of volume which cross the shock wave undergo a sudden 
increase of the velocity w, which in our equations is obtained as a conse- 
quence of the jump in the value of #. While the value of w before the 
transition is smaller than 4/2 (% being negative), the value after the 
transition is greater, although it remains below the value of &. 

In order to return to the z, t-plane we must deduct the amount gt from 
all velocities. Having regard to the circumstance that the value of ¢ in E, 
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Fig. 4a (left): Trace of the shock wave and paths of a few elements of volume in the 
¢, t-plane; fig. 4b (right): the same in the z, t-plane. 


when counted from the original origin, is 2, the actual velocity of an 
element of volume of the gas just before the transition becomes: 


u=w—gt=——}y2+49 ..... . (32) 
‘The actual speed of the shock wave in the vertical direction is given by: 


xoE—gt=—}y2+7R .*. 2... 2 33) 


) 


Both u and x are negative. For u this was to be expected, as we are in the 
domain to the right of the dotted curve of fig. 1, determining the points 
where u changes sign. 

The course of the shock wave and a few paths of elements of volume 
in the z, t-plane have been sketched in fig. 4b. We see that negative velo- 
cities have appeared (it is to be noted that every element of volume starts 
its history with a positive velocity), and that the velocity of certain 
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elements has increased so much in absolute value that a shock wave is 
formed between these elements and elements lower down, which latter 
apparently could not move away fast enough. 


9. More exact discussion of the initial course of the first shock wave. 
— We keep to the assumption that a single shock wave starts from E and 
assume that its trace in the 7, }-plane is represented by the equation: 


n = &) 0? + &, 8 + &, 04 . ‘ . . . ’ + (34) 
where £o, £;, &o ... are coefficients to be determined. Inserting the value of 
» into eqs. (28) and (29) we obtain the course of the shock wave in the 
€,t-plane, expressed in the form of equations giving ¢ and 1 as functions 
of the parameter # (<0), characterising the situation of the transition 
point in the 7, #-plane. Differentiating the expressions for ¢ and + we can 
deduce a formula for the speed of propagation & of the shock wave in the 
£, t-plane: 

Pa 2 oh BP Oe i ee) 
in which a appears to be a function of £9; 8 a function of &) and &; y of 
&o, €1, &g; etc. To the same order of approximation the values of w and c 
for the state of the gas just before the shock wave are given by: 


w=3/2+459+ bP +440. . . . . (36a) 
cys 24+ 49—45,0—42, 83. . 2 > (366) 


The equations to be satisfied by the states of motion separated by a 
shock wave have the form: 


e(§—w) =e (F—w) 
Pte Pai wereDt 4. 5 ene 
5 ple + (§ —w)? =5Sp/e + (§—w)? 
where w, p, o refer to the state before the transition, and w, p,@ to that 


after the transition, k being equal to § as before 8). Here w is given by 
(36a), while p and o can be expressed with the aid of c als follows: 


PR ooe ilo 5 OH Poc? [Corn -<) 2 a) Shoe) 
Inserting these expressions into eqs. (37) we obtain: 
ww + ; eoere 
p=4 ol gt STONE ooh ihe Sean be C Ge 
@= 4-4 


Cy? (E—w)? + 3c? 


8) As the equations for a shock wave are obtained by comparing two states of the 
gas present at the same instant, and depend upon the difference in speed of gas and wave 
front, all velocities can be referred to the ¢, t-system of coordinates. 
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These equations make it possible to find expressions for w, p, @ and 
c= V3 p/o proceeding according to ascending powers of the parameter #. 


It is found that the isentropic relation p/o"* = po/@o!* can be satisfied to 
the order of #2, provided we take a = 0, which leads back to §) = 4/2 


as was found already in the preceding section; and fp = 11/2, giving 
&, = —+4. The expressions then take the form: 
Wes Pan a 
wa 5+ ty tae 
2 Z 
5 iz 12525, 
P= 2 le sree (sara 
120 864 c a 
i . (40) 
5— 12 % ( ee 
O= gq 13129 +904 (9127+ “FG 12) #3 


pe Be 
C= 2 11 — 20-4 04 (3127— 9 12) #1 
It will be seen that it is not possible to determine y in such a way that 
PoOIssoN’s ratio should be satisfied also by the third order terms. 


10. Continuation. — Having obtained expressions for w, p,o,c at the 
back of the shock wave, we must find the motion of the gas which 
develops from this state. For this purpose we make use of the method 
applied in a former paper®) and describe the motion by means of the 
equation: 


Gecz ol (PS za eee, tel eee: a ee 
where the parameter f characterises the path of a particular element of 
volume of the gas, the equation giving the relation between ¢ and 1 for 
every constant value of f (i.e. along every such a path). We write: 


BS plop ee oe un ee ee 
so that ® measures the expansion of an element of volume. Along a path 
f = constant we then have: 


e=A(f/P ; p=O,(f/\/Oe. . . . + . (43) 
which equations now take the place of (38). The functions 6,(f) and 
O.(f) must be calculated from the state of the gas immediately after the 
shock wave (see below), so as to take account of the change in the PoIsson 
constant brought about by the irreversible transition. In consequence of the 
relation: 0p/0¢ = @-1. dp/of, valid for constant 1, the equation of motion 
can be given in the form: 


Ow - z 0 


®) J. M. BURGERS, these Proceedings 50 (1947), p. 264/265. 
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In order to be able to connect the motion at the back of the shock 
wave with the expressions obtained for the motion in front of the wave, 
we must attempt to solve this equation by means of series. The difficulty 
of the problem is to find a suitable form for the developments to be applied. 
This cannot be a development in terms of f and 7, as even in the domain 
ahead of the shock wave irrational expressions are obtained when it is 
attempted to eliminate 7 and @ from formulae (27)—(29). 

It has been thought appropriate to apply developments according to the 
powers of two auxiliary variables 9 and o, which should resemble as much 
as possible the variables 7 and # used in the original solution. The new 
variables therefore will be defined in such a way that we shall have: 


ee Ue ey tt fOr? 97 ==.0; 


i.e. along the vertical line of the 7, #-plane through the point FE. Along 
this line, which is a characteristic for the field of motion unaffected by 
the shock wave, the new solution must fit exactly to the old one. Hence, 
if we write: 


eS ae om . 
Ett gvel a Oy ot 0213 «ei GS) eee Ae AD) 
f=ftefite’fit... 


where the ¢i, ti, fi represent power series in o, the expressions for Co, To, fo 
can be obtained at once from (27), (28) and (29) respectively by replacing 
n by zero and # by o. It seems probable that also some further coefficients 
of the series can be obtained immediately from (27)—(29), which makes 
it possible to shorten the initial steps of the calculation. 

Along the path of the shock wave we assume: 


oxraIJVtAWYPt+t BH+... 


O=4)2 8 bP + ch Le Sh: 


Substitution of these expressions into (45) must give the same results as 
are obtained from (27)—-(29) when substituting the expression (34) for 7. 
This makes it possible to express a, A, B,... in terms of the coefficients 
of the expansions (45) and the coefficients of (34). Making use of the 
values of &) and £, mentioned at the end of the preceding section, we 
find e.g.: 


(fa IDE ae — 43 = Fe Ate =O S772. 


The next step is to construct series for w and ®. Denoting derivatives 
with respect to o and @ by means of subscripts, we have: 


wy elem le fe, _ a bsto + Sots 
pehat gt tp ha te fo—tofs 


When these expressions are worked out it must be ensured that no 


(47) 


f : 4 
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negative powers of o will appear. This leads to certain relations between 
the coefficients occurring in (45). It is found that they can be satisfied, 
but appreciable labour is involved in working out all divisions. 


With the aid of (46) we can calculate w and @, the values which the 
quantities given by (47) take at the back of the shock wave. The value of 
w thus found must be equal to the value given by (39). Further, with 


the aid of @ we calculate: 
Gi 9S": 6, 9 D5 2 wees ee) 


If for shortness we write: Y = 05 ®—*b, and again express this quantity 
by means of series, the equation of motion (44) can be brought into the 
form: 


1 
Ws fo— We fa = B (Ls to — Lo tr). a ee | fm SOY Ls (49) 
1 
The final step in the construction of the solution now is the comparison 
of coefficients on both sides of this equation. 
It is hoped that numerical results can be given at some future occasion. 


Résumé. 


Dans la seconde partie de cette communication on a donné d’abord des 
formules approchées pour les coordonnées 


= 


£, t et pour le paramétre 

= 4(16,26345 —S) caractérisant le mouvement d’un élément de volume 
du gaz. Ces formules montrent comment se produit l’onde de choc et permet- 
tent de trouver une relation déterminant en premiére approximation la 
position de l’onde dans le champ de mouvement. 

En introduisant des développements en série pour les coordonnées £, 1, 
pour la vitesse w d'un élément de volume et la vitesse € de l’onde de choc, 
ainsi que pour la pression p et la densité @, on trouve que la relation de 
POISSON peut étre satisfaite jusqu’aux termes du deuxiéme degré par 
rapport au saut de la vitesse w. Une méthode ensuite est indiquée qui 
devra permettre le calcul du mouvement du gaz aprés le choc. 


Resumo. 


En la dua parto de ¢i tiu artikolo oni donas unue proksimumaj formuloj 
por la koordinatoj ¢, + kaj por la parametro f = 1(16,26345—S) de la 
movigo de una elemento de volumeno de la gaso. Ci tiu formuloj demon- 
stras kiamaniere aperas le ondo de skuo, kaj ebligas trovi rilaton kiu 
proksimume fiksas la lokon de la ondo. 

Kun helpo de progresioj por la koordinatoj ¢, t, por la rapido w de una 
elemento, la rapido & de la ondo, la premo p kaj la denseco 0, oni trovas 
ke la rilato de PolssoN povas esti kontentigita gis termoj de la dua ordo 
inkluzive (rilate al salto de la rapido w). Fine oni indikas elementoj de 
metodo por la kalkulo de la movigo de la gaso post la skuo. 


Geophysics. — On the large displacements commonly regarded as caused 
by LovE-waves and similar dispersive surface-waves. I. By J. G. 
SCHOLTE. (Communicated by Prof. J. D. vAN DER WAALS Jr.) 


(Communicated at the meeting of April 24, 1948.) 


Introduction and Summary. 


In this paper an attempt has been made to calculate the motion caused 
by a disturbance taking place in a stratified medium. The method used in 
a previous paper on this subject started with a Fourier-analysis of the time 
factor of the initial disturbance; the motion connected with each component 
of the Fourier-series was calculated and the final result was reached by 
adding up these partial movements. This method however yields results 
which are not entirely interpretable. The first difficulty one meets when 
trying to correlate these results to the observed properties of seismograms 
lies in the fact that the time of arrival of the surface-waves cannot be 
calculated; as these waves form the major part of the movement at large 
distances this impossibility is very disconcerting. A second difficulty is 
scarcely less important: as these surface-waves satisfy the frequency 
equation of the system (for instance the Love-equation) their phase- 
velocity is a function of the frequency; it follows that the surface-waves 
have to show the usual dispersion properties. But the observed relation 
between the velocity and the period of the large displacements is in direct 
contradiction to the dispersion theory. 

These considerations have lead to an investigation of the surface-waves, 
which is described in Chapter I; it appears that it is by no means a priori 
certain that the surface-waves which satisfy the frequency equation occur 
in seismic disturbances. Consequently it is possible that a method which 
obtains these waves as the predominant terms of a series of movements is 
not adequate to the problem. It is therefore necessary to use another 
method in order to ascertain wether these surface-waves are relevant or 
only the results of an inadequate method. By means of the method of 
CARSON it is possible to avoid the Fourier-analysis| of the initial disturbance; 
this method, applied in the Chapters II and V, leads to results which are 
easily interpretated as they contain no dispersive surface-waves. 

In Chapter II the horizontal and transverse (SH) movement of a super- 
ficial layer has been dealt with; this investigation shows that the Love- 
waves do not occur in the seismograms of earthquakes. The same is true 
with regard to the generalised RAYLEIGH (and STONELEY) waves in a 
layer (Chapter V); the non-dispersive RAYLEIGH (STONELEY) wave 
however does occur and forms an important part of a long-distance seis~ 
mogram. 


534 | 


The usual explanation of the large SH-movements by means of the Love- 
waves is therefore erroneous; in Chapter III a new explanation of this 
phenomenon, based on the results of the previous chapter, has been 
attempted. This theory is in accordance with the observed long-distance 
effects. 


I. Surface Wave Systems. 


§ 1. Coefficients of reflection. 


Suppose that two semi-infinite perfectly elastic bodies are welded 
together along the plane surface z = 0 and that in one of these media a 
plane, harmonic and longitudinal wave exists, expressed by 


A, elvt-ihx sina—ihz cosa 


with h=/V, V =: V(A+ 2u)/o (2 and uw are elastic constants, o is the 
density). 

This wave is accompanied by four other waves, the amplitudes of which 
can be easily calculated by means of the four boundary conditions at z = 0 
(continuity of both movement and tension); we obtain: 
the reflected longitudinal wave 


A> elvt—ihx sina+ihz cosa 
with 
P,—P,—Q;, + Q,—R; +R, 
P\+P,+Q,+Q,+R:+R 


A2 ar 2 A, and Diu I 


and the reflected transverse wave: 
B, elvt—ikx sin 84+ikz cos 3 
with 


2S:-ncosa 


Pi+P,+Q:+Q,+R, +R, 
where sin 8 = sina. B/V, B@ = w/o and k = »/¥. 
We have used here the same abbreviations as in previous papers: 


Bs= Di bs A, and OT — 


P, =n? n"? (u/u’ - 2 sin? B’ cos 2 8 —2 sin? B cos 2 f’)? 
P,=sin2 asin 2 § sin 2 a’ sin 2 8’ (1 — w/n’)? 

Q, =n” sin 2 asin 2 8 (cos 2 B’ + 2 u/u’ sin? B’)? 

Q, =n’ sin 2 a’ sin 2 B’ (u/u’ cos 2 8 +2 sin? B) 
R,=p4/y'+n* sin2asin2 B’ . R,=p/u’-n?sin2a’ sin2 B 
_ VP,Q,—1P,Q, 


Vn cos a cos p 


S 


(quantities connected with the second medium are denoted by an accent). 
In the same way the amplitudes of the reflected waves can be calculated 


aware. 


535 


in the case of an incident transverse wave; if the motion lies in the plane 
of incidence the coefficients of reflection are: 
transverse — longitudinal: 


2S cos 6 
P,+P,+0Q,+0,+ RF, +R, 


Dz1 = 


transverse — transverse: 


pee er Or Gar A —R, 
Par PP, Orr Q,-2 Rj = Ra 


If the vibrations are perpendicular to the plane of incidence only one 
reflected wave exists; the coefficient of reflection is 
l—s Vu’ 0’ cos 8 


De — = with s= 


lars Vuocosp- 


It is evident that a singular wave-system occurs if the denominator of 
these coefficients is equal to zero. The equation 1 + s =0 has no roots: 
the signs of cos # and cos fp’ are the same if these quantities are both 
real or both imaginary; s is therefore always positive. The equation 


P,+P,+Q,+2Q,+R, +R,;=0 Stele eR we go (1) 


known as the Stoneley-equation, yields a root if certain conditions are 
fulfilled. This equation changes into the Rayleigh-equation 


Ri c0st 26 4 sin asin’ 2 pis= 0, is sy 


when the second medium is changed into a vacuum. 

The importance of these singular wave systems appears if we consider 
an incident wave which is not plane, but for instance spherical; this wave 
can be decomposed into a series of harmonic plane waves. The incident 
plane waves which satisfy (1) give rise to reflected waves with infinitely 
large amplitudes. (This indicates an inadequacy of this elementary theory. ) 


§ 2. Eigen-functions of a layer. 


The plane waves which are possible in a horizontally infinitely extended 
layer of finite depth d, bounded on both sides by the vacuum, have to 
fulfill the boundary conditions: at z—0 and z—d the tension has to 
vanish. These conditions are expressed by equations which are homogene- 
ous in the amplitudes. A second set of equations which has to be satisfied 
is connected with the origin of the waves; some (or all) of these equations 
are not homogeneous. 

Consider for instance the wave system caused by the tangential pressure 


Det ene aks snp (Y is a constant) 
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exerted on the plane z = f. This system consists of four waves: 


B, —c: eirt—i(f—z)k cos B—-ikx sin 2 + B; 


ei (f+z) kcos B + et (2d—f+z)k cos 3 


5 —c: elvt—ikx sin 3 


1—e2iv 


—i(f—z)kcos 8 +i(f+z)k cos 
ee ae e-2iwtivt—ikxsin 8 


D7 (Ce 


] —e-2!v 


¢ ae 
— pn. pirt—i(z—f) Kk cos B—ikx sin 2 ; ith c= and —=2kdcosf. 
Bye coe +B, wi ra ras E 1h B 


Figy i 


The first parts of B, and By excepted (these represent the direct wave 
which has of course nothing to do with the boundaries), the amplitudes 
of the waves contain the denominator 1—e-2'!¥, which is independent 
from {. The waves which satisfy the equation 


N=1—e?7/"=0 


satisfy both sets of conditions, mentioned above, if Y = 0. The functions 
which satisfy a set of homogeneous equations are the eigen-functions of 
the system. Choosing y and f in such a way that N = 0 the amplitudes of 
the waves, caused by the tension Ye!”t-ikxsin3 become infinitely large. 

Suppose however that this pressure is applied at the time ft = 0; the 
disturbance starting from z = f travels towards z = 0 (or z = d) and is 
reflected. After some time a large number of waves exists in the layer. As 
the coefficient of reflection Dt = 1 (s = 0) the only difference between 
two consecutive waves is a difference of phase equal to 2 y. If however 
N = 0 is satisfied this difference disappears and the movement at any 
point of the layer becomes larger with every new reflected wave which 
reaches this point and tends to infinitely large values. 

The wave system fulfilling N = 0 is therefore essentially different from 
the Rayleigh-system, which is not built up by interference of a large 
number of reflected waves. 
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A second system of eigen-functions of the layer is found by considering 
the plane waves which vibrate in the plane of incidence. The denominator 
of the amplitudes of these waves is 


1 i 
N = (n?cos*2 +sin2asin2 tg ihe 20822 i ; tg'hay 
2 B in ero n* cos Pn SIS tae 


with p=hdcosa. 


The particular wave systems satisfying Ny — 0 are more complicated 
then in the previous case; this is due to the fact that at each reflection two 
waves appear, which makes it possible that the coefficient of reflection is 
infinitely large. Waves with large amplitudes are caused both by inter- 
ference of reflected waves and by reflection; the influence of both factors 
is apparent in the form of No. 


/ 


§ 3. The LovE-waves, 


Changing the vacuum extending below the layer of § 2 (z>d) into a 
semi-infinite elastic body the denominator 1 — e-2‘¥ changes into 


N, = 1—D;- ev 


(the denominator Ny» will be dealt with in Chapter V). 

Plane waves satisfying the Love-equation N; = 0 have infinite ampli- 
tudes and are called the Love-waves; these waves are used in seismology 
as the second kind of surface waves, the first kind being the Rayleigh 
(or Stoneley) waves. In view of the considerations of § 2 it may be 
expected that the Love-wave must be built up by interference of a large 
number of reflected waves and it is therefore rather surprising that these 
waves form an important part of a seismogram. The reason why this 
system is commonly regarded as one of the two kind of waves which carry 
the main part of the seismic energy is not scientific but historic, as a brief 
survey of the development of seismological theory shows: 

In 1885 RAYLEIGH discovered the possibility of a particular wave system 
in a semi-infinite body, vibrating in a stationnary harmonic state; as the 
amplitude of this system decreases exponentially with the depth its energy 
is mainly confined to the region immediately below the free surface. LAMB 
proved in 1904 that this wave not only appears in a stationnary state but 
also during the transitory motion caused by an earthquake. Although the 
Rayleigh-wave was used in seismology long before 1904 it was only after 
the publication of LAMB’s important paper that this application was 
theoretically well founded. 

In 1911 Love proved the existence of a new wave system, possible in 
a stratified body which vibrates in a stationnary harmonic way. This 
system decreases exponentially in the underlying medium and its energy 
is therefore mainly concentrated in the superficial layer. These Love-waves 
were immediately regarded as the cause of the large SH displacements 
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observed in seismograms; they are sometimes used to determine the depth 
of the layer by means of the observed frequencies. No attempt however has 
been made to prove that these waves also occur in the transitory motion 
registered by a seismograph. As the similarity of the Rayleigh- and the 
Love-waves in a stationnary state does not imply any such similarity in a 
non-stationnary state such a proof is necessary. 

It may be objected that the existence of Love-waves is no matter of 
speculation as any motion can be analysed into a series of harmonic 
vibrations; of these vibrations the most important are the eigen-frequencies 
of the layer and these satisfy the equation of Love. The answer to this 
objection is firstly that the calculation of the amplitudes of these waves is 
not very easy and has never been published. Far more important however 
is the fact that the results are entirely irrelevant: suppose that a very long 
strained string is struck during a short time z (length > Vr); the ensuing 
movement can be decomposed into a series of eigen-functions of the string, 
but this analysis is of no use if we want to know the motion of any point 
of the string at any time. This method can of course succesfully be used 
if the motion is almost stationnary (length < Vr). 

The disturbance caused by an earthquake is not in the least stationnary 
and a description of the motion by means of eigen-functions is unusable. 
However the microseisms generated by the waves of the ocean consist 
almost entirely of a set of eigen-functions which can be observed; but these 
movements are almost stationnary. 


II. The transverse horizontal motion in a superficial layer (SH-waves). 


§ 1. The problem. 


The problem investigated in this paper can be formulated in the following 
way: suppose that the points on the surface of a small sphere which is 
embedded in an elastic body, start to move at the time t = 0 and suppose 
that this motion is known; what is the movement of any point of the body 
at any time t > 0? 

In the more special case dealt with in this chapter, the body consists of 
a layer of finite thickness d, resting on a semi-infinite body, while the 
movement is transverse and parallel to the free surface. 

We use spherical coordinates 


f (x7 =F y* 27) i are cos z/y wise are ty yi xs 
r — 0 is the centre of the disturbing sphere; the z-axis is perpendicular to 
the free surface. As only the azimuthal component C (in the » direction) 


of a SH-motion is different from zero the equations of motion are reduced 
to 


wer roty) sO Oar rote) (Ole. ae en ee 


C is a function of t, r and yw, but not of » as div = 0; it follows that rot, 
is also independent from 9. 
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The movement has to satisfy several boundary conditions and one initial 
condition at r= ro, ro being the radius of the disturbing sphere. This 
initial condition is the same in this body as in an infinite one and we 
suppose therefore, for a short while, that the layer extends to infinity in 
every direction. 

Taking the most simple case we assume that the movement on the sphere 
is proportional to sin yw; it follows that C= sin wy. f(r, t) and r rotr = 
= 2cosy- f(r,t). By substitution into (1) we get 


ue (0?7/Or? + 2/r 0/Or— 2/r?) f= 0 07f/0t? 
and this becomes with f = 0M/or: 
“ (07/dr? + 2/r 0/dr) M = 0 02M /0?? 
with the general solution 


F(t—r/%) 


ie 


M= 


In order to avoid complicating reflection phenomena at r = ro, which 
appear in a stratified medium, we suppose rp to be infinitely ssmall; the 
motion in the medium is 


C=sinwoM/dr or C=d0M/de, with oe =(x? + y?)'. 


This motion is determined when F(t) is known; at r= 0 the movement 
is infinitely large as M ~ F(t)/r for small values of r. 

Returning to the motion in a mono-stratified body we introduce the 
coordinates z, 9 and » with the origin in the epicentre; the centre of the 
vibrating sphere (with ry = 0) lies at a depth f <d, so that 


r= {02 + (2—f)2}). 
The equation of motion is 
o 0?C/df = pu (0?/dz? + 0?/de? + 1/0 0/de — 1/0?) C; 
putting C = 0M/de we get: 
Oe Otis LV IVie toe Se ee) 


We have therefore to obtain a function M(t, 0, z), satisfying (2), which 
has to be finite in every point of the body with the exception of r= 0. 
In this point M has to be infinitely large but M—F(t)/r has to remain 
finite. Moreover M has to satisfy four boundary conditions at z = 0 and 


zed. 


§ 2. The method of calculation. 


The obvious way to solve this problem is to start from an elementary 
solution C (or M) which satisfies some of the above requirements and then 
to generalize this function gradually till all conditions are fulfilled. 


= ‘ } i 7 vo FOSS a TS ae ay Ae 
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Beginning with equation (1) the most simple solution is 
Caetin 1, (Eo), 


where » and & are constants, 72 — &2 + v2/%2 and J, is a function of 
BESSEL. 
We can regard this motion as to be caused by a tangential pressure 


Tzo = Y-e”' I, (0), where Y is a constant 


applied on the plane z = f. Such a pressure causes a wave system which 
consists of the following five waves: 


YW, =A, e+ IJ, (Eo) a Az, eres Teo) 
Y= Ae (E) 2S A, ertae I, (go) § <7 <4 


and Qf’ = A’ert-'z [,(é0) if z>d.-Ai-is a vector of length a:, in the 
y direction. 

Using the boundary conditions we get: 
c 1—s e77(24-f) + e—n(2d+f) 


aj=a,=—clne +a, , a= 


i LoS N 
? F 2c e7'd e7(d—f) — e-7(d+f) 
acne "t+ cineT+a, , Perey” lites N 
1—s 


e718. 8 = on ay and oem 


with I a aa 


Ss 


This motion and any other one which is constructed by superposition of 
similar motions, satisfies equation (1) and the boundary conditions, as 
these equations are linear. 

The tension T,, is changed into a tension which is different from zero 
only in a region @ < 6 of the plane z = f by using the discontinuous factor 


¥ ob" tf ax<léb 
O° ies bs: 
The function b Y jl, (@) . Ig(b)dé expresses a tension equal to Yo/b if 
0 


Vil, (a) - , (€ 6) a =| 


@ <b; this tension has a total momentum equal to 1/.7Yb63. If now Y in- 
creases and b decreases in such a way that 2Y63 remains constant = @- 
the function changes into 


bY FT, (€0)*'/g62b?- dé or ,/82/ 1, (Eo)- dé, 
0 0 


which is therefore the analytical representation of a tangential pressure 
F,, concentrated at r = 0, The movement caused by this tension is, if we 
put @2 = 32a: 


Cixett f aifel, (Eo) et" & dé, 
0 


or Gy = ert oe ee) , M, (o, Zz, v) = J ai/c . Ip (€ 0) + etNz é dé, 
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This motion fulfills all requirements mentioned in § 1 with one exception: 
the time factor has to be F(t) and not e”*. We obtain the final solution 
by means of the following theorem of CARSON: 


if L(e,z,u) is the Laplace-function of M» (0, z, v), determined by the 
integral-equation: 


M, (9, z, ») 3 
nemaed | €; "LL 16,2,u) da", » positive real; > sweet) 
9 


then the motion C caused by an initial movement with time factor F(t) is 
t 
C=0d0M/de . M(e,z,}=/ Fu): L(e, z, t—u) da. 
0 


The problem is therefore solved when the Laplace-transformation, defined 
by (3), has been carried out. 


§ 3. The Laplace-transformation of M,(o,z,¥). 


As we are mainly interested in the movement in the layer and as the four 
waves C; which exist in this layer are mathematically similar, we shall 
describe the transformation of only one of these functions, namely C,. 
The M,-function which determines the movement C,(z< f) is 


—7 (f—z) 1 — s e727 (2d-f-z) —1 (2d+f—z) 
Mi(o,z.)= | }° yo eee te I,(E 0) € dé. 
0 


l+s iN 


The L-function of the first term of M!/ is immediately known; using the 
relation 


vrl[B 


4 where r = (9? + q?)'! 


fem Iy (0) &/n af = 
this functions appears to be 
ie og if o< r/B | 
, (i/e,, u>c/B, with c?= 9? +(f—2z). 
By means of 
n/2 


Ty (E09) = 2/2 Rf e~ 2005" dw (R means “real part of'’) 
0 


the second part of M/ becomes 


1 g 


2/2 oo ee 
M, (0, z.v)=2/aR ff e-!3ee08- es en1(2d—f-z) 4 a-niedr fz) —— dw dé. 
0 0 \7nN 


1+s 


The absolute value of the function 


1 ety e7 27d 


1+s 
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which appears in N, is for all real values of £ smaller then 1; we can there- 
fore develop 1/N into the uniformly convergent series: 


Hence 


with 
=g\ 2 
M; (0, 2,7) y =n f (iE ;) e 1secosH—7 Ip : Eln dw dé; Qn= 2nd + f—z. 


Putting £ = va (y is positive real), B = Ja?+ 1/B%, p’=Ja?+1 a? + 1/B’2 we 
obtain 


n : 
MP0. #9) — aia R ff (T8)" erteeow ston alp do da 
0 0 


We now introduce for every function M? a new variable un: 


pea ibe cose + hGeu 2 ia os (x oe, wee eee 
M2? then becomes 


z|2 
Y n 
= 2/x R| fG | / i = en dw dup. 
Js I+s/ Vu2—(q2 + q? cos? w)/¥? 


The path of integration (I) is shown in Fig. 2; un starts at qn/B (a= 0) 
and ends at (ig cos w + qn) © 
The transformation (4) represents the complex a plane on a double 


Plane of up 


In fox 


Fig. 2: 


ep | 


bladed Riemann-surface un; to one value of u (we suppress the index n) 
correspond two values of a: 


__ —ingcos w + q Ju? — (q? + 07 cos” w)/B? 
fA q? + 0? cos? w : 


(5) 


Curve I is situated on the blade which corresponds to the values of a 
which have the positive sign before the square root; this blade will be called 
“blade A” and the other one “blade B”’. 

The integrand has several singular points: the branch points a = +i/%, 
a = =+1/¥’ and the poles u = +(q? + ©? cos? w)'/%. The branch points 
are represented on the u-plane by points which lie either on the negative 
real side of blade A or on blade B or on the real axis. No singular points 
exist in the area of blade A between curve I and a line infinitely close to 
the real axis (on its positive imaginary side) extending from q/%} to ©. 
As the integrand vanishes for large values of |u| if the real part of u is 
positive, we can change the path of integration (I) into the traject 
q/B Su < oo of the rea! axis. Changing the order of succession in which 

. the w and u integrations have to be carried out (it will be easily seen that 
this change is permissible), we get: 


a/2 


ie oe yey rs | | 
y =| ‘ mae ions | ea pe aap PRR ah 


In/B 


It follows that the Laplace-function L"(@,z,u) of M? (0, z, v) is: 
RO if 1 < ania 


|2 
Bie Ee Ti a ce i —5\" a davit RN? (6) 
JAPA eae \ 
\ 0 


The Laplace-function of M"(o,z,v) is then 


(To be continued.) 


Mathematics. — On the densest packing of convex domains. By LASZLO 
Fejes TOTH. (Communicated by Prof. J. G. VAN DER CorPUT.) 


(Communicated at the meeting of March 20, 1948.) 


Let C be a convex domain, » and q two linearly independent vectors, 
Cram =C+np+ mg the domain arising from C by displacement by the 
vector np + mq. The set of domains Cam; n,m =0, +1, +2,... is called 
a lattice of the domain C. The set of points y=A’p+yuq, O<A<1, 
0 < w<(1 is the basic parallelogram P of the lattice. 

Consider the quotient d = | C |/| P|, denoting by the sign of the absolute 
value the area of the corresponding domain. d can be interpreted as the 
ratio of the sum of the areas |Cnm| to the whole plane. We call d the 
density of the lattice. 

The problem to find for a given C the maximal value d(C) of the 
density of all separated lattices, i.e. of lattices in which no two domains 
overlap, was studied by LorD KELVIN1) and H. Minkowski! 2). R. Cou- 
RANT 3) announced the conjecture that for any centrally symmetrical convex 
domain C, 


d(C) > 2/V12 (='0 90692: 2), 
with equality only if C is bounded by an ellipse. 


Recently the problem of COURANT was studied by K. REINHARDT 4) and 
K. MAHLER5). They proved the very surprising fact that COURANT’s 


conjecture is false. Accordingly the constant 2/12 must be replaced by a 
smaller one. The extremal domain and the exact constant are still unknown 
and their determination seems to involve considerable difficulties. 
Therefore it has some interest to show that one can determine by means 
of entirely elementary tools a lower bound of d(C) which encloses the 
required value of the exact constant between narrow limits. We give in 


1) LORD KELVIN, Baltimore lectures 6n molecular dynamics, p. 618, London (1904). 

2) H. MINKOWSKI, Dichteste gitterférmige Lagerung kongruenter Kérper. Ges, Abh. 2, 
p. 3—42. 

3) See W. BLASCHKE, Vorlesungen iiber Differentialgeometrie II. p. 65, Berlin (1923). 
where the conjecture is announced for any convex domain. Probably Courant tacitly 
supposed the symmetricity of the domains, since in the opposite case a triangle may yield 
a trivial counter-example. — It may be still mentioned that the problem to determine the 
lower bound of d(C) for a certain special class of centrally symmetrical convex domains 
was already considered by MINKOWSKI, 

4) K. REINHARDT, Ueber die dichteste gitterférmige Lagerung kongruenter Bereiche 
in der Ebene und eine besondere Art konvexer Kurven, Abh, Math. Sem, Hamb. Univ. 10. 
216—230 (1934). 

5) K. MAHLER, On the area and the densest packing of convex domains. Proc. Kon. 
Ned, Akad. v. Wetensch., Amsterdam, 50, 108—118 (1947). 


545 


this paper a lower bound which is only about 4.5 % less then 2/12. More 
precisely: 

I} any centrally symmetrical convex domain is given, there can be found 
a separated lattice of the domain having a density 


(’) d> 73/2 (= 0+ 8660...). 


Together with the problem of the densest packing, we can also consider 
the dual problem of the smallest packing, i.e. to find to a given C the 
minimal density D(C) of the lattices covering the whole plane. It is 
remarkable, that the dual problem of the problem of COURANT is solved by 
the following inequality 6) 


D(C)<y122/9 (=1-2092...), 


which holds for any centrally symmetrical convex domain C, Equality 
holds only if C is bounded by an ellipse. 

If we drop the postulate of the symmetry of C, then in both cases the 
triangles are proved to be the extremal domains 7): 


6) LL. Fejes, Eine Bemerkung iiber die Bedeckung der Ebene durch Eibereiche mit 
Mittelpunkt. Acta Scientiarum Mathematicarum 11, 93—95 (Szeged 1946). 
7) These, as yet unpublished, results was find by I. FARY to my suggestion. 
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The density of the densest The density of the smallest lattice 
separated lattice of any convex | of any convex domain covering the 
domain is 2 2/3. plane is < 3/2. 


In both cases equality holds only for triangles. 

Let us now turn to the proof of (*). 

Let p be the least vector of a given direction such, that the centrally 
symmetrical domain C = Cog and the domain Cy) = C + p arising from 
C by a displacement with p have no common inner point. Choose q so that 
Co, =C + q has common boundarypoints with Co 9 and Cy 9 whithout 
having common inner points. The hexagon Oj9 Oo; O14; O~ 19 Oo-1 O1-1, 
where Onm denote the centre of Crim, is obviously affine regular. Consider 
the homothetic hexagon H inscribed in C, which arises from the above 
hexagon by a similitude with respect to Ogg and the factor of similitude 
equal to 1/2. Decompose H in 6 triangles having the common vertex Og. 
Since the basic parallelogram P = Opp O19 O14 Oo, is composed of 8 equi- 
areal triangles we have | P|/|H | = 8/6 = 4/3. Hence the density of the 
lattice {Cum} is given by 


(a 


[FT| 

Thus, by |C | 2|H|, for any direction of p a density > 3/4 is already 
guaranted. 

Let us now choose the direction of p so that | H | takes its minimal value 


re | Go 


ae td 


|H|. We may suppose that H = Q, Qs... Qe is a regular hexagon with 
centre at the origine so that Q,; = Q,(0,1). C contains however by sup- 
position a second affine regular hexagon H = R, Ry... Rg concentric to 


H so that |H|>|H|—373/2 holds and that R, lies on the x axis: 
R, = R,(e,0). Moreover the vertices of H lie outside H, and conversely. 


Consider the least convex envelope E of H and H. Displace the line 
segments RR; and R;Rg of lengths o in their own line in a position sym- 
metric to the y axis. By this operation || remains invariant, so that we 
may suppose that H is symmetric with respect to the y axis. If we put 


R, = Rz(e/2,7), the condition |H|= 33/2 becomes equivalent to 
20n > y 3. 
We have now 


|E\ =|) +2|R,Q;Q.| + 4|R,Q; Q.| = 33/2 + (e— 3/2) +2h, 


where h = 4(0/2 + ) 3n— 3) denotes the distance of Ro(e/2,y) from 
the line Q,Q, having the normal equation $(x + /3y— Y3) = 0. Hence 
|E|=3 3/2 + ¢—3/2 + el2 + 134-13 S>4(e + Ie) 
and by @ + 1/o 22 we obtain | E | 2 3. 
Equality holds only if @ =1 and |H|=|H|, ie. if E is a regular 
12-gon. But in this case |C| >|E| holds, as otherwise H were not the 


least affine regular hexagon inscribed in C, Hence in any case we have 
|C|>3 and thus 


PRES Rem ey eat 


HO) = 4 TAI 4373/2 2 


g.e.d. 


Remark during the proofreading. Later I have learnt the fact, that some 
time ago an inequality equivalent with (*) was already given by K. MAHLER, 
The theorem of MINkowskI-HLawka, Duke Math. Journal 13, 611—621 
(1946); but the proof given above is a rather different one. 


Mathematics. — Line extension de la loi de réciprocité pour énergie dans 
la théorie du potentiel et quelques applications. II. By H. BOLDER. 
(Communicated by Prof. W. VAN DER WOUDE.) 


(Communicated at the meeting of March 20, 1948.) 


§ 5. Applications, suite. Détermination d’une double couche par son 
potentiel. 


Soit H, une double couche étendue sur l’axe des x, et indiquons les 


> > 
éléments de moments par dh,(x) = [dh,(x)]y, toutes les [dh,(x) ]x 
étant — 0. Nous supposons 


[ea lee Ea 


Soit connu le potentiel U(H, | P), nous posons le probléme de déterminer 
la distribution H,, c.a.d. de déterminer pour toute ensemble borélien m de 
points sur l’axe des x l’expression 


h, [m] = dh, (x). 


Comme instrument mesurant de telles. quantités servira une ensemble J, 
de charges et dipdles, choisie de maniére que dans la relation 


E(GVA SEGRE Vue 3 al ee 


le premier membre indique (approximativement) le moment porté par une 
partie de l’axe des x; le second membre, J, choisie, sera connu. 
- Pour cela, considérons le systéme de points suivant: 


point: Al Ayn A tity Diab 
coordonnée x: a. apo vaso 6) eerie 
coordonnée y: 0 —! +7 0 —I +41, 
et les intervalles ouverts: 
Wht, A; Bt), ApBest Atco obo oe 


Indiquons par D l'intérieur du rectangle AiBiBs As. 
Alors nous cherchons un systéme de charges et de dipdles J, générant 
un champ pour lequel 


U(I,| P)=yp dans l'intérieur de D 
U(/,|P)=0 4 l’extérieur de D, 
ce qui entrainera 


=> > 
[F (I, | P)]x =0, LF (I, | P)]y =—1 dans l'intérieur de D, 
> 
et F(I,| P)=0 4a l'extérieur de D. 
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I, construit, nous savons 
E (I, | Hi) = f dhy (x) + $ hy (A)+ $f (B) . . . (3.2) 


en vertu des résultats du § 3. 

Pour exprimer E(H,|J,) en termes du champ de H, il nous faut con- 
naitre le systéme I. 

Le systéme suivant fournit le champ demandé, et servira comme systéme 
instrumental: 


h=G,+ Ax 
ou Gy consiste en deux parties: 
G, — G; ap Gs; 
définies comme suit 
Gi: une couche étendue sur tj a densité constante oj = —(2z)-! 
Gs: une couche étendue sur ts a densité constante os = (2)-', 


et H» est une double couche, étendue sur toute la frontiére de D, a densité 
variable: 


eS 
#(Q) = (22)1 UL, | Q), 
orientée vers l’intérieur de D. 


Indiquons dans ce qui suit les quatre parties de Hy par 


Ha: la partie sur sa , Ho»: la partie sur so, 
Hi: la partie sur ti , Hs: la partie sur ts. 


Alors nous décomposons l’expression a évaluer 
E(A,|)= F(A, | G, + H,)= F(A, | G,)+ EB (A, | F72). 


Nous avons l'intention de faire tendre la distance | de ti et ts a l'axe 
des x vers zéro, et de montrer, que cela entraine que E(H,|H2) tend 
vers zéro. 

I] nous faut donc estimer 


E (A, | H2)= F(A, | Ha + He + Hi + As) = 
= E(H, | H.) + E(H,| Hs) + E (A, | Ai) + E (A, | Ab). 
Il suffira de considérer E(H,|H») et E(H,|Hs), le traitement des 
autres termes étant tout a fait analogue. 
Commencons par E(H,|Hs>). 
Désignons dans cette calculation par P un point parcourant H, et par Q 
un point parcourant H,, et par r la distance PQ. 


(—F (H, | P), dho | P)) = 
— (22) [ Fy (Hy | P) y (P) dy (P). 
Sh 


E(H, | Hs)=/ (H, | dhs) = 


if 
Hp Hp 


Pour estimer cette expression nous considérons 
Ve 
K =| Fy (A, | P) y (P) dy (P) 
V1 
pour 0< yy, < yg <1. 
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Substitution dans K de 


pate Nee (dh, (Q)| P)= 


ars ae ls |e 


P étant a distance positive de H,, donne 


es ef be ath xb | 
a dh (=) |= 29 as) le 1 (x) 


1 1 
Par renversement des intégrations, évidemment légitime dans ce cas, 


nous obtenons 
Je 4 
K=—2 { dhy(x)-(x—b) ue dy |. 2 em 


A, V1 


(x), 


Substituant ¢ = y/|x—6| nous obtenons 


Cy? epi y’ dy a 1 t? dt 
ae (xb? + y*P [x—b] J (1+ 2)" 
Vi | b 


et nous faisons deux estimations de cette expression: soit k un nombre 
constant positif, nous avons 


1/|x—b | 


ye 
os 
= = : ae 2 at ; J 
pour |x—b| >k ale Lg =a) t? dt 3 Te Se (5. 4) 


Vi 


1 EL 


pour O<in-bl<t { dy < “aif ae = Tyg XZ 69) 


Pour estimer E(H,|H») nous décomposons H,: 
A, =h, (B)+ A, (k) + i. (k), 


ott h,(B) désigne le dipéle en B, H,(k) la partie de H,—h,(B) entre 
(6—k) et (b+k), et H,* le reste de H. 


A cette décomposition de H, correspond une décomposition de K: 
K=K(B)+ K(k) + K*(k). 
Dans cette expression nous avons évidemment 


K(B)—0. 
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Nous estimons K(k) a l'aide de (5.5), et K*(k) a l'aide de (5.4), et 


nous avons 
K| <2 { \dh(s)|-F + ae el p= 


4 ? 
Hi, (k) H,* (k) 


| dh, (x)| 


eae ‘ 17 
— |dh,(x)| +41 =a 


2 u 
Hi, (k) Hy,*(k) 

En choisissant k assez petit nous pouvons rendre la premiere terme 
<%e, indépendant de /, et ensuite, ayant fixé k, choisir 1 de maniére que la 
derniére terme soit < de. 

Nous avons donc montré que K tend vers-zéro avec I, (d’une maniére 
indépendante du choix de y, et yo), ce qui entraine le méme pour 
E(A,|Ab). 

Considérons ensuite l'expression F(H, | Hs) 

Nous désignons par P un point parcourant Hs et par Q un point par- 
courant H,, et parr la distance PQ. 

Nous avons 


E(H,|H,) = E(H, dhs) = J {—F(H,|P).dhs(P)] =| —Fy (H, |P)dh(x) = 


ts Ss 


= {— Fy (H,;|P)-— 


ts 


2a 


Nous substituons dans cette formule 


F, (H,|P) a (dh, (Q)| P) ape eal bats ea 


et obtenons ainsi 


I 1 2P 
E(Ay|H) = 5 avo] ah (80) (— a+r) 
fel 


s 1 


l l 
—— dxp= ry ae (H, | P) dxp. 


En vertu de la supposition sur h(x), et l’ordre de grandeur de l’expres- 
sion entre crochets nous pouvons renverser l’ordre des intégrations, ce qui 
donne 


B (Hy | Ho) = 5, { w (xa.l) dh (0 


A, 


ay 


Pour estimer cette expression il nous faut étudier 


; Z 1—?? 
int (p, q)= jase dt. 
P 


Nous utiliserons le cas particulier: 
int (0, oo) = int (— o, 0) =int (— &, + 0) =O, 
ce qui se démontre par la décomposition: 
int (0, co) = int (0,1) + int (1, ©), et la substitution ¢ = u—1. 
Pour 0 < p< q nous estimons 


wu 


oe a 
‘int (p,q \< fate t= ($9 (bg tg 113< > 
et 


q 
eae 1 sete 1 
int ( << = =-— — — 
| (p. 4) fat te aie p air fe: p 
Pp 


Au cas général de p et q nous avons 
int (p, q) = — int (— p, —q), 


Alors nous estimons y(xg,/) = int Gree -=*2) pour les diverses 


situations de a, b, xa. 
Pourivg <a — D; 


he ae eae 


|v (xa) |= Max bs x Ses |= 


= Ee b—a 
ae E i (a—xQ) oa | ; 


Pour a < b< xg analogue: 
J b—a 
.)|<Max| =, 
| yp (xe, l) | = Wiax E See) ee | 


Pour xo— a <6: 


py (xa, )=y (a, eeine (0 al = int (0, oo)— int ae «| = 


= — int Lo co 
=— int (272, 0), 


donc 


l 
a. D| <Max|}. be =| 


ae | a rem 
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Pour a< 6b = xg analogue: 


‘vw (xa. 1)| < Max iS . mal: 


Poura<x<b: 


y (xq, I) = int ie ral =int bs ae , el = 


l 


= int (— o, + o)—int [—e. aS ae) — int leat =| = 


donc 


I 
lv (xe, | <Max| 5, a aa 


l mt b—a 
M <M =, |———— }- 
Noes E b ae ips [; egal aa 
En vertu de ces estimations et de la supposition sur h,(x) nous pouvons, 
pour chaque ¢ > 0, choisir des nombres n et 6 de maniére que 


BL fefefaf Troon 


— 5 v (as) hy (A) — 5 w (B,D) A ( ie 


(15a) 


et, ayant fixés ces nombres n et 6, choisir 1 de maniére que 


mal i; ~f-f yee ) dh, (xQ) + 


1 
he a 
dont nous tirons: 


| E (A, | Hs)|<¢ pour I assez petit. 


Par combinaison de ces résultats pour E(H,|H») et E(H,|Hs), et des 
propriétés analogues de E(H,|H.) et E(H,|Hi) nous obtenons 


Mem (ET iti Os ge ke ow ne | (50 8) 
i> 0 


Il nous reste encore a calculer 


F(A, | G)=£ (Ay) Gi F(A, | G;). 
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Nous avons 


E (H, | Gs) =f EU | dgs) ae U (FT, | P) viata ig P): (22)! dxp 


et analogue 


E(H,| Gi) =/ U(H, | P)- —(22)"' dep, 
tj 
et par combinaison 


Rina paagieel (H, | P)dxp—JU(H,| P)dxe]. . (6.7) 


te 
Combinaison de (5.1), (5.2), (5.6), et (5.7) donnera le résultat final. 
Il faut encore remarquer, que la loi de réciprocité (5.1) n'a été démontré 
gu'au cas d’ensembles bornées, mais l’extension de (5.1) au cas considéré 
ainsi, sous la restriction soumise a h,;(x) ne rencontre pas de difficultés. 
Nous avons alors démontré le théoréme suivant: 
Théoréme. Soient: 
H une double couche étendue sur l'axe des x, 
> 
dh(x) = [dh(x)]) ses éléments, 
U(x, y) son potentiel, 


fap « fig <e 


A == (a, 0) 6D (be Ube seeen, 


Alors la relation suivante est valable: 
b 1 b 
fa (x)-4-h(A)+4h(B)= lim — ( [ize Dds 58) 


On peut encore remarquer, qu'il n'est pas nécessaire que ti et ts ont la 
méme distance a l'axe des x. Toutes les démonstrations subsistent si f; et ts 
ont des distances li et Js & l'axe des x, qui tendent indépendamment vers 
zéro. Nous avons ainsi retrouvé la formule (14) de l'article cité de M. 
Monna. 


§ 6. Remargue sur |’élimination dans (5.8) des potentiels A un cété 
de la double couche. 


En remarquant que 
U(x,—y) = —U(x, y), et en particulier U(x, 1) = —Ul (x, 1) 
nous pouvons écrire (5.8) dans la forme 


[ dhe +E A(A)+4AB =i (aoe nas c. AOn ky 


I>+0 7 


F : 


C’est la formule (6) de l'article cité de M. Monna. 

Elle permet donc de déduire une double couche générant un potentiel 
donné dans un demi-plan, si nous savons d'’avance que ce potentiel est 
généré par une double couche. 


§ 7. Remargue sur le probléme analogue pour un cercle. 


Bien que des considérations analogues a celles de § 5 conduisent a un 
pareil résultat pour le ,,saut’’ du potentiel au cas d'une double couche 
circulaire, ]'élimination des potentiels de l'extérieur rencontre une difficulté. 
En effet, pour cette élimination il faut disposer d'une relation analogue a 
U(x,—y) = —U(x, y) de § 6. 

Au cas deux-dimensionel une relation analogue est valable, grace a la 
propriété suivante: 


Soient: 


I un cercle, O son centre, r son rayon, 
L un dipdle sur la frontiére, orientée dans la direction OQ, 
m son moment, compté comme positif vers lextérieur. 


Alors le potentiel U(L | P) est constant sur la frontiére: 


U(L, P) = —m/2r, avec une seule exception pour P = L. 


Soit donc M le moment total vers l’extérieur de la double couche circu- 
laire H, nous avons en presque tous les points de la frontiére 


U(H | P)=—M/2r. 


Par combinaison de cette relation et la relation entre le ,,saut’’ du potentiel 
et l'intensité de la couche nous pouvons éliminer le potentiel dans l’extérieur, 
et obtenir la formule: 

] leas 
dh(s) + 4h(A)+ 4h(B)= lim | —— | U(H| P)dsp | ——-- | ds, 
eae nm 2 
y/ 


1 Y 


ou y désigne un arc de I’, s la longueur d’arc, A et B les points frontiers 
de y, y’ un arc dans l’intérieur de I’, obtenu par une homothétie de y par 
rapport a O. C’est la formule (13) de l'article de M. Monna. 

Nous remarguons qu'il n'y a pas une telle formule pour le cas trois- 
dimensionel sphérique. 
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Petrology. — On glaucophane-bearing rocks from Corsica. By C. G. 
EGELER. (Communicated by Prof. H. A. BROUWER.) 


(Communicated at the meeting of April 24, 1948.) 


During a sojourn on Corsica in the summer of 1947, some geological 
investigations were carried out by Prof. H. A. BROUWER and the writer in 
the eastern part of the island, with the main object of studying the 
relationship between the granitic rocks occurring there and the meta- 
morphic series of the schistes lustrés nappe!). In many places the granitic 
rocks were found in contact with glaucophane-bearing schists of varying 
composition and at the contacts phenomena of injection and imbibition were 
found to be of widespread occurrence (see also PILGER, Lit. 8). Examples 
of these composite glaucophane-bearing rocks as well as a considerable 
number of more normal glaucophane-schists — partly from localities more 
remote from the intrusions — were collected at various points along the 
road from Bastia to the Col de Teghime, at Cardo and near Punta del 
Cepo, W of the Bay of St. Florent?). Though the writer is well aware 
that this collection is in no way representative of all the various types of 
glaucophane-bearing rocks occurring in the eastern part of the island, 
several interesting features of some of the types investigated and specially 
of the composite varieties, seem to justify a short description. 


Several groups and subgroups were distinguished. 


I. Lawsonite-bearing glaucophane-schists. 


This group, which is only scantily represented in the collection in- 
vestigated, comprises all varieties containing lawsonite as an important 
lime-rich silicate. Subdivision may be made into the garnet-free and the 
garnet-bearing types. 


a. Lawsonite-glaucophane-schists — Only two non-garnetiferous 
varieties were examined, both collected along the road at Cardo. Me- 
gascopically they are markedly schistose rocks of a bluish to greyish blue 
colour. Under the microscope they show a considerable variation with 
respect to the relative amount and kind of minerals present besides the 
mutual constituents glaucophane and lawsonite, the one rock being mainly 
characterized by a high content of muscovite3) and the other by the 
presence of biotite. 


1) For the main results of these investigations refer to Lit. 1. 
?) For the location of the contact zones refer to PILGER (Lit. 8, Table II). 
%) The mica in the various glaucophane-bearing rocks investigated varies from entirely 


colourless to very pale greenish. No distinction is made and the mineral is always 
designated as “muscovite”. 
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In the muscovite-lawsonite-glaucophane-schist the abundance of colour- 
less mica has given rise to a tabular schistosity. The muscovite appears 
to be associated with a considerable amount of green chlorite. Glaucophane 
is developed in elongated prisms of a slender habit, showing the normal 
pleochroism from blue (ny) to violet (ns) and almost colourless (na); the 
optic axial plane lies according to (010). Especially the larger crystals 
occasionally show a zonary structure; in one or two cases the glaucophane 
crystals in their cores are found to pass more or less gradually into 
crossite. The latter mineral is mainly characterized by the transverse 
position of the optic axial plane; the colour is almost the same as that of 
the glaucophane, though somewhat deeper. Lawsonite is fairly abundant 
locally, developed in more of less idioblastic crystals which are tabular 
according to the base. Besides lawsonite the rock also contains a consider- 
ablee amount of epidote and evidently grades into the muscovite-rich 
epidote-glaucophane-schists described below. Some calcite occurs, espe- 
cially concentrated in particular chlorite-rich bands. Albite is a subordinate 
constituent. Titanite is the principal accessory mineral, abundantly 
scattered throughout the rock; apatite is present in fairly large crystals. 

In the other variety, a biotite-rich albite-lawsonite-glaucophane-schist, 
both muscovite and epidote are absent; their place is taken by a yellowish 
brown biotite. Further albite occurs as an important rock-forming consti- 
tuent, developed in untwinned, poiciloblastic crystals. Glaucophane is 
again developed in slender needles, which here show a strictly parallel 
orientation, giving rise to a linear schistosity. Lawsonite is much more 
abundant than in the muscovite-rich variety. The mineral occurs in fairly 
large (several tenths of a millimeter), more or less idioblastic crystals, 
tabular according to the base and generally orientated parallel to the general 
direction of schistosity; an intensive polysynthetic twinning on (110) is 
observed. Epidote appears to be less abundant than in the variety described 
‘above and is distinctly subordinate to lawsonite. Some titanite is found and 
further a small amount of iron ore, considered as magnetite. 


b. Garnet-bearing lawsonite-glaucophane-schists — This group is 
represented by a single specimen collected along the road from Bastia to the 
Col de Teghime, NE of the Serra di Pigno. Glaucophane is again the 
principal constituent, developed in parallel-ranged, pale blue, fibrous 
crystals, showing the normal characteristics. Often the amphibole is asso- 
ciated with green chlorite; together these minerals form a felty aggregate. 
Lawsonite is abundantly developed in more or less idioblastic tabular in- 
dividuals, which may attain sizes up to 0,5 mm. Besides glaucophane and 
lawsonite, garnet is the most conspicuous constituent. The mineral occurs 
in pale reddish crystals of a small size (up to 0.4 mm) showing a tendency 
towards an idioblastic development; minute grains of titanite are often 
enclosed, sometimes together with some ore. In particular bands, which 
may contain a considerable amount of colourless mica, untwinned albite is 
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abundant. Some granular epidote occurs locally, sometimes in close asso- 
ciation with the lawsonite. Titanite is arbitrarily scattered through the 
rock in small, often spindle-shaped grains. Further apatite is found and 
also a minor amount of finely granular iron ore. The rock is intersected by 
veinlets of albite. 


Il. Epidotebearing glaucophane-schists. 
Non-injected types. 


Under this head all the glaucophane-schists are described which contain 
epidote minerals as principal lime-rich silicates and which show no signs 
of injection or imbibition either in the hand-specimen or in the thin section. 
The group is well-represented in the collection investigated. Subdivision 
may be made into types especially rich in chlorite, types especially rich in 
“muscovite and types mainly consisting of glaucophane together with 
epidote and with only minor amounts of the other minerals. 


a. Chlorite-rich epidote-glaucophane-schists — Examples of the chlo- 
rite-rich type were collected at Cardo and along the road from Bastia to 
the Col de Teghime. They are markedly schistose rocks of a bluish green 
colour, which, on account of the high content of sodic felspar, may be 
termed chlorite-albite-epidote-glaucophane-schists. Besides the chlorite, 
they may contain a considerable amount of colourless mica. The alkali- 
amphibole is developed in slender, parallel-ranged prisms, of varying length 
though generally smaller than a millimeter. Epidote occurs in greenish 
yellow crystals of a strongly varying size; swarms of fine glaucophane 
needles are observed to pass undisturbedly through porphyroblastic epidote 
individuals. Chlorite is mainly represented by a green, intensely pleochroic 
variety, showing anomalous brown interference colours and a negative 
elongation. Some calcite may occur, sometimes concentrated in particular 
bands. The main accessory constituent is always titanite or leucoxene, 
while further apatite is found. Ore is represented by magnetite, sometimes 
together with some pyrite and limonite. 


b. Muscovite-rich epidote-glaucophane-schists — This group may be 
subdivided into a type rich in albite and a type in which albite is very 
scarce or absent. 

The felspar-rich type is represented by a muscovite-albite-epidote- 
glaucophane-schist, collected along the road from Bastia to the Col de 
Teghime. It is a highly schistose, fairly coarse-grained rock of a dark 
greenish blue colour, The crystals of glaucophane are sometimes larger 
than 1 millimeter whereas the mica is developed in individuals of several 
millimeters, giving rise to a well-marked tabular schistosity. The poicilo- 
blastic development of the large mica flakes is very striking. The mineral 
shows a faint greenish tinge. Besides the main constituents glaucophane, 
muscovite, albite and epidote, a considerable amount of chlorite occurs; 
evidently this rock is closely related to the chlorite-rich type described 
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above. Titanite is again the main accessory mineral. Further it should be 
mentioned that some parts of the rock are very rich in tourmaline, developed 
in idioblastic crystals evidently of pneumatolitic origin. The mineral is of 
a deep blue colour, sometimes with greyish or brownish rims. According 
to HARKER (Lit. 3, p. 117) this blue colour may indicate a noteworthy 
content of soda. 

Examples of the albite-poor variety of muscovite-epidote-glaucophane- 
schists were collected along the same road as the felspar-rich type des- 
cribed above, though somewhat nearer to the Col. As mentioned already, 
these rocks may be entirely devoid of felspar. The pale blue glaucophane is 
generally developed in more of less thick-set crystals, in several cases with 
relict cores of a brownish green amphibole. The larger individuals often 
contain abundant minuté inclusions of titanite. The epidote-group is 
sometimes represented by low-birefringent members, in finely granular 
aggregates or swarms of small prisms. Larger crystals may show orthitic 
cores. 


c. Epidote-glaucophane-schists — Representatives of the group of 
epidote-glaucophane-schists containing neither chlorite nor muscovite as 
important rockforming constituents, were collected both at Cardo and 
along the road from Bastia to the Col de Teghime. A considerable amount 
of albite may be present and in one case some biotite is found. The alkali- 
-amphibole is again developed in rather thick-set crystals and on the whole 
these rocks seem closely related to the albite-poor muscovite-epidote- 
-glaucophane-schists described above.}Most representatives of these two 
last types appear to be of a rather massive habit, notwithstanding the fact 
that the schistosity may still be clearly distinguishable in the hand-specimen. 
This massive habit is mainly due to the shape and more or less arbitrary 
orientation of the amphibole crystals. 


Types changed by injection or imbibition. 


This group comprises all glaucophane-bearing varieties in which phe- 
nomena of injection or imbibition were observed. The various samples 
were collected at several points along the road from Bastia to the Col de 
Teghime and at the contact at Cardo. 

Generally speaking they form an interesting type of composite rocks of 
varying colour and of a more or less gneissic habit. The variation in colour 
arises from the fact that in some cases the greyish green or bluish green 
schist element predominates and in others the leucocratic igneous element. 
Sometimes a well-developed “‘eyed’’ structure is found, when quartz and 
albite occur in more or less rounded or lenticular concentrations. More often 
the quartzose and felspathic concentrations are flattened out to parallel dis- 
continuous bands, giving the rocks a peculiar ‘streaked’ appearance. The 
latter structure shows transitions to the normal banded structure, caused. 
by lit-par-lit injection. Sketches illustrating the “eyed” and the ‘‘streaked” 
structure were published in Lit. 1, p. 303, fig. 1 and 2. respectively. 
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Under the microscope especially the igneous part of these rocks shows 
features of interest. Broader veins appear to consist mainly of a finely 
granular aggregate of quartz and albite. Sometimes the latter mineral is 
also developed in porphyritic crystals, containing abundant inclusions of 
epidote. Varying amounts of colourless mica and occasionally some biotite 
occur and on the whole the composition of these larger injective veins 
corresponds more or less to that of the intrusive rocks with which they are 
genetically connected. Smaller bands and lenticular concentrations may 
consist almost entirely of a finely granular aggregate of albite, while len- 
ticles wholly consisting of quartz are abundant. Bands consisting of both 
quartz and felspar are sometimes observed to become more and more 
siliciferous, ending in bands of more or less pure quartz (see also Lit. 1, 
p. 304). A considerable part of the quartz present was apparently still 
mobile after crystallization of the sodic component of the invading material; 
when strained of, under the influence of continuing orogenic stress, this 
highly siliciferous solution gave rise to the formation of the characteristic- 
ally elongated quartz concentrations, which may consist almost entirely of 
a single, flattened crystal, showing an intensely undulose extinction. 

The origionally invaded rocks are always epidote-bearing glaucophane- 
~schists, mostly of the micaceous type. As these have been extensively 
dealt with above, no separate descriptions need be given. It is sufficient to 
mention that there may be a considerable variation with respect to the 
relative proportions of the various minerals present and that glaucophane 
is sometimes only a subordinate constituent. 

Though the injection of these rocks has in many cases been very 
intensive, causing a close alternation of the schist and the igneous layers, 
in general no closer intermixture of these two elements has taken place. 
In fact, even when the glaucophane-schist bands are narrow, they have 
often remained completely intact, showing no difference whatever to the 
non-injected varieties occurring nearby. In other cases, however, and 
especially in the varieties showing eyed structures, the impregnation 
appears to have been of a more intimate kind. Here imbibition of the soda- 
-rich solutions has given rise to concentration of albite and quartz also 
within the glaucophane-schist element. 

Bands rich in epidote minerals, frequently occurring in the igneous parts, 
are considered as schist intercalations which have been almost absorbed; 
some recrystallization appears to have taken place. At the junction of the 
invaded rock and the invading element chlorite may be concentrated in a 
considerable quantity. 


Il. Glaucophane-bearing mica-schists and 
quartziteschists. 


Examples of this group are scarce in the collection investigated. Two 
much divergent types may be distinguished, viz. the glaucophane-bearing 
mica~-schists and the glaucophane-bearing calc-muscovite-quartzite-schists. 
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a. Glaucophane-bearing mica-schists — A rock of this type was col- 
lected directly West of Punta del Cepo, to the West of the Bay of St. 
Florent. Is is a considerably schistose greyish green variety, which on 
microscopical examination appears to consist mainly of fine-scaled mus- 
covite, together with some chloritic material showing transitions to a deep 
green mica. Finely granular quartzitic lenses occur and it is especially in 
these that the alkali-amphibole is found. The latter mineral is developed 
in elongated prisms, generally of some tenths of a millimeter, which may 
show a distinct zonarity, especially in the larger individuals. It appears 
that in general the rims consist of glaucophane while the cores may be 
formed by crossite. It should be noted, however, that the zonarity may be 
irregular and that patches of crossite may also-occur more or less arbitrarily 
in the glaucophane crystals. The glaucophane shows the usual character- 
istics with a pleochroism from blue (n;), to violet (ng) and yellowish (na), 
while the colour of the crossite is somewhat more intense with a pleochroism 
from violet (ny) to deep blue (ng) and yellowish (na). The crossite is 
mainly characterized by the position of the optic axial plane transverse to 
the longitudinal direction. A small amount of albitic felspar occurs, while 
titanite, leucoxene, apatite, zircon and limonitic iron ore are the accessory 
constituents. 


b. Glaucophane-bearing calc-muscovite-quartzite-schists — This type 
is represented by a single specimen collected along the road SE of Cardo. 
Calcite, colourless mica and quartz are the main constituents; glaucophane, 
in pale blue prisms of a slender habit, is found in a subordinate amount 
in some parts of the rock. 


CONSIDERATIONS ON THE METAMORPHISM 


With the treatment of the main petrographical features of the various 
glaucophane-bearing rocks occurring in the collection investigated, the 
subject of their origin and grade of metamorphism remains for discussion. 

The fact that basic rocks not specially rich in soda may give rise to 
glaucophane-bearing rocks of much the same type as those originating out 
of alkaline varieties (see e.g. HARKER, Lit. 3, and JOPLIN, Lit. 4) is again 
demonstrated in eastern Corsica, where diabasic and gabbroid rocks are 
abundantly represented among the ophiolites of the schistes lustrés nappe. 
PiLGeER (Lit. 8), in a short review of the basic eruptive rocks and their 
metamorphism, mentions diabase-porphyrites, mostly coarsely granular 
diabases showing all transitions to gabbros, tuffaceous rocks, peridotites 
and serpentines. He states that an increase in the degree of alteration of 
the diabasic and gabbroid varieties may be observed, when passing towards 
the base of the nappe; normal augite-diabases were changed to glauco- 
phane-diabases and these to true glaucophane-schists in which all traces 
of the diabasic origin have disappeared; gabbros were changed to schists 
rich in chlorite, actinolite, albite and epidote. 

36 
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Among the rocks dealt with in the present paper the lower grade types 
mentioned by PiLGER do not occur. Almost all the varieties investigated 
appear to be entirely recrystallized. Structural relics, indicating an igneous 
origin, may, however, still be preserved. This is specially the case in the 
more massive types, which apparently have originated out of diabasic or 
gabbroid rocks. In other cases the alteration is so advanced that con- 
siderations on the origin become more speculative, especially as chemical 
analyses are wanting. The mineral assemblage of most of these higher 
grade types seems to indicate, however, that they too are the metamorphic 
representatives of basic igneous rocks, though the possibility should be 
taken into consideration of some varieties, relatively poor in lime-minerals, 
being formed out of alkaline rocks *). 

The glaucophane-bearing mica-schists and quartzite-schists are widely 
divergent types of sedimentary origin. It is difficult to account for the 
presence of alkali-amphiboles in the quartz-rich schists otherwise than 
through metasomatic enrichment in soda (HARKER, Lit. 3, p. 132). 


With regard to the grade of the metamorphism the following may be 
said. It has often been observed that in lawsonite-rich glaucophanitic 
rocks epidote minerals are scarce or absent, whereas an abundance of 
epidote generally seems to exclude the occurrence of lawsonite. HARKER 
(Lit. 3, p. 294) suggested that the development of lawsonite might mean 
a first step to the formation of the epidote minerals, the presence of epidote 
thus implying a somewhat higher grade of metamorphism5). ESKOLA 
(Lit. 2) distinguished a glaucophane-schist facies and pointed out the 
possible existence of several subfacies. DE ROEVER (Lit. 10, p. 161) found 
reasons to distinguish a lawsonite-glaucophanite subfacies, characterized 
by the stability of lawsonite and the instability of epidote and garnet, from 
at least one subfacies in which lawsonite is not stable. 

The occurrence of lawsonite as an important constituent of some of the 
glaucophane-bearing rocks from Corsica is well known (see e.g. LACROIX, 
Lit. 5, NENTIEN, Lit. 7 and PILGER, Lit. 8). According to PILGER lawsonite 
is especially abundant in those varieties which show an advanced degree 
of alteration and are often considerably schistose, whereas epidote appears 
to be restricted mainly to the lower grade types, which are often cha- 
racterized by the occurrence of relict minerals and in which relict diabasic 
structures still predominate. This is evidently not in concord with the 
theory that epidote represents a higher grade of metamorphism than 
lawsonite. Moreover, it is not confirmed by the results of our investigations. 
Most of the glaucophane-bearing schists of our collection contain epidote 
as an apparently stable constituent, notwithstanding the fact that they are 
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) More or less unchanged spilitic rocks are also represented in eastern Corsica. 
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®) See also QUITZOW (Lit. 9), JOPLIN (Lit. 4), LACROIx (Lit. 6) and DE ROEVER 
(Lit. 10). 
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generally entirely recrystallized and often highly schistose*). The mineral 
assemblage found in these rocks seems to indicate that they were meta- 
morphosed in a subfacies of the glaucophane-schists facies, having alkali- 
amphibole-epidote as a critical association and i.a. albite, muscovite and 
chlorite as type-minerals, while lawsonite is unstable”). 

In the few cases that lawsonite is present in the glaucophane-bearing 
rocks of our collection the mineral is always associated with epidote. 
One of the lawsonite-rich schists also contains a considerable amount of 
garnet. JOPLIN (Lit. 4, p. 536), referring to the association of lawsonite 
and garnet in a rock from California, suggests an unstable equilibrium; it 
seems likely that the same holds good in the present instance. 

The abundant: occurrence of lawsonite in glaucophane-bearing rocks 
from eastern Corsica, as described by other investigators, may point to 
the fact that here the glaucophane-schist facies is represented by more than 
one subfacies 8). 


When considering the problem of the glaucophanitic metamorphism, as 
developed in the investigated part of eastern Corsica, the question arises 
how far the formation of the alkali-amphiboles should be attributed to 
the contact action of the alpine granites. The occurrence of glaucophane 
and occasionally also of crossite in quartz-rich sedimentary schists which 
have been intruded by albite-granites, seems indeed to point to a certain 
amount of metasomatic exchange, resulting in an enrichment in soda 9). 
The distribution of the glaucophane-bearing rocks, with regard to that of 
the granites 19), shows, on the other hand, that alkali-amphiboles are also 
abundantly formed in rocks showing no apparent association with the 
granitic intrusions, so that no metasomatic processes due to contact action 
seem possible. The occurrence, in the contact zones, of rocks relatively 
poor in soda but rich in lime-minerals such as lawsonite or pumpellyite 
(see Lit. 1, p. 303), seems to indicate that metasomatic addition of soda 
has been only a local phenomenon. 


6) There is a strong resemblance, for instance, to varieties from the Val de Bagnes 
in Wallis, which also contain epidote minerals as characteristic lime-rich silicates, while 
lawsonite is absent (Lit. 11 and 12). 

7) The glaucophanite subfacies with lawsonite unstable, distinguished by DE ROEVER 
(Lit. 10, p. 161), has the critical associations alkaliamphibole-epidote and alkaliamphibole- 
garnet and i.a. the typical minerals quartz, muscovite and chlorite. Though garnet was 
not found in the epidote-rich glaucophane-schists of our collection, it seems likely that 
the same subfacies is dealt with here. 

8) Lawsonite was also found in considerable quantities in non-glaucophane-bearing 
rocks collected at the contact E of Barbaggio (Lit. 1, p. 303). 

9) PILGER (Lit. 8, p.6) mentions the occurrence of subordinate amounts of glaucophane 
in phyllitic rocks and calc-schists, especially in the neighbourhood of glaucophane-diabases, 
where a certain amount of exchange of material may have taken place during the 
metamorphism. The examples of glaucophane-bearing sedimentary schists occurring in 
our collection, however, show no association with glaucophanitic rocks of igneous origin. 


10) Refer to PILGER (Lit. 8, Table II). 
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Geology. — Sur la position géologique des laves soi-disant permo-triasi- 
ques ou infra-liasiques du Domaine Atlasique et leurs rapports avec 
la métallogénie marocaine. By J. WESTERVELD. (Communicated 
by Prof. J. H. F. UMBGROVE.) 


(Communicated at the meeting of April 24, 1948.) 


Introduction. 


Pendant la fin du mois de septembre 1947 et les premiers jours d’octobre 
subséquents l'auteur de cet article se trouva dans l'occasion de visiter les 
environs des mines de manganése de Narguechoum et de Tanourat dans 
les confins septentrionaux de la région des Hauts Plateaux de l'Est 
marocain et de faire ensuite la traversée du Haut-Atlas suivant la grande 
route de Marrakech a |’'Oued Imini en passant par le col du Tichka. Ces 
deux excursions, qui le mirent aussi en contact avec plusieurs des gites 
métalliféres du Sud marocain, fournirent l’heureuse opportunité d’étudier 
en deux endroits, bien éloignés l’un de l'autre, le probléme de la mise en 
place des immenses masses de laves doléritiques développées prés de la 
base de la série mésozoique dans presque tout le Domaine Atlasique. II 
est bien connu gue ces roches volcaniques sont considérées 4 peu prés 
unanimement, entre autres par P. Russo (1927, 1928), J. SAVORNIN (1930), 
L. Moret (1931), J. DREScH (1935), H. TERMIER (1936), E. NELTNER 
(1938), E. Rocu (1930, 1939), G. DuBAR (1939) et G. CHOUBERT (1946), 
comme des épanchements contemporains par rapport aux sédiments 
adjacents, qui le plus souvant appartiennent au Permo-Trias ou Infra-Lias. 
Pour des occurrences locales, notamment celles de la bordure méridionale 
du couloir Taza-Oujda aux environs des mines de manganése de Nargue- 
choum et de Tanourat, un Age paléozoique ou ,,ancien” fut méme proposé 
(P. Russo et Mme. L. Russo, 1930; P. Russo, 1938; Carte Géologique 
du Maroc au 1: 1.500.000e, 1936). Ce ne fut que bien rarement que des 
doutes furent prononcées concernant l’exactitude de cette opinion géné- 
ralement répandue; seulement J. BOURCART, parait-il, suggéra que les laves 
intercalées en majeure partie a la base de I'Infra-Lias, mais trouvées aussi 
parfois dans des niveaux plus élevés, pourraient bien étre toutes du méme 
age et représenter des remplissements de vides créés par des mouvements 
orogéniques (1934). 

Les observations faites dans les alentours des établissements miniers du 
Djebel Narguechoum et de Tanourat donnerent la conviction que les roches 
ignées développées a la base de la série dolomitique du Jurassique moyen 
de la région, et formant le mur des gites de manganése trouvés dans des 
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couches rouges de passage, constituent le front d'une masse fortement 
étendue de dolérites intrusives intercalées entre ces dolomies et des marno- 
calcaires du Toarcien parfois gréseux. La mise en place des minerais de 
manganése fut reconnue comme étant de nature nettement métasomatique 
et manifestant une relation intime avec la venue doléritique post-jurassique. 

L’impression générale recue des dolérites (ou basaltes) ,,triasiques’’ ou 
,infra-liasiques” exposées sur les deux versants du Grand Atlas de Mar- 
rakech et des examinations sur place des contacts supérieurs aussi bien 
qu’inférieurs de ces masses consolidées sur la rive gauche de ]'Oued Imini 
vinrent a donner des résultats semblables 4 ceux obtenus dans le Nord-est 
marocain, et, par conséquence, firent naitre chez l’auteur la conception que 
les laves ,,eo-mésozoiques” du Domaine Atlasique, qu'on veut regarder, 
jusqu’a présent, comme des coulées sorties 4 ciel ouvert pendant des 
mouvements orogéniques post-hercyniens comparables aux perturbations 
de la crofite terrestre qui suivirent l’orogénie algonkienne et donnérent 
naissance aux effusions éo-cambriennes du Domaine de 1'Anti-Atlas, 
représentent, dans tout leur ensemble, un vaste sill intrusif 4 une distance 
restreinte au-dessus du socle hercynien dans la région du Haut-Atlas aussi 
bien que dans celle du Moyen Atlas. . 

Le mode de voir suggéré dans cet essai est largement corroboré, a ce 
gu il parait, par les observations fixées par divers auteurs dans la litérature 
géologique marocaine, que l’auteur de ces paragraphes a fouillé vainement 
a la recherche de données prouvant le contraire. 

Il y a donc lieu de considérer les roches basiques, intercalées dans la 
série gréseuse et argileuse salinifére permo-triasique ou infra-liasique du 
Domaine Atlasique, comme des épanchements de profondeur post-jurassi- 
ques, et méme post-crétacés en vue de développements locaux de ces laves 
a la base de la série transgressive du Crétacée sur le versant méridional du 
Grand Atlas. Leur mise en place parait donc rattachée a des mouvements 
initiaux de l’orogénie alpine, qui commencérent 4 affecter le socle hercynien 
du Domaine Atlasique lors des périodes mésozoiques. Le volcanisme quater- 
naire du Maroc central, de la basse Moulouya, des Hauts Plateaux et du 
Siroua acquiert, de ce point de vue, la signification d'une phase postérieure 
et affaiblie d’activités magmatiques se montrant sous un aspect beaucoup 
plus formidable vers la fin du Crétacée ou pendant le Paléogéne sur pres- 
que toute l’étendue des deux Atlas calcaires. 

Les relations intimes constatées partout entre les dépdts de manganése 
métasomatiques du Maroc oriental et du Sud marocain (Narguechoum, 
Tanourat, Bou-Arfa, Imini) et d'autres gisements métalliféres d’une part, 
et les couches doléritiques d’autre part, révélent l'importance de celles-ci 
comme roches méres d'une groupe compréhensive de gites métalliféres du 
Maroc, dont les substances métalliques, telles que le manganése, le fer, le 
cuivre, le zinc, le plomb et le barium, furent évidemment exsudées en 
direction verticale autant que latérale du magma encore partiellement 
liquide avant d’atteindre les gites actuels dans les séries mésozoiques. 
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Phénoménes géologiques aux environs des mines du Djebel Narguechoum 
et de Tanourat dans le Nord-est marocain. 


Dans les références faites aux gites de manganése de la bordure septen- 
trionale des Hauts Plateaux par L. NELTNER (1934, p. 114) ces dépéts 
sont considérés comme des concentrations secondaires dans des argiles 
triasiques provenant de l'altération continentale de diabases et de diorites 
datées permo-triasiques, ou méme anciennes, que l'on rencontre a la base 
des effleurements minéralisés. Les argiles rouge-brique parfois gréseuses 
et d'une épaisseur variable de quelques métres, dans lesquelles se trouve le 
minerai en forme de lentilles, concrétions et veinules, sont couronnées par 
les dolomies en bancs massifs du Jurassique moyen constituant, entre 
autres, le Djebel Narguechoum. 

Les phénoménes observés par l’auteur prés des établissements des mines 
du Djebel Narguechoum et de Tanourat, situés respectivement au sud de 
Taourirt et au sud d’E] Aioun, mirent au jour, en premier lieu, que les 
oxydes de manganése de ces deux gites sont épigénétiques par rapport aux 
,couches rouges’ enveloppantes. En second lieu, les assises rouge-brique 
plus ou moins endurcies, que l’on rencontre au-dessous des dolomies sur le 
flanc nord de l’éperon impressionant du Djebel Narguechoum, ont l’aspect 
de roches marneuses ou argileuses, par endroits légérement gréseux, dont 
la couleur foncée fut plut6t causée par du métamorphisme de contact 
excercé par une roche éruptive basique, relativement pauvre en agents 
minéralisateurs, que par une altération continentale d'une masse doléritique 
ou dioritique. En troisiéme lieu, les ,,couches rouges” au-dessous du Djebel 
Narguechoum ne se comportent que comme une formation d’extension 
locale entre les dolomies de cette montagne et de ses contreforts septen- 
trionaux d’une part, et le bombement de roches éruptives basiques sousja- 
centes d’autre part. Cette derniére relation se vérifie, en descendant la 
route qui méne du camp minier 4 Taourirt, quand on apercgoit ces argiles 
rougeatres remplacées, en direction de la plaine de Taourirt, par des marno- 
calcaires liasiques de couleur grise fortement coupés par des systémes de 
diaclases partiellement envahis par des masses de calcite. Cette formation 
liasique, qui continue a étre couronnée par des capuchons de dolomies du 
Jurassique moyen, disposés en gradins délimités par des failles de la 
bordure méridionale du couloir de Taza-Oujda, vers la plaine, est déja 
bien exposée dans le vallon au-dessous de |’établissement de Narguechoum, 
autour duquel serpente la route. En cet endroit les marno-calcaires se 
montrent riches en ammonites du Toarcien (Hildoceras bifrons BRUuG., 
Hammatoceras sp., et autres espéces) et on peut y observer également le 
front septentrional de la roche basique, aussi bien qu'une portion minime 
du mur de cette masse éruptive, qui vient s’étouffer parmi les sédiments 
calcaires du Lias. Au pourtour de la roche doléritique ces derniers se 
montrent intensivement froissés et laminés et doués d’une couleur rouge- 
brique en conséquence d'un léger métamorphisme de contact. 


568 


Ainsi, les phénoménes établis prés du Djebel Narguechoum montrent 
clairement que la roche basique, exposée au-dessous des argiles rouges 
liées au dépdts de manganése, représente le front intrusif d'un grand sill, 
gui doit étre consideré comme le provocateur des altérations observables 
dans les marno-calcaires toarciens, et en méme temps comme la roche 
mére des gites de manganése sus-jacents. L’intrusion du magma basique 
accompagna, sans doute, une poussée orogénique, qui fut la cause d'une 
brecciation assez prononcée des masses inférieures des dolomies méso- 
jurassiques et du développement des systémes de diaclases dans les marno- 
calcaires toarciens prés de la plaine de Taourirt, tandis que la crotite 
initiale supérieure de la dolérite fut localement convertie en bréche éruptive 
de friction. L’Age post-jurassique de la roche considérée ici est souligné, 
d’ailleurs, par l’existence dans la série jurassique de dykes de roches vol- 
caniques basiques. Un de ces filons de lave fut noté a l’ouest de la route 
Taourirt-Narguechoum au pied d’un contrefort avancé jusqu’a la bordure 
de la plaine. C’est un basalte 4 gros cristaux de hornblende formant un 
dyke mince a peu prés vertical. 

Le mode de formation epigénétique et par métasomatose des minerais 
de manganése du Djebel Narguechoum est rendu clair, par surcroit, par 
les altérations hydrothermales 4 laquelle la roche éruptive elle-méme fut 
soumise en connection immédiate avec la minéralisation en manganése des 
couches rouges’; phénoméne qui se manifeste en des silicifications et 
pyritisations de la lave, qui est en outre localement mouchetée d’oligiste et 
traversée par des filons de barytine et de galéne. 

Autour de l’établissement de la mine de Tanourat on apercoit, de méme 
qu’a Narguechoum, un développement de roches doléritiques 4 la base des 
dolomies méso-jurassiques formant le toit des argiles rouges. Ici, la partie 
supérieure de l’éruptif se montre généralement en forme d'une bréche vol- 
canique de friction partiellement envahie par les lentilles de minerai de 
manganése. En ce dernier point, la position des dépéts dece minerai différe 
légérement de celle prévalante 4 Narguechoum, oi les gites de manganése 
sont presqu’exclusivement restreints aux assises rouges altérées par l'in- 
trusion. La roche éruptive de Tanourat est également fortement minéralisée 
par endroits; non loin de la route conduisant a la mine, par exemple, et a 
peu de distance a gauche de celle-ci avant d’arriver au principal établisse- 
ment, la lave est traversée par un gros filon d’oligiste moucheté de 
minéraux oxydés de cuivre; type de filon qui s'est développé en plus d'une 
place dans la région. 

Le métamorphisme comme cause de la couleur rouge des argiles ou 
marnes, accompagnant les dépdéts de manganése de Tanourat, saute claire- 
ment aux yeux dans un échantillon, en possession de l’auteur, dans lequel 
une tache de marno-calcaire gris ayant échappé au métamorphisme est 
entourée d'une auréole de ce méme sédiment tournée rouge-brique. 

La minéralisation en pyrite, oligiste et cuivre des roches basiques 
exposées auprés des deux centres miniers cités ci-dessus fait reconnaitre, 
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en connection avec la mise en place des gites de manganése prés des con- 
fins supérieurs de ces roches intrusives, une certaine répartition en zones 
successives des effets hydrothermaux exercés par le magma, doléritique: 
minéraux formés a plus haute température développés au sein du sill 
basique lui-méme, et gites de manganése formés a une température moins 
élevée par métasomatose dans les marno-calcaires toarciens altérés, ou 
encore dans les bréches éruptives de contact, 4 un niveau plus élevé. 


Les dolérites de l’ Oued Imini. 


Lorsqu’on traverse le Haut-Atlas le long de la route de Marrakech 4 
Ouarzazate par le col du Tichka et l'Oued Imini on est instantanément 
frappé par l’aspect massif des laves intercalées dans la série mésozoique 
a un niveau de transition entre le Stéphano-Trias, selon la dénomination 
de E. Rocu (1939), et le Lias sur les deux versants de la chaine. Tantét 
ces laves montrent une structure en colonnes dans les parties fraiches, 
tant6t en boules dans les masses altérées par auto-métamorphisme. Les 
bréches, les agglomérats volcaniques et les tuffs semblent faire défaut, 
et ce n'est qu’assez rare que les divers auteurs fassent allusion a ces roches 
volcaniques clastiques; dans les cas oi mention est faite de bréches, on 
obtient l’impression que celles-ci se trouvent par préférence aux confins 
des roches volcaniques massives, ce qui suggére des bréches éruptives de 
friction, telles qu’elles furent observées le long de la bordure septentrionale 
des Hauts Plateaux. Les falaises de dolérite se poursuivent presque sans 
interruption sur le flanc nord autant que sur le flanc sud du Grand Atlas 
le long de la route principale. Tantét le banc de laves se bifurque en un 
nombre de ,,coulées’’ qui se rejoignent aprés quelque distance, tantét il se 
gonfle jusqu’a des épaisseurs de 200 a 300 métres. Selon les nombreuses 
notes publiées par E. Rocu, la couche doléritique principale du Haut- 
Atlas se tient assez fidélement a la base de 1’Infra-Lias, mais en certaines 
régions, notamment dans le synclinal des Ait Attab, on rencontre une 
assise volcanique entre le Dogger et le Crétacée (E. Rocu, 1939, pp. 250, 
251, 262—264), tandis que sur le versant méridional de la chaine les 
dolérites se trouvent en lits concordants jusque dans les couches inférieures 
du Crétacée dans le Pays de Skoura (l.c., pp. 277, 280, 291, 293), ou bien 
elles sont localement intercalées entre le Permo-Trias gréseux et le Crétacée 
inférieur transgressif au nord-ouest des gites de manganése de l'Imini, 
d'aprés la carte de L. Moret (1932). 

L’opportunité s’offrit 4 l'auteur d’inspecter les relations de contact entre 
l'assise doléritique et les grés adjacents du Trias ou Infra-Lias sur la rive 
gauche de l’'Oued Imini a quelques centaines de métres au nord du village 
Agouim (a 17 kilométres environ de l’établissement Ste. Barbe des mines 
d'Imini), ot la roche volcanique sg présente en bande presque horizontale 
d'une épaisseur de 18 métres a peu de hauteur au-dessus du lit de l’oued. 
La lave constitue en cet endroit une couche homogéne du mur jusqu’au toit 
sans accompagnement de roches clastiques, et sans développements de 
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plans de séparation horizontaux. Les scories manquent absolument au toit 
et c'est seulement prés des deux plans de bordure que la lave devient 
légérement vésiculeuse. Les grés du mur offrent exactement le méme aspect 
que ceux du toit de la roche ignée; dans les deux cas l’altération par méta- 
morphisme de contact ne procéde que sur une distance de quelques centi- 
métres, se manifestant en forme d'un certain endurcissement et d'un 
changement de couleur de blanc rose en rouge-brique. Le mur de la lave 
forme en général un plan horizontal assez net, sauf des irrégularités causées 
par des enfoncements peu profonds de la dolérite dans les grés sousjacents. 
Au toit, gui est plus couvert par des éboulis, on apercoit de petites pro- 
tubérances de la lave coupant les sédiments, dont des parties isolées sont 
aussi parfois englobées par la roche volcanique, qui exerca les mémes 
effets de métamorphisme en haut qu’en bas. Sous microscope, la lave se 
montre assez fraiche dans la partie moyenne de la bande, ou la roche 
ophitique se compose principalement de plagioclase basique, d’augite et 
de grains de minéraux opaques (ilménite, etc.), y ajoutés quelques restes 
de cristaux d’olivine complétement altérés. Prés du contact supérieur 
autant qu inférieur la dolérite conserve encore la texture ophitique, mais 
les augites sont complétement altérés en oxydes de fer et d'autres minéraux 
secondaires, tandis que les plagioclases se montrent en partie albitisés et 
transformés en mica vert pale. On apercoit par ailleurs un développement 
de vésicules remplies de calcite, ou parfois de calcédoine et de chlorite, tout 
prés des bordures de la roche volcanique, qui touche au grés triasique avec 
une ligne de démarcation trés nette. Les deux lisiéres de contact sont forte- 
ment imprégnées de calcite et d’oxyde de fer, dans la lave autant que dans 
les grés adjacents, tandis qu’au contact supérieur on voit aussi des groupes 
de paillettes d’hématite dans la roche sédimentaire. 

L’ensemble des phénoménes observés auprés d’ Agouim ne laisse donc 
aucune doute que les laves de Oued Imini représentent des effleurements 
d'un sill gigantesque et, au sens plus large, on peut inférer que cette méme 
explication de faits s applique a toutes les laves soi-disant permo-triasi- 
ques, triasiques ou infra-liasiques du Haut-Atlas autant que du Moyen 
Atlas en vue du niveau remarquablement constant, exception faite des 
,coulées” plus restreintes dans le Dogger et le Crétacée, de la dolérite et 
du manque presque absolu, parait-il, d agglomérats et de tuj/s, que lon a 
le droit d’expecter comme accompagnements de coulées épanchées a ciel 
ouvert et assujetties a l’érosion. De multiples notes traitant des phénoménes 
de contact autour des roches volcaniques dans le Haut-Atlas viennent a 
corroborer cette thése. D’intéressants traits s’exhibent, par exemple, dans 
les formations jointes aux boutonniéres de lave exposées en échelon le 
long de l'Accident nord-atlasien, Suivant les observations de E. Rocu 
(1939, pp. 175—179), les basaltes formant les noyaux de ces diapirs ren- 
ferment parfois des bancs de bréches calcaires, 4 éléments assez anguleux 
de roches microlithiques, des bréches dolomitiques a gros éléments 
siliceux, doléritiques et d’agates. Sous microscope, ces bréches se montrent 
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‘parfois infiltrées, d’aprés le méme auteur, par de la substance doléritique. 
De plus, les argiles infra-liasiques associées 4 ces basaltes se montrent 
parfois transformées par celles-ci et liées a des roches finement siliceuses 
a épidote, tandis que les calcaires jurassiques, a leur tour, sont aussi pat 
endroits imprégnés de quartz secondaire, d’épidote et de calcite. A Talmest 
des grés rouges développés autour du basalte sont rapportés mouchetés 
d'oligiste, tandis qu’au diapir d’Aguern Tissent on nota des roches siliceuses 
légérement métamorphiques au sein et au-dessus du basalte, qui se montre, 
d'ailleurs, par place coiffé de calcaires gréseux imprégnés de sels de cuivre. 
Plus a l’est, vers les confins algéro-marocains, des boutonniéres dolériti- 
ques de la région au sud-est de Bou-Arfa sont parfois parcourus, tout 
comme dans le Nord-est marocain, par des filons d’hématite, tandis que les 
sédiments triasiques adjacents contiennent des minerais de manganése, de 
fer, de cuivre et de plomb, d’aprés la description de P. Russo (1927, pp. 
41-—53). Toutes ces observations s’accordent mieux, suivant la maniére 
de voir de l’auteur, avec la conception de la nature intrusive des basaltes 
(ou dolérites), qu’avec l'image de laves infra-liasiques montées sous forme 
de diapirs le long d’une grande faille. On aura de la peine, d/ailleurs, a 
réconcilier la rigidité du basalte déja consolidé avec la plasticité inhérente 
aux roches propres a transférer la force motrice du phénoméne du diapi- 
risme. L’age relativement jeune des boutonniéres de roches éruptives du 
Haut-Atlas fut bien remarqué, du reste, en d'autres cas signalés dans ces 
montagnes; P. Russo et Mme. L. Russo, par exemple, reconnurent des 
phénoménes d’altération dans des calcaires sinémuriens autour des granites 
et syénites de Tafilali dans le Haut-Atlas oriental (1928, p. 252), pendant 
gue G. DuBAR (1939) indique un grand nombre de dykes intrusifs de 
basalte, dolérite, gabbro et anorthosite, parfois entourés de zones de méta- 
morphisme de contact, parmi les séries jurassiques du Haut-Atlas de 
Midelt, qui héberge, d’ailleurs, le massif syénitique post-jurassique du 
Djebel Bou-Agrao. 

Les altérations et minéralisations qui se manifestent autour des roches 
éruptives post-hercyniennes du Grand Atlas suggérent assez clairement 
qu il s’agit d'un nombre de filons et petites masses intrusives de composi- 
tion doléritique, ou méme granitique et syénitique, traversant les séries 
jurassiques de cette chaine; en profondeur on peut s’‘imaginer des com- 
munications en forme de cheminées de ces dykes et diapirs avec le grand 
réservoir magmatique qui, d’aprés la conception soutenue dans ces lignes, 
se consolida en forme d'un immense sill, ou d’un nombre de ces corps 
intrusifs, prés de la base des dépéts mésozoiques. 

Du point de vue avancé dans ces pages, on peut déduire de nouvelles 
possibilités concernant la question de l’origine des grands gites de man- 
ganése du Grand Atlas en rapport avec la nature intrusive inhérente aux 
masses doléritiques soi-disant permo-triasiques ou infra-liasiques. L’exemple 
de Bou-Arfa a déja été cité en discutant les transpercements de roches 
ophitiques intrusives du Haut-Atlas oriental et les minéralisations effec- 
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tuées par celles-ci dans le Mésozoique inférieur; les circonstances 4 Imini, 
pourtant, ne paraissent pas offrir des aspects différents en vue de l’empla- 
cement de ce grand gite prés des confins méridionaux des laves de |'Oued 
Imini, qui s'intercalent et se terminent brutalement entre les grés permo- 
triasiques et la base du Crétacé a une distance assez modeste des dépéts de 
manganése. La nature distinctement épigénétique des gites d'Imini, leur mise 
en place a un niveau presque conforme 4a celui de la lisiére méridionale des 
roches basiques post-crétacées, et leur teneur assez elevée en plomb, rendent 
une origine sédimentaire, ainsi que la provenance secondaire du manganése 
de roches volcaniques basiques ou rhyolitiques, selon l’'hypothése soutenue 
encore tout récemment par P. DESPUJOLS et H. TERMIER (1946, pp. 12, 13), 
peu probable. I] y a plutét lieu d’introduire la conception plus simple, et 
d’aprés l’auteur aussi beaucoup plus rationelle, d'une relation intime entre 
ces gites de manganése du Haut-Atlas et le grand sill de lave basique de 
cette chaine, roche mére qui par l’exhalation d’agents minéralisateurs fut 
sans doute capable, en état encore fluide, de créer des gites tels que ceux 
du plomb et du manganése. L’abondance relative de gisements de manga- 
nése dans le Domaine Atlasique s’explique probablement en tenant compte 
de la teneur légérement plus élevée en l’oxyde de ce métal dans les roches 
basiques comparativement aux roches acides (0,13—0,17 % contre 0,12 %). 


Conclusions. 


Des observations faites dans le Nord-est et le Sud marocain, aux envi- 
rons des mines de manganése de la bordure septentrionale des Hauts 
Plateaux et le long de l’Oued Imini, suggérent le caractére intrusif et la 
mise en place en forme de sill des vastes couches de laves soi-disant 
permo-triasiques ou infra-liasiques des deux Atlas mésozoiques. Celles-ci 
furent évidemment introduites au-dessus du socle hercynien et a la base de 
la série mésozoique par suite de mouvements alpins, qui disloquérent le 
fondement paléozoique et firent monter le substratum basaltique le long 
des grandes failles atlasiennes. La teneur en agents minéralisateurs de ce 
magma basique s’exsuda au cours de la consolidation des masses fluides 
et fit naitre les gisements métalliféres, tels que ceux du manganése, du fer 
oligiste, du cuivre et du plomb, au sein méme et aux pourtours des dolérites 
du Domaine Atlasique. 
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Anthropology. — Cheirometric relations between relatives of the first 
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I. Introduction and Problem. 


Until today anthropological research of the normal hand has not been 
done very often. Surely when one surveys for instance the numerous 
investigations of the skull, the publications on the hand can be neglected. 
It is difficult to trace which factors have arrested the progress of cheiro- 
metric research, perhaps the little scientific sphere spun round the in- 
vestigation of the hand by the chiromancy plays a part. 

Already in 1766 although, measurements of the hand were done by the 
Parisian anthropologist BUFFON (see WECHSLER), however in the fol- 
lowing decennaries the subject was left in peace. As one of the first the 
French officer CASIMIR STANISLAS D’ARPENTIGNY (1791—1866) investigat- 
ed the different shapes of the hand, whereby he assumed to distinguish 
7 forms. 

Only through the work of Carus (1789—1869), among others, the 
interest in the hand as an object of anthropo-biological research was again 
awakened. This versatile man (Phycician to the king of Saxony, also 
known as a comparative animal-psychologist, as a painter and as a writer) 
continued D’ARPENTIGNY’s work. He distinguished four basic forms of the 
hand. At the same time the attention was engaged for the extremities and 
especially for the upper extremity in connection with the anthropogeny 
which had come to the front suddenly through the descension theory. 

Investigation into the phylogeny of the hand also forced closer investi- 
gation of the normal hand. 

Different investigation-technics were suggested (VIRCHOW, TOPINARD) 
which ultimately led to a rather generally accepted measuring-technic. 

Among others, EckEr’s problem concerning the prominence of the 
second finger with regard to the fourth finger led to race-investigation, 
followed by sex-investigation until our days (RUGGLES, 1930). 

Heredity research has practically not been done unless concerning 
certain formvariations: polydactylism, syndactylism, arachno- and bra- 
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chydactylia were repeatedly brought into connection with heredity- 
investigations. Even MENDEL’s law was first proved in man for the 
brachydactylia (FARABEE, 1905). 

A modest heredity research of WECHSLER (1939) concerned a material 
of 28 families which results served more to test the technic that she 
followed, rather than to give a better understanding into genetic problems. 

Far we stand even now from this better understanding. 

Man's heredity problems from its very nature are difficult to solve, 
among others on account of the wellknown arresting factors as family- 
size and development-time. These are the reasons why family investigation 
is scarce and if done, surely not elaborate. 

The biological object as we can ultimately study it, is the result of many 
factors working in different directions and with different points of ap- 
plication. 

These can always be divided into two groups: the endo- and the 
exogenous or external factors (environment influences). 

There latter factors will surely be able to be analysed, be it in part, by 
accurate investigation. 

The investigation of the Viennese anthropologists BREZINA and 
LEBZELTER (1922—1924) has acquired recognition. They investigated the 
influence of the profession on different quantitative properties of the hand. 

Especially in the width of the hand, these investigators meant to see a 
variable strongly influencable by work. Their results in this point are clear 
and were confirmed among others by WECHSLER’s investigation (1939). 

Such environment influences complicate the picture one can imagine, 
had only the potencies anchored in the genes acted. 

It is true the disposition defines the limits wherein environment factors 
can exercise their modifying influences, but for practical heredity investi- 
gation, the exogenous factors complicate the whole considerably. 

If, however, one finds in a group of individuals, practically homogenous 
in a social-economic respect, a larger resemblance between for instance 
father and son, than between the son and any other member of the group, 
then this points in our opinion in the direction of a determination by 
heredity of the characteristic for which the resemblance was established 
and this for the very reason that environmental influences (such as labour) 
will have a leveling action within such a group. 

The results of an investigation, published by us in 1947, into the ce- 
phalometric relation between relatives of the first degree, led with the aid 
of the method used in that investigation, also to set up an investigation 
into the cheirometric relations. 

We investigated the resemblances in metric data of the hand between 
father and son on one side and mother and daughter on the other. 

Thereby we were led by the following 

problem: 

Do there exist between relatives of the first degree resemblances in 
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metric and derived data of the hand that may find their base in the genetic 
connection? 


Il. The material. 


As the development of numerous morphological properties of child to 
adult is inadequately known, we were forced to involve only grown-up 
children in our investigation. 

Also in connection with the difficulties connected with collecting data, 
we thought we could take 21 years as minimum-age. 

Divided over age-groups our material looks as follows: 


Parents i. 7 Children 
Age Age 

| Mothers Fathers Daughters Sons 
45—50 years | 16 8 18.9—20.11 years 2 1 
51—55 years | 17 14 21 —24 ~ years 31 Up 
56—60 years | 19 24 25 —28 years 16 21 
61—65 years | 11 12 IAS) 29) years 12 17 
66—70 years 1 a 33 —36 years 2 3) 
71—75 years 1 3 37 —40 years 2 1 

65 65 65 65 


From the above survey it appears that in three cases only, we were not 
able to maintain the posed minimum-age requirement. 

It does not seem imprudent to consider the hand of the 21-year-old as 
fullgrown. 

HELLMANN (1928) published an investigation into {the ossification: 
“Ossification of epiphysical cartilages of the hand’, whereby he used 
réntgenograms as a method of investigation. 

As one of the for us most important conclusions we find: “The average 
age of greatest increment in growth of the bones of the hand is at 
thirteen (12—13) years”. 


It was traced on the basis of verbal communications if we really had to 
do with the legitimate, biological parents of the children concerned. In 
social-economical respect the material is practically homogenous (many 
labourer families). 


III. Method of investigation. 
A. 


With the aid of the sliding compass (Gleitzirkel, compas glissiére) the 
following measurements of the right hand were determined of each of the 


260 investigated persons (with fingers closed together). 


1. Hand length. 
This we determined according to MARTIN (measurement 49) as the 
7 
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linear distance between dactylion III and the middle of the line connecting 
both processus styloidei (interstylion: SCHLAGINHAUFEN). 

With the determination of the correct situation of the articulatio radio- 
carpea so many difficulties are connected, that we gave this up. 

Martin himself also says of the length of the hand, obtained with the 
aid of this measuring point: ,,Sehr unbestimmtes Masz, da die Artikulation 
nur selten zu palpieren ist und auszerdem nicht transversal, sondern in 
einem konvexen Bogen verlauft’’. 

It is recommended to indicate the interstylion with a small mark (see 
metacarpal length). 


2. Hand width. 

This we determined as the linear distance between the part of the 
capitulum ossis metacarpalis II protruding most radial and the part of the 
capitulum ossis metacarpalis V protruding most ulnar. 


3. Metacarpal length. 

This we determined as the linear distance between interstylion and the 
metacarpophalangeal joint of the third finger (see 4). 

The metacarpal length is determined better in this manner than when it 
is calculated as the difference between the length of the hand and that of 
the third finger, since the back of the hand shows in most cases a sagittal 
convexity directed dorsally. 


4, Fingerlengths. 


The difficulty in measuring the fingerlengths is mainly in the deter- 
mination of the metacarpophalangeal joint cavity (phalangion). 

The method we followed we found described clearly by WECHSLER: 
Dieser Meszpunkt (Phalangion) wird vorteilhaft so aufgesucht dasz 
des Untersuchers Daumen- und Zeigefingerspitzen geschlossen rittlings 
auf der zu suchenden Stelle distal-proximal hin- und hergeschoben werden. 
Ist man iiber die ungefahre Lage orientiert, so kann mit Daumen- oder 
Zeigefingernagel, von der radialen Seite her bis auf den dorsalen Rand 
der Gelenkspalte tastend, der Meszpunkt noch am besten bestimmt wer- 
den. Es soll, da die Hautverschiebung Fehler in sich schlieszt, das Zeichen 
mit dem Dermatographen nich sofort mit der Nagelspur identifiziert 
werden’. 

MAHALANOBIUS (from PEARSON's school) according to BAYER and GRAY 
(1933) carefully analysed the different handmeasurements described and 
found only 20 % reliable. This will certainly apply also to the determinat- 
ions of the fingerlengths of one does not work wit the utmost care. 


5. Fingerwidths. 


‘The width of each of the fingers at the level of the proximal interphalan- 
geal joint. 
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Remarks: 


a. In connection with possible influences of the profession (BREZINA 
and LEBZELTER) on the various measurable variables of the hand, it had 
perhaps deserved preference to use the left hand in the investigation. 

Also we did not take into consideration the being left- of righthanded of 
the persons investigated. 

b. ‘The measures were determined, as said, in hands with fingers closed 
together. WECHSLER cites data from an investigation of BAYER and GRAY, 
whereby the width of the hand was determined of three persons according 
to the manner above and with the aid of the handréntgenograms for three 
positions of the fingers: 


1. with fingers closed together, 

2. with the longitudinal axis of the fingers in line with the correspond- 
ing metacarpaiia, 

3. with the fingers spread wide. 


The results appeared to be as follows: 


After BAYER and GRAY (according to WECHSLER). 


- Position of the fingers: 

erson | 1 2 3 
1 Normal width 95 94 95 
Roentgen-width | 80 80 8] 

2 | Nornisliwideh 83 83 82 
Roentgen-width 70 69 70 

P=) Normal width 75 76 76 

| Roentgen-width 65 65 66 


We can absolutely agree with WECHSLER’s comment on this inves- 
tigation: ,,Es ist itiberraschend, wie unwesentlich der Einflusz der verschie- 
denen Fingerstellungen auf die Breite der Hand (Metacarp. rad. bis Meta- 
carp. uln.) bleibt. Anderseits ist die Differenz zwischen der Fleisch- resp. 
Knochenhand grészer als man leichthin erwartet. Derartige Untersuchun- 
gen sind geeignet, iiber die Qualitat eines Maszes bzw. der das Masz 
begrenzenden Meszpunkte, wertvollen Aufschlusz zu geben”. 


B: 

With the aid of the measurements mentioned under A. we then cal- 
culated a number of quotients, that we can divide into indices and pro- 
portions. 

Hereby one must consider an 

index: the quotient of two measurements both having relation to an 


. 


object as a whole, 


‘anda 


proportion: the relation of a measurement of a detail to a measurement 
belonging to the entire object. 
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So here the relation handwidth to length of the hand is an index; the 
relation metacarpal length to the length of the hand a proportion (we 
then speak of relative metacarpal length: the same applies mutatis mutandis 
to the other proportions); the relation finger width to the finger length 
an index (for the “total measured object’’ is here the finger). 

In this manner the following quotients were calculated (behind them 
the abbreviations used): 

100 * handwidth 


1. Hand index (h. i.) 
hand length 


100 X metacarpal length 
2. Rel. metacarpal length (7,.0c, 1) 
hand length 


100 * thumb length 
3. Rel. thumb length (z. le. I) 
hand length 


100 X 3rd finger length 
4. Rel. 3rd finger length (r. le. III) 
hand length 


100 X thumb width 
5. Thumb index Se (th. i.) 
thumb length 


100 X 3rd finger width 
6. 3rd finger index (3rd f. i.) 
3rd finger length 


100 X 5th finger width 
7. 5th finger index (Sth. i to) 
5th finger length 


Together with the absolute measurements of the hand such quotients 
contribute to the comparative formdescription of the hand. 


IV. Method of calculation. 


As we dispose of a number of data represented in numbers of the hands 
of relatives, in view of the many publications e.g. from PEARSON’s school, 
it seems but natural to calculate, fora given datum, the correlationcoefficient 
between for instance Father and Son, and to compare this with other such 
coefficients in order to obtain a understanding of genetical connections. 

This biometric school of PEARSON has established through determining 
correlationcoefficients, degrees of accordance between all kinds of re- 
latives (parents and children, brothers and sisters, cousins etc.). 

The material worked out by them is often very large, the calculated 
results can, at least statistically, be called reliable. 

WiBaAuT (1940) in his book devotes a separate chapter to this method. 
The application requires in the first place a large and preferable unselected 
material, secondly a satisfactory mathematical schooling. 

In view of the large number of correlationcoefficients, determined for 
the use in genetics, these conditions are fulfilled. 
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More difficult, however, is the interpretation of the obtained results. 

Next to mathematical insight, demands are now made of the biological 
discernment. 

By absolute correlation (r = 1), according to WIBAUT, one can no 
longer speak of correlation, “‘but of relation of function”. 

Such remarks are misleading. 

It is certainly not so, that a correlationcoefficient smaller than 1 proves 
the absence of any relation or function. 

We then can only ascertain, that there is no linear connection between 
the series of values concerned. 

An other functional connection may exist if a correlationcoefficient 
smaller than 1 is found. 

In genetics an r of + 0.5 between parents and children or brothers and 
sisters is the expression of a high degree of genetical connection. 

PEARSON figured, that theoretically an r = 0.33 can be expected between 
father (or mother) and child, if we investigate a characteristic that is 
hereditary completely dominant. 

Such a complete dominance, however, happens but rarely. 

In intermediary heredity and polymery, also according to PEARSON, a 
value of + 0.5 can be expected in “direct parental inheritance’, that is 
from father (or mother) to child. 

As an example we cite some correlationcoefficients from a publication of 
PEARSON and LEE (1903). 


Father and Mother and 
Son | Daughter Son Daughter 
1. Stature 05514. 2-'0).015 | 0.510 + 0.013.) 0.494 = 0.016 | 0.507 + 0.014 
2. Span width 0.454 + 0.016 | 0.454 +0.014 | 0.457 + 0.016 | 0.452 +.0.015 
3, Fore-arm length | | 0.421 + 0.017 | 05422 40.015, 0.406.472.0017 |) 0.421 07015 


These correlationcoefficients were calculated from a material consisting 
of more than 1000 families. 

Very interesting is now the interpretation: 

a. Sen D are equally influenced by F and M. 

b. “As to the influence on the descendants, on the average there is no 
preponderance of F or M, however that may be in individual cases. 

c. The heredity appears not to be the same for all variables. 

d. The more complex a variable (stature), the larger the intensity of 
the heredity. 

We will assume that these conclusions are only meant for the three 
variables investigated. 

That the interpretation of r certainly is not easy (and therefore often 
is not performed with enough care), appears from the elaborate survey of 
ERNA WEBER (1935), of which we derive partly the following: “If r = 0, 
we may speak of an absence of genetical influences. 


582 


The correlation is influenced by 
1. The manner of inhereting the investigated quality. 


2. The frequency of the recessive disposition. WEINBERG (1908) de- 
rived a general formula, in which the relation between the correlation- 
coefficient and frequency is indicated”. 

Above we already pointed to a connection between dominance and 
correlationcoefficient, indicated by PEARSON. 

From studying the data furnished by WEINBERG, also in connection 
with PEARSON’s calculations, we get the impression that the difficulties in 
this field have not yet been wholly solved. 


3. Environment influences. 


Under influence of certain exogenous factors a correlationcoefficient 
can receive a value that can delude us into seeing the role of heredity too 
small or too large. 

“Only when the surrounding for parents and children were the same, 
for instance strongly dependent on the prosperity, a too large value for the 
correlation wil be found” (WIBAUT, 1940). 

Furthermore it is ascertained that inbreeding increases the correlation 
between parents and children. 

According to us, however, it is incorrect to conclude to “environment- 
influences” if the r is found to be smaller than 0.5. 


However much we appreciate the, be it often complicated statistical 
discussion of genetical problems according to the above manner, we have 
meant to be able to communicate the results of another method of cal- 
culation. 

If the Father of a family A (FP/A) has a handlength of, for 
instance, 203 mm, the grown-up Son (S/A) a handlength of 199 mm, and 
any given other adult man (F/B) a handlength of 192 mm, then itis obvious 
to think the accordance between F/A and S/A larger than that between 
this S/A and the other man F/B. 

For a given variable, for instance this handlength, we can always 
determine the absolute difference existing between F/A and S/A. 

Our material allows us to determine such a difference 65 times. From 
these 65 observations the average absolute difference in handlength 
between F/A and S/A can be determined. This appears to be 8.7 mm. 

In the same manner we can determine from 65 observations the average 
absolute difference existing between S/A and F/B; this appears to be 
10.5 mm. 

So the average is such, that the absolute length of the hand of a grown- 
up son shows more resemblance, in our example, to that of his father than 
to that of an other given adult man. 
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It is obvious to interpret this through the hereditary relation between 
F/A and S/A. 

That an average difference S/A.F/A will be larger than that for S/A. 
F/B cannot be expected on biological bases: less accordance than with F/B 
(being any other given man) S/A can never show with F/A. 

So the average difference for S/A.F/A and S/A.F/B ought to be at 
least the same. 

Does it occur nevertheless, that S/A.F/A shows a larger average dif- 
ference, then, in our opinion, this can only be owing to the extent of the 
material from which the various factors were determined. 

We will see that this larger deviation really occurs as an exception, 
which shows our material certainly to be sufficiently useful. 

A lesser genetical relation makes approximate the values of the average 
differences; with a stronger genetic relation the value of the average dif- 
ference of S/A and F/A will differ more from that of S/A and F/B. 

Therefore it is obvious to determine the proportion of the average dif- 
ference for S/A . F/B on the one side to that for S/A. F/A on the other side. 

On the mentioned bases we expect that this proportion will be equal to 


or larger than 1. 


We introduce for this proportion the expression ratio. 
In order to obtain easily manageable results, we will determine this 
ratio as: 
100 X average difference S/A.F/B 
ree average difference S/A.F/A 


To indicate the relation we consider the ratio a suitable expedient. We 
determined the ratios for every one of the absolute measurements given 
above under “method of investigation”, and the relative measurements 
calculated from them, 

a. for the relations between men, as was explained in our example 
(S/A, F/A, F/B), 

b. for the relations between women, whereby we consequently com- 
pared data of grown-up daughter of family A (D/A) with those of her 
mother (M/A) and with those of any other given adult woman (M/B). 

As arbitrary adult woman (or man) we chose the mother (or father) of 
the family investigated next. 

Since the investigation of the families happened in an arbitrary sequence, 
in our opinion there is no objection aginst this method. 

That we did not look into the relations between F/A and D/A or M/A 
and S/A in this manner, finds its account in the fact that absolute values 
of qualities of man and woman are inequivalent. 

Between these values there exists a certain sex-ratio (WEBER, 1935), 
which must be determined separately for each variable of a material. 

This complete investigation we hope to be able to do with the aid of a 


more extensive material. 


584 


V. The investigation. 


A. The comparison with the aid of measurable variables. 


In the manner indicated above, we determined the ratios of the 13 
absolute measurements mentioned. 


~ Ratios determined for the relations between: 


No. Variables Men W omen 
1 le 121 120 
2 wi 144 | 113 
3 me. 1. 129 112 
4 le I 98 103 
5 le 121 140 
6 le Ill 122 126 
7 le IV 126 129 
8 fe fe te 108 
9 wi I 133 | 101 
10 wi Il 132 | 96 
11 wi Ill 144 99 
12 wi IV 169 96 
13 wi V 116 91 


We notice among others: 


1. That the ratios smaller than 100 are not so numerous (5), so that 
our expectation mentioned above (ratio equal or larger than 100) is 
confirmed for the greater part. 

It is likely that the number of ratios smaller than 100 will drop when the 
material is expanded. 


2. That the ratios determined after mutual comparison of men are 
considerably larger than those determined by mutual comparison of women. 


3. That the masculine ratio is not larger than the feminine ratio for 
every variable. 


, Asa value of a ratio larger than 100 points to the fact that the value of 
the concerning variable of parent and grown-up child of the same sex lie 
closer together than that of this child and any other given adult of the 
same sex, points 2. to the fact that for the determination of a cheirometric 
relation with the aid of absolute measurements the relation between father 
and grown-up son is indicated more clearly on the average than that 
between a mother and her grown-up daughter. 

According to 3. this does not apply to every variable to the same extent. 


This may be evident after the grouping of the variables in le and wi 
measures. 

The width-measurements indicate without exception that the average 
accordance in absolute value of the concerning variables is considerably 


en 
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Width-measures of the hand. 
(Measured perpendicular to the sagittal plane.) 


Ratios determined for the relations between: 


No. | Variable Men Women 
1 wi 144 119 
2 wi | 133 101 
3 wi II 132 96 
4 wi Ill 144 99 
5 wi 1V 169 96 
6 wi V 116 91 


larger between father and grown-up son than between mother and grown- 
up daughter. For the length-measure this is only the case for mc.le and 
5th f.le, be it, however, that the differences in ratios of the width-measures 
are more considerable. 


Length-measures of the hand, 
(Measured perpendicular to the transversal plane.) 


Ratios determined for the relations between: 


No. | Variable Men | Women 
1 le 121 120 
2 me. le 129 Be 
3 le J | 98 103 
4 le I 121 140 
5 le Ill 122 126 
6 le IV 126 129 
7 le V 122 108 


Imagine a man, standing upright, facing us, with the arms extended along 
the body, and with supinated hands, then the following applies: 

the absolute values of variables of the hand, measured perpendicular to 
the sagittal plane (therefore our width-measures) for the representation of 
the genetical relation between father and son are of more importance than 
for those between mother and daughter; while the absolute values of the 
variables measured perpendicular to the transversal plane (length-measures 
in the hand) are of more significance for the representation of the ge- 
netical relation between mother and adult daughter. 

In a previous investigation (1947) we determined among others the 
ratios of variables of the head. 

The above formulation of the importance of the situation of the variable 
with regard to the sagittal and transversal plane appears also to be un- 
diminished in force for the variables of the face. 

For the face the variables perpendicular to the sagittal plane are called 
witdh-measures just as in the hand, the measures perpendicular to the 
transversal plane, however, are here height-measures. 

The ratios are assembled in the following table: 
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Width-measures of the face. 
(Measured perpendicular to the sagittal plane.) 
pa a oe Sa i en 


Ratios determined for the relations between: 


No. Variables | Men Women 
| Width of the face 108 99 
Ms Width of the mand. angle 130 124 
3 Width of the nose 119 | 110 
4 Width of the mouth 129 103 
5 Interorbital width 117 101 
6 Width of the orbita on 99 


(So the width of the orbita does not follow the rule; we point to the fact that the 
corresponding ratios are both smaller than 100 and therefore do not show the connection 
any way, therefore also cannot be considered to show a difference in meaning for the 
genetic relations of both sexes.) 


Height-measures of the face. 
(Measured perpendicular to the transversal plane.) 


Ratios determined for the relations between: 


No. Variables Men Women 
1 Physiogn. height of the face 127 106 
2 Morphol. height of the face 120 25 
3 Height of the front 101 113 
a Height of the nose ile 119 
5 Height of the upperlip 115 124 
6 Height of the chin 106 L4 
if Height of the orbita 109 114 


(Measures of the fact more or less concerning the totality: the physiognomical and 
morphological height of the face, do not follow our rule. These are of primary importance 
for the connection between father and son.) 


Should be closer investigation the meaning of the direction of growth 
for the sexdimorphism that has appeared so clearly in our investigation, 
will be found again, then we are of the opinion that in this direction a 
deepening of our understanding can be expected. 


B. The comparison with the aid of indices and proportions. 


The values of the ratios determined from the 7 quotients mentioned, 
are assembled in the following table: 


Ratios determined for the relations between: _ 


No. Variables Men Women 
1 leeds 132 126 
2 tT. me; le 133 108 
3 tr. ler] 122 | 112 
4 r. le Ill | 147 124 
5 thes: | 125 120 
6 3rd. fis | 123 119 
7 Bthiwtade 109 99 
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It is clear that the relative measures of the hand for the investigation 
into the genetic relation are of more importance generally for the relation 
between father and son than between mother and daughter: all ratios 
determined after mutual comparison of the men are larger than those 
determined after mutual comparison of the women. 

This dominance of the ratios belonging to the men over those of the 
women we did not find so clearly in our investigation into the cepalometric 
relations (1947). 

As far the cheirometric relations between relatives of the first degree 
we can remark summarily, that the qualities of the hand as far as we 
investigated them, show more prominently the genetic relation between 
father and grown-up son than between mother and grown-up daughter. 
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Zoology.. — The influence of higher concentrations of lithium chloride on 
maturation and first cleavages of the egg of Limnaea stagnalis. I. By 
A. P. DE Groot. (Zoological Laboratory, University of Utrecht.) 
(Communicated by Prof. CHR. P. RAVEN.) 


(Communicated at the meeting of April 24, 1948.) 


The effect of lithium chloride on early development has first been des- 
cribed by HERBST (1892) in the eggs of sea urchins. After LiCl treatment 
the invagination of vegetative material during gastrulation may be pre- 
vented by an extension of the presumptive entoderm at the expense of the 
presumptive ectoderm, resulting in the occurrence of so-called “‘exo- 
gastrulae’’. 

With the same agent LEPLAT (1920) obtained an abnormal development 
of amphibian eggs. Gastrulation was normal, but during further develop- 
ment abnormalities occurred, resulting in cyclopic or anophthalmic larvae. 
As shown by LEHMANN (1937) with the aid of vital staining, in the trunk 
the differentiation of notochord tissue may be suppressed, whilst the 
presumptive notochord cells differentiate in an abnormal direction under 
the influence of LiCl. 

In 1942, RAVEN discovered the disturbing effect of LiCl on the egg of a 
Gastropod. Both exogastrulae and embryos with head malformations were 
obtained by treating the eggs of Limnaea stagnalis. In a series of in- 
vestigations, RAVEN and his co-workers (1947) found that the appearance 
of either exogastrulae or larvae with head malformations was dependent 
on the stage of treatment. For the production of exogastrulae there is a 
distinct maximum of sensibility just before and during the second cleavage, 
whereas two periods of high sensibility exist with regard to the production 
of head malformations, viz. one immediately after oviposition and a second, 
some hours after the 24-cell stage. 

It is likely that the nature of the damaging influence of LiCl is the same 
in each of the three kinds of eggs. However, it is not yet clear in which 
way LiCl affects the egg. Possibly this problem might be elucidated by 
studying the primary effects of the treatment. However, when the eggs 
of Limnaea are treated with the diluted LiCl solutions used for the pro- 
duction of the above-mentioned abnormalities, no visible effects on the 
structure of the eggs immediately after treatment can be observed. There- 
fore, in the present investigation the initial effects of LiCl were studied 
after treatment with higher concentrations than those used in previous 
experiments. Whereas the experiments of RAVEN c.s. (1942 and 1947) 
were carried out with concentrations varying from 0.001 % up to 0.01 %, 
in the present investigation solutions of 0.05% up to 4.0% have been 
used, 
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Material and methods. 


Snails were stimulated to deposit egg-masses by means of Hydrocharis 
leaves, cf. RAVEN and BRETSCHNEIDER (1942). Considering the differences 
in stage of development in different parts of an egg-mass, the latter was 
divided lengthwise into halves; one half was treated and the other one used 
as a control. The treated eggs were decapsulated and washed in distilled 
water, in order to remove the capsule fluid, and then transferred to the 
solution. The control eggs developed inside the egg capsules. Twelve 
different concentrations of LiCl have been used, varying from 4.0 to 
0.05 %. The solutions were prepared by diluting a stock solution of 4.0 % 
with distilled water. In addition a number of batches were treated with 
3.0 % and 1.5% CaClo, and some with 4.2% and 3.2% urea. Several 
batches were treated with each solution and the course of development 
was studied in vivo. In this way 74 egg-masses, with a total number of 
more than 1300 eggs, were studied. 

7 Batches, treated with 4 different concentrations of LiCl, were studied 
cytologically. Parts of these batches were fixed at different moments, 
embedded in paraffin and sectioned in the usual way (5 uw). The sections 
were stained partly with azan, partly with iron haematoxilin and saffranin, 
in such a way that both staining methods were applied to each group of 


eggs. 


Observations in vivo. 


In 4.0, 2.0, 1.5 and 1.0 % LiCl the eggs shrink considerably, showing a 
decrease of volume of more than 50%. Their greenish colour changes 
into brownish-yellow. They become more or less flattened perpendicular 
to the egg axis, and show a bright area in the centre in transmitted light. 
The latter phenomenon is connected with the orientation of the eggs in 
these strongly hypertonic solutions. Some minutes after being transferred 
into LiCl, the eggs turn the animal pole downwards and remain in this 
position. This movement is to be taken into account, in order to avoid 
unexact observations on polar body formation. As a result of this remark- 
able orientation, the egg averts its animal pole from the observer, and polar 
bodies are not visible without turning the eggs. If the microscope is fo- 
cussed deeply a little ring may be seen in the centre of the bright area, i.e. 
the outline of a polar body. It is likely that this orientation is caused by an 
unequal withdrawal of water from different parts of the egg. According 
to DALcQ (1923) the permeability of the Asterias egg is highest at the 
animal pole. If the Limnaea egg has the same property, then the orientation 
phenomenon is understandable. It would imply that the withdrawal of 
water is highest at the animal pole region, which causes an increase in 
density, resulting in a turning downwards of this part of the egg. 

Eggs transferred to a 4.0 % solution immediately stop their development 
and cytolysis occurs after a certain lapse of time. If the eggs are transferred 
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to a 2.0% solution immediately before the formation of the first polar 
body in the controls, a partly extruded polar body is formed, ranging in 
shape from a slight prominence of the egg surface to a nearly totally 
extruded body, with a narrow connection with the egg surface. If the eggs 
are transferred to the solution somewhat earlier, then only a slight pro- 
minence occurs. With still earlier treatment even this bulging out is sup- 
pressed. 
In 1.5 % and 1.0% a first polar body may or may not be formed. Its 
formation is prevented only, when treatment begins more than 30—35 
minutes before. If it begins at a later moment, the body is extruded in 
nearly all eggs. It is, however, deformed, more or less oblong, with its 
largest axis parallel to the egg axis. Development does not proceed further 
and cytolysis occurs. 
In 0.6 and 0.5 % a first polar body was always extruded; mostly it had 
an abnormal shape, often with a conical protuberance at the top. A second 
polar body was never observed. During its formation in the controls, the 
treated eggs showed abnormally strong amoeboid movements. 
_ In 0.4 % the behaviour of the eggs varies. A first polar body is always 

extruded. Often a second polar body may also be formed, especially when 
treatment begins less than 20 min. before the formation of the first polar 
body. It was noted that the percentage of eggs extruding a second polar 
body is not only higher, when treatment begins later, but also when 
the temperature is higher. At the time of second polar body formationin the 
controls, treated eggs may show a highly irregular outline, caused by 
intensive amoeboid movements. The shape is normal again after a certain 
time. Cleavage activity was never observed in this solution. 

In 0.35, 0.3, 0.2, 0.1 and 0.05 %, both polar bodies were nearly always 
formed. As well as in higher concentrations the moment of polar body 
formation is normal; a retardation did never occur. Giant polar bodies 
were observed in 0.4, 0.35 and 0.2 %, but only in a very small number 
of eggs. 

A 0.35 % solution is the highest concentration in which a cleavage 
furrow was observed, but it was only a temporary one. Although the eggs 
may be divided totally into two blastomeres, no two-cell stages could be 
found after some hours; so the cleavage furrows had disappeared again. 

In 0.3 %, the cleavage furrow is permanent, but mostly abnormal. In 
some cases a cleavage furrow appears between the animal and the 
vegetative poles, dividing the egg perpendicularly to the egg axis. As well 
as in 0.35 % the cleavage furrow appears with considerable delay and the 
blastomeres never flatten, but remain spherical. The percentage of eggs 
showing a first cleavage increases and the delay in cleavage decreases with 
decreasing concentrations; in 0.05 % there is no delay at all. The same 
may be said with regard to the second cleavage, which occurs first in 0.3 % 
solutions. However, in 0.05 % the second cleavage is less frequent than 
in 0.1 %. In 0.2 % nearly always a three-cell stage arises at the second 
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cleavage. The blastomeres formed at cleavage in the higher concentrations 
remain spherical; in 0.1% and 0.05% they flatten themselves against 
each other and a cleavage cavity is formed. Especially in the latter con- 
centration a quite normal two-cell stage is obtained. 


Cytological observations. 


7 Egg masses, treated with four different’ concentrations, have been 
studied cytologically. The choice of the concentrations was determined by 
the results of the observations in vivo. In order to investigate the internal 
processes, attended with the suppression of polar bodies, 1.0 % and 0.4 % 
LiCl were used, by which the extrusion of the first and second polar body, 
respectively, might be prevented. In contrast with previous observations 
in vivo, the eggs in 0.4 % for a large part extruded both polar bodies; 
this discrepancy was ascribed to abnormal high temperatures, rising 
sometimes to more than 30° C. Suppression of the second polar body was 
obtained, therefore, by treating two other egg-masses with 0.5% LiCl. 
Finally, one egg-mass was treated with a 0.2 % solution, which is about 
isotonic to the eggs. Lots of eggs were fixed at different moments after 
the formation of first and second polar body, after the first cleavage and 
some after being replaced to distilled water. The behaviour of different 
egg-masses treated with the same concentration was not identical. However, 
a distinct increase of the damaging influence with increasing concentrations 
was observed. 

In 1.0% LiCl, development stops soon. The first maturation spindle 
looses its contact with the animal pole and sinks into the interior of the 
egg. It shows a degenerated appearance and in its centre a nucleus-like 
body is situated. In the degenerating spindle and especially at its periphery 
a great number of vacuoles appear, each containing a heavily stained rod- 
shaped body, which, sometimes, seems to be paired. In eggs fixed half an 
hour later, these bodies prove to be scattered over a wider area, and ir 
number, shape and dimensions may vary greatly (fig. 1). We cannot yet 


Fig. 1. Egg treated with 1.0%LiCl, showing a degenerated first maturation spindle 
with a nucleus-like structure and scattered vacuoles containing a rod-shaped body. 
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decide whether these bodies originate from chromosomes, or are to be 
considered as coagulation products of the degenerating spindle. 

In 0.5 % LiCl, the first polar body is formed without any visible ab- 
normality. However, the second maturation spindle sinks into the interior 
of the egg and degenerates. In its centre a nucleus-like structure may 
appear. Like the degeneration of the first maturation spindle in 1.0 % LiCl, 
that of the second maturation spindle is accompanied with the appearance 
of vacuoles scattered in and around the spindle (fig. 2). The heavily- 


Fig. 2. Degenerated second maturation spindle in 0.5% LiCl. In some of the vacuoles, 
the chromosome-like bodies are lying in pairs. 


staining bodies in these vacuoles are often lying in pairs; sometimes they 
exceed many times the dimensions of chromosomes. The subcortical plasm 
extends beneath the egg cortex, leaving free an area at the animal pole. 
This gap does not close as it happens in normal eggs after completion of 
the second maturation division. Even in eggs fixed after the first cleavage 
in the controls, the subcortical plasm has not yet spread round the whole 
egg. So, the normal movement of this cytoplasmic component is either 
delayed or suppressed altogether. Formation of an animal pole plasm has 
never been observed in these eggs. After transfer of the treated eggs to 
distilled water, large multipolar spindles appeared, whereas nuclei or 
chromosomes could no longer be observed. The formation of these spindles 
may, possibly, be attributed to an evolution of the spermaster. 

In 0.4 % LiCl the development proceeds somewhat further than in higher 
concentrations and the effect of the treatment is less destructive. Very 
interesting abnormalities occur, varying greatly in different egg-masses. 
‘Several cases may be distinguished: 

a. If treatment starts at an early stage, the chromosomes may swell 
into karyomeres shortly after the extrusion of the first polar body, taking 
a position immediately beneath the egg cortex at the animal pole in the 
disappearing rests of an aster (fig. 3). So a situation is reached, which in 
normal eggs occurs only after the second maturation division. The second 
maturation spindle is not formed. The sperm nucleus migrates towards the 
animal pole and swells into a male pronucleus much earlier than normally 
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(fig. 3). In some cases, the animal pole had been reached already 35 
minutes after first polar body formation, i.e. 1—14 hour too early. The 
karyomeres coalesce to a female pronucleus which copulates with the male 
pronucleus. A cleavage furrow does not appear, but a cleavage spindle is 


Fig. 3. Egg in 0.4% LiCl, fixed 20 min. before second polar body formation in the 
controls. Accelerated migration of the sperm nucleus and early formation of karyomeres. 


formed in which the chromosomes show an abnormal arrangement. Ka-~- 
ryomeres arise again, if treated eggs are transferred, at this stage, to 
distilled water. They do not take a position immediately beneath the egg 
cortex, but sink into the interior. The subcortical plasm has spread around 
the egg in a normal way. In none of the eggs, however, an animal pole 
plasm could be observed. Its formation seems to be suppressed. 

b. In other eggs, treated with the same concentration, the disturbance 
seems to be less serious. The premature formation of karyomeres did not 
take place and a second maturation spindle was formed. In about half of 
these eggs the latter did not take a normal position, but sank into the 
interior and placed itself perpendicular to the egg axis. This is the phe- 
nomenon which has been observed by RAVEN and Micuorst (1946) after 
treatment of the eggs with a slightly hypertonic CaCly solution. 

c. The second maturation spindle is formed and remains in a normal 
position; a second polar body is extruded. The chromosomes swell into 
karyomeres, then the latter sink into the interior of the egg (fig. 4). In 
these eggs the migration of the sperm nucleus is delayed. A first cleavage 
spindle is not formed. Karyomeres and sperm nucleus remain in the interior 
of the egg. The animal pole plasm is not formed. The subcortical plasm 
shows some ‘irregularities in its distribution. 

d. A fourth group of eggs extruded both polar bodies. The male and 
female pronuclei, situated at the animal pole, copulate. Any further de- 
velopment is inhibited. The animal pole plasm is not formed. The sub- 
cortical plasm is distributed rather abnormally. 

38 
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In 0.2 % LiCl, as far as could be observed, the nuclear phenomena of 
maturation and fertilization are normal. Development proceeds further and 
a first segmentation occurs in most of the eggs. As far as the cytoplasmic 
components are concerned, however, all the eggs show very interesting 


Fig. 4. Egg with second polar body extruded in 0.4% LiCl. Karyomeres sunk into the 
interior. (Globe at left is no polar body.) 


abnormalities. An animal pole plasm does not develop. The subcortical 
plasm shows a conspicuously abnormal distribution. At first, it does not 
spread evenly beneath the whole egg cortex. It is heaped up locally in 
considerable amounts whereby no preference for a certain region seems 
te exist (fig. 5). An accumulation may occur at the vegetative or at the 
animal pole, or at both, or somewhere between both poles. At other places 
it may lack altogether. This abnormal situation is not maintained; for at 
the time of first cleavage and after, the disturbance is less pronounced. 


Discussion. 


1. Stage of beginning of treatment. 


During the observations in vivo it was noted that the effect of a certain 
solution on maturation was not only dependent on the stage of development 
at which the eggs are exposed to the solution. It may be concluded that, 
within certain limits, the longer the time between the beginning of treat- 
ment and the formation of the first polar body in the control eggs, the 
lower the concentration, sufficient for the suppression of a polar body. 
For instance, in 1.0% the first polar body was only suppressed if the 
treatment began more than 32 minutes before its formation in the controls. 
In 1.5 % it was already suppressed, if the treatment began about 25 min. 
before. As far as the second polar body is concerned, the same relation was 
noted. Moreover, it was observed that the connection between polar body 
formation and the beginning of treatment was influenced by temperature. 
The higher the temperature, the earlier the treatment with a certain 
solution had to be started in order to prevent the formation of a polar 
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2. Hypertonicity. 

According to the determinations of RAVEN and KLOMP (1946) the in- 
ternal osmotic pressure of the Limnaea egg equals that of a 0,093 Mol. 
solution of a non-electrolyte. The osmotic pressure of such a solution 
corresponds to 2.1 atm. Most of the solutions, employed in the present 


Fig. 5. Three eggs treated with 0.2 % LiCl, fixed 30 min. before first cleavage, showing 
a highly abnormal distribution of the subcortical plasm. 
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investigation, have an osmotic pressure considerably higher. For the cal- 
culations of the osmotic pressures of the solutions employed it was assumed 
that LiCl is completely dissociated. 


TABEL I. 
lS SR ai rh lo 
%p LiCl... . | 4.0 2.0) 1.5 1.0 5 | 0.4 |0.35| 0.3 | 0.2 0.1 |0.05 
osm. press. | | 
ee dale duvclod 6.3 pes PATINA 


Hence, a 0.2 % LiCl solution is isotonic to the Limnaea egg; all higher 
concentrations are hypertonic. So one has to take into consideration that 
the observed effects need not be due to a specific influence of LiCl, but 
may be caused primarily by hypertonicity of the medium. Mostly, it is 
impossible to distinguish between the results of these different factors. One 
is confronted here with an important disadvantage of fresh water eggs for 
experimenting with higher concentrations. Only in the investigation of 
marine eggs it is possible to vary the concentration of a certain ion between 
sufficiently wide limits, without necessarily changing the osmotic pressure 
of the medium. Therefore, the interpretation of our results meets with 
considerable difficulties. A comparison with the results of experiments 
with marine eggs is important to decide whether an effect is due to non- 
isotonicity or to a specific property of LiCl. 

If the extrusion of polar bodies has to be understood as a process of 
osmotic activity (DALCQ 1923), it is clear that the osmotic pressure of 
the medium is of much importance. The osmotic attraction of water by the 
egg is counteracted by the osmotic value of the medium. With increasing 
concentrations of the medium, a stage will be attained, at which the osmotic 
power of the egg is unable to bring about the extrusion of a polar body. 
An equilibrium between both may become visible by a persistent protrusion 
at the animal pole, ie. a partly extruded polar body. Since the permeability 
of the egg cortex. may be changed by ions, a specific influence of the 
Lit+-ion may exist, but the asmotic pressures of the egg and the medium 
are the main factors in this phenomenon. This is shown by the action of 
hypertonic solutions of non-electrolytes, e.g. sucrose and urea, of about 
equal osmotic pressures as employed in the present investigation. With 
such solutions polar bodies may be suppressed as well (RAVEN and KLomp 
1946; own observations of the author). 

In 1.5 and 1.0 % LiCl, the first polar body was only suppressed if the 
treatment began more than 32 min. beforehand. The osmotic pressure of 
these solutions is 15.8 and 10.5 atm., respectively. According to RAVEN 
and Micuorst (1946) no polar body is formed in 3.0 % and 1.5 % CaClb. 
These solutions have an osmotic pressure of 18.1 and 9.1 atm. respectively, 
presuming that CaCl, is completely dissociated. As compared with LiCl, 
a lower osmotic pressure of a CaCly solution would be sufficient to 
suppress the first polar body. This seemed to be a remarkable difference, 
since it was supposed that the osmotic pressure of the medium was of 


ven 


A. 


597 


primary importance. Therefore, we treated 7 batches with 3.0 % and 1.5 % 
CaCl). The results showed that the first polar body was only suppressed, 
if the treatment started more than 25 min. beforehand. In CaCl, too, the 
egg places itself with the animal pole downwards and polar bodies were 
only visible after turning the eggs. It is possible that the above-mentioned 
data of RAVEN and Micuorst (1946) are based on experiments in which 
the treatment began sufficiently early. At any rate the statement that in 
3.0 % and 1.5 % CaCly no polar bodies are formed, proved to be only 
partly correct. 

From DALCQ’s investigations on the influence of hypertonic seawater on 
the egg of Asterias glacialis (1923) it was concluded that in solutions of 
35 atm. the first polar body was always suppressed. The treatment began 
at the end of metaphase I, i.e. about 10 min. before the extrusion of the 
first polar body. As seawater has an osmitic pressure of 25 atm., an excess 
pressure of 10 atm. proved to be sufficient to suppress the first polar body 
formation. This is considerably less than the excess pressure, required for 
Limnaea eggs. In 1.5 % LiCl the first polar body was only suppressed if 
treatment began more than 25 min. before; even in 2.0 % it was not always 
suppressed. The Limnaea egg is isotonic with a solution of 2.1 atm. the 
osmotic pressure of 1.5% LiCl equals 15.8 atm. So at least an excess pressure 
of 13.7 atm. is necessary to prevent the first polar body formation, i.e. 37 % 
more than for the Asterias egg. The difference is still more pronounced 
if one considers the fact that the treatment of the Limnaea eggs had to 
begin considerably earlier in order to be efficient. However, the results 
with the Asterias egg were obtained with solutions, made hypertonic by 
adding sucrose to seawater, i.e. with the aid of a non-electrolyte. By 
treating Limnaea eggs with hypertonic solutions of urea, we found an 
excess pressure of 9.9 atm. to be sufficient to suppress the first polar body; 
this is in agreement with the findings on the Asterias egg. Hence the pro- 
perties of the osmotically active agent result in a quantitatively different 
behaviour of the eggs, possibly due to changes, caused by ions, in the 
permeability of the egg cortex. 


Biology. — The significance of the substrate in the testing of true 
cholinesterase. By J. A. COHEN, F. KaALsBEEK and M. G. P. J. 
WarRINGA. (From the Medical Biological Institute of the National 
Defence Research Council T.N.O.) (Communicated by Prof. P. J. 
GAILLARD.) 


(Communicated at the meeting of April 24, 1948.) 


MENDEL and RUDNEY (1) proved the existence of two different cho- 
linesterases; the true cholinesterase occurring mainly in nervous tissue 
and in red blood corpuscules and the pseudo-cholinesterase occurring a.o. 
in human and horse serum. Both enzymes are able to hydrolyse acetyl- 
choline. Specific substrates for true and pseudo-cholinesterases are acetyl- 
B-methylcholine (Amechol) and benzoylcholine respectively (2). These 
two substrates can therefore be used for the typing of cholinesterase. 

In recent years it has become evident, that only the true cholinesterase 
and not the pseudo-cholinesterase can be connected with the symptoms of 
acetylcholine accumulation. 

It is possible to obtain a complete inhibition of pseudo-cholinesterase 
with the substance No. 683 (HOFFMANN—LA ROCHE) without a trace of 
clinical symptoms. Only when a dose is administered, which affects also 
the true cholinesterase clinical symptoms occur suggestive of acetylcholine 
poisoning (3). So far extensive work has been done on the kinetics of the 
inhibition of pseudo-cholinesterase by physostigmine and other similar 
substances (4, 5, 6). Obviously only research into the mechanism of in- 
hibition of true chalinesterase is likely to throw some light on the in vivo 
effect of these substances. 

The experiments to be reported form part of a series of experiments 
carried out with the object of elucidating the kinetics of physostigmine 
inhibition on true cholinesterase. 

During this work we met with erratic results, when the physostigmine 
inhibition of true cholinesterase was determined using different substrates. 
The inhibition proved to be dependent to a large extent on the character 
of the substrate used for the test. 

In this paper the significance of the character of the substrate was 
studied. 


Experimental methods. 


Suspensions containing true cholinesterase were prepared as follows: — 
Rats were decapitated and the brains were pooled. After ten minutes 
rinsing, they were dried on filterpaper and weighed. They were then 
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crushed in a mortar with five volumes of water. The suspension was 
strained through gauze and spun and the precipitate resuspended in the 
original volume of water. Estimations for cholinesterase and lipase activity 
were carried out titrimetrically. For this purpose 2 cc. of brain suspension 
were made up to a total volume of 10 cc. with substrate solution, bro- 
mothymolblue and water. The standard for comparison contained the 
same amount of brain suspension and indicator, made up to a total volume 
of 10 cc. with phosphate buffer M/15 at pH 7.3 (glass electrode). During 
15 minutes the rate was determined at which 0.01 N NaOH had to be 
added to the reaction mixture, in order to keep it at the same pH as the 
comparison vessel. The reaction took place at 24° C. in a waterbath. 

The concentrations used were 0.02 M for acetylcholine and for amechol, 
0.006 M. for benzoylcholine and 0.3 % for tributyrine. 

The activity of the extracts was expressed in mm3. NaOH 0.01 N. 
which had to be added per 60 minutes to neutralize one mg. of brain (dry 
weight). 


Experimental results. 

It was found that no hydrolysis of benzoylcholine took place by brain 
suspensions confirming MENDEL and RUDNEyY’s observations, that no 
pseudo-cholinesterase occurs in brain. 

We were also able to confirm the results of NACHMANSOHN et al. (7), 
who found, that the hydrolysis of acetylcholine is usually much more 
rapid than that of amechol. We found no constant ratio in various brain 
suspensions between the rates of hydrolysis for amechol and acetylcholine. 

Next the effect of physostigmine on the hydrolysis rate of various 
substrates was investigated. 

It is possible to add so much physistigmine to a brain suspension that 
hydrolysis of amechol is completely or nearly completely stopped. 

Such a system is still able to hydrolyse acetylcholine at a fair rate. This 
is clearly demonstrated by the experiment described in table I, which is 
representative for a series of experiments, giving similar results. This 
phenomenon cannot be explained by the presence of a pseudo-choline- 
sterase in brain, which hydrolyses acetylcholine but not amechol, as it has 
been shown that pseudo-cholinesterase does not occur in brain. 

The possibility that ordinary esterase, not inhibited by the con- 
centration of physostigmine used in our experiments, would hydrolyse 
acetylcholine, seems highly unlikely in view of MENDEL and RUDNEY’s 
results, indicating, that ordinary esterases do not hydrolyse acetylcholine 
at all. 

We were able to show that the main esterase occurring in brain, the 
brain-lipase, cannot be responsible for the observed effect. The experiment 
reported in table I shows that a concentration of physostigmine which 
almost completely knocks out acetylcholine hydrolysis has little or no 
influence on tributyrine hydrolysis by the same suspension. 
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TABLE I. 
Substrate Activity }) 
Amechol 100 
Amechol + 1 cc. physostigmine 2> 10-*+M 14 
Acetylcholine 12S 
Acetylcholine + 1 cc. physostigmine 2 > 10-4+M 1235 
Acetylcholine ++ 1 cc. physostigmine 8 & 10-4+M 0 
Tributyrine 14535 
Tributyrine + 1 cc. physostigmine 8 >< 10-4M 12555 


1) The activity is expressed in mm? NaOH ae in 60 minutes per mg dry weight. 
Brain suspension from rats. 10 


In a separate experiment we were able to show, that the total inhibition 
of tributyrine hydrolysis by brain requires a 1000 fold stronger con- 
centration of physostigmine than the inhibition of the hydrolysis of acetyl- 
choline. This result strongly suggests that brain-lipase cannot be held 
responsible for part of the acetylcholine hydrolysis. 

The most plausible hypothesis appears to be, that the substrate itself 
(acetylcholine or amechol) is operative in determining the extent of phy- 
sostigmine inhibition of its hydrolysis by true cholinesterase. This dif- 
ference in physostigmine inhibition, when the two substrates are used 
cannot be directly related to the difference in hydrolysis rates, which occurs 
in the absence of inhibition. The experiment of table I shows that even 
when the latter difference is negligible, the former is still very marked. 
(86 % inhibition of amechol hydrolysis against 41 % inhibition of acetyl- 
choline hydrolysis). 

To elucidate this problem a new series of experiments was initiated. 
2 cc. of brain suspension was incubated during periods varying from 0 to 
30 minutes with a suitable concentration of physostigmine. After incubation 
the usual ingredients to make up the reaction mixture were added and the 
activity tests carried out in the ordinary way. 

The results of some representative experiments are given in table II, 
III and IV. When amechol is used as a substrate (tables II and IV) it 
appears that the inhibition by physostigmine is progressive during the 
period of 20 minutes preceding the activity test. 

The separate experiments described in tables II and III were done with 
different brain suspensions. The experiment of table IV was carried out 
with the same brain suspension which was exposed to a certain con- 
centration of physostigmine and then tested with both substrates. 

When however acetylcholine is used as a substrate, this progressive 
inactivation during the 30 minutes of incubation prior to the activity test 
is by no means reflected in the results of the activity test (table III 
and IV). After between 5 and 10 minutes incubation, the inhibition has 
reached a certain value and longer incubation has no further influence on 
this value. 
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TABLE II. 

a _—_—_—__—__————_—_—_——_ LL 
Time of incubation of enzyme | Inhibition of original 
with physostigmine preceding | cholinesterase activity 

test in minutes in % 

Experiment 1 S 38 

10 54 

20 74 

Experiment 2 1 15 
3 38 

5 38 

7 46 

10 69 

20 100 


2 cc rat brain suspension incubated with 1 cc physostigmine M4 X 10-8 (expt. 1) and 
M 4 X 10-7 (expt. 2) were used for every test. Substrate: amechol. 


TABLE III. 
Time of incubation of enzyme | Inhibition of original 
and physostigmine preceding | cholinesterase activity 
test in minutes in 0p 
Experiment 1 | 5 0 
14 37 
30 38 
Experiment 2 | 0 0 
5 58 
10 56 
30 57 
Experiment 3 | 10 59 
é 30 59 


Exp. 1. 2 cc rat brain suspension incubated with 1 cc physostigmine 0.8 X 10-°M used 
per test. 

Exp. 2 and 3. 0.25 cc ox nucleus caudatus suspension incubated with 1 cc physostigmine 
M 0.8 X 10-8 (exp. 2) and M0.4 X 10-8 (exp. 3) used per test. Substrate: 


acetylcholine. 
TABLE IV. 
Time of incubation of enzyme Inhibition Inhibition 
with physostigmine preceding | towards amechol | towards acetyl- 
the test in minutes in %/o choline in 9%/o 
5 38 36 
10 54 -- 
20 74 46 


2 cc rat brain suspension incubated in presence of 1 cc physostigmine 4X 10-5 M were 
used for every test. 
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Discussion. 


The difference in response to the same process (incubation of the enzyme 
with physostigmine) for both substrates shows that after about 5 minutes 
of incubation a certain number of enzyme groups, active towards acetyl- 
choline, are eliminated. Longer incubation does not increase the number of 
eliminated groups. 

At the same time elimination occurs of enzyme groups, which are active 
towards amechol. This process lasts for 20—30 minutes and is therefore 
obviously not identical with the inactivation of acetylcholine hydrolysing 
groups. The same conclusion may be drawn from the experiments, in which 
was shown, that the percentage inhibition by a certain concentration of 
physostigmine is often larger towards amechol than towards acetylcholine. 

It may be that the same active group is eliminated in two qualitatively 
different ways: — a complete inactivation (towards acetylcholine and 
amechol) and a partial inactivation towards amechol only. Alternatively 
two different groups may be involved, one active towards acetylcholine, the 
other towards amechol, which are affected to a different extent by the 
poison. 

A third possibility would be the following: — when amechol is added 
to enzyme previously incubated with physostigmine no displacement takes 
place and only the intact enzyme groups are able to react. When however 
acetylcholine is used as a substrate some of the enzyme-inhibitor linkages 
"are dissociated and a greater number of active groups takes part in the 
hydrolysis of the substrate. In that case a maximal inhibition is reached 
with acetylcholine after about 5 minutes incubation bringing about some 
sort of equilibrium. Longer incubation does not show an additional effect 
in subsequent activity tests possibly because linkages formed during 
incubation after the first 5 minutes (demonstrable with amechol) are 
readily dissociated when the substrate acetylcholine is added, re-establishing 
the equilibrium state. In this stage no preference for any one of these pos- 
sibilities can be given. ‘ 

The results described in this paper demonstrate, that it is not per- 
missable to draw conclusions regarding the extent of inhibition of true 
cholinesterase in vivo exclusively on account of tests carried out in vitro 
with amechol as a substrate. It is very likely that inhibitions of choline- 
sterase in vivo, that is in the presence of intrinsic acetylcholine, are con- 
siderably smaller than would be concluded from in vitro tests carried out 
with the so called specific substrate amechol. This warning may very well 
apply to a great number of tests with other specific substrates, which are 
not identical with the naturally occurring ones. 


Summary. 


1. Rat brain contains true cholinesterase in addition to lipase. No pseudo- 
cholinesterase is present. 
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The percentage inhibition of enzymic activity by the same concentration 
of physostigmine is usually considerably higher towards amechol than 
it is towards acetylcholine. (A concentration of physostigmine, which 
entirely knocks out enzymic activity towards amechol still allows a 
fair amount of acetylcholine hydrolysis). 
Lipase nor pseudo-cholinesterase can be held responsible for this dif- 
ference. 
When brain cholinesterase is incubated in the presence of physo- 
stigmine at room temperature, the inhibition proves to be progressive 
during 30 minutes, when activity tests are carried out in presence of 
amechol. 

When however acetylcholine is used as a substrate, no progressive 
inhibition is observed after the first 5 minutes of incubation. 
The experiments described form a warning against conclusions con- 
cerning in vivo inhibitions on the strength of results obtained in vitro 
with non physiological substrates. 
Possible explanations for the effect of the substrate on inhibition are 
summarised. 
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Zoology. — Preliminary researches on the fat-content of meat and bone 
of Blue and Fin whales. By C. F. FELTMANN (Netherlands Whaling 
Company Ltd., Amsterdam), E. J. SLIJPER (Institute of Veterinary 
Anatomy, State University, Utrecht) and W. VervoorT (Nether- 
lands Whaling Company Ltd., Amsterdam). (Communicated by 
Prof. G. KREDIET.) 


(Communicated at the meeting of April 24, 1948.) 

According to article 12a of the Schedule attached to the International 
Convention for the Regulation of Whaling (Washington, December, 2d, 
1946) all parts of Baleen whales taken by the catchers of a factory ship or 
a land station must be processed by boiling or otherwise, except the internal 
organs, the whalebone and the flippers. In his remarks on the resolutions 
of the Washington Conference KNUDTZON (1947) demonstrates that a 
part of the whale-meat is so lean that boiling oil from it is not only 
useless but also highly uneconomical. It can only be used for human 
consumption (frozen meat, canned meat, meat extract), for animal food 
(whale meal etc.) or as raw material for synthetic textile fibres (BRANDT, 
1940). 

Very few exact data, however, are known about the distribution of the 
fat and lean meat in the body of big whales. Up to the present time the 
only source of information about this subject was the publication by 
HEYERDAHL (1932), whose descriptions of the muscular anatomy of whales 
are quite unsatisfactory. Moreover in his table 12 he does not give any 
particulars from which part of the animal the samples originated and the 
data in table 13 are very incomplete. HEYERDAHL’s researches about the 
content of fat in different parts of the whale-skeleton are also very 
incomplete and partly incomprehensible, whilst not a single statement in 
literature can be found on which the directions of the International Con- 
vention about the flippers can be based. Consequently the modern whaling 
industry still badly needs exact data about the fat-content of meat and 
bone in the different parts of the whale, at the different times of the 
season, on the\ various whaling grounds and in whales of different sex, 
size and condition. We therefore made some preliminary researches about 
this subject during the first antarctic season of the Dutch floating factory 
“Willem Barendsz’’. The operations of this ship were carried on from 
December 17th 1946 until April 7th 1947 in the Southern Atlantic Ocean 
(Bouvet- and Weddell-sector of the Antarctic Whaling grounds; Area 
III and II) between 55° and 67° S. and between 7° E. and 26° W. Our 
data, unfortunately are comparatively scarce but the conclusions that can 
be drawn may serve as a basis for further and more extensive investigations. 
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I. The meat. 


A large portion of the whale meat originates from the musculature of 
the back. This musculature can be divided in three different longitudinal 
strands (fig. 1, 2). The upper or epaxial strand fills the space between 


Epaxial muscles 
iliocostalis 


Intercosfal muscles 


——== 


alt to Ribs _abdom part Hypaxial muscles 


Abdominal muscles 
i Head \Neck| Thoracic region _ Lumbar region \Coudal region _\Flukes| 
Trunk Tail 


Fig. 1. Schematic drawing of the musculature of the trunk and tail in the big whales. 


the neural spines and the transverse processes. It consists of the m. spinalis, 
semispinalis capitis, transverso-spinalis, longissimus dorsi, extensor caudae 
medialis and lateralis (see SLIJPER, 1936, p. 217; 1946, p. 73), but in adult 
animals all these muscles are so intimately fused that only one single huge 
muscular complex can be distinguished from the occipital part of the skull 
up to the tail-fin. The lower or hypaxial strand in the lumbar region fills 
the space between the transverse processes and the vertebral bodies and in 
the tail the space between the transverse processes and the chevron bones. 
It consists of the m. hypaxialis lumborum, the m. flexor caudae medialis 
and lateralis and the m. levator ani. The small intermediate strand lies 
along the angles of the ribs in the thoracic and along the summits of the 
transverse processes in the lumbar and caudal region. This muscular strand 


Fig. 2. Very schematic transverse sections through the vertebral column and the spinal 
musculature of the big whales, A, lumbar region. B, caudal region. 
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has arisen from the fusion of an epaxial (m. iliocostalis dorsi et lumb.) 
and a hypaxial (m. intertransv. caudae) component (SLIJPER, 1936, p. 
245). The original line of demarcation lies at the lumbo-caudal border, 
ie. at the level of the anus. A description of the other musculature can be 
found in the publications by SCHULTE (1916) and SLIJPER (1936). 

Microscopic examination of sections stained with Sudan III showed 
that the fat of meat is only found in the connective tissue and not in the 
muscle-fibres, just as might be expected. Therefore by microscopic 
examination already a rough impression about the percentage of fat may 
be obtained from the quantitative relation between the red muscular and 
the white fatty connective tissue. 


The data in table 1 and 2 show that by far the largest quantity of fat 
among the musculature of the back, is found in the meat of the tail, ie. the 
part of the back behind the anus. Here the fat-content averages 20 % 
(Fin whale) and 37 % (Blue whale). The fat-percentage increases from 
the anus to the flukes. Moreover, there are three longitudinal strands in 
the musculature with a higher content of fat than the other meat, viz. 
along the summits of the neural spines (dorsal part of the epaxial 
musculature), along the summits of the transverse processes (m. inter- 
transversarius caudae) and along the summits of the chevron bones 
(ventral part of the hypaxial musculature). Only the first and last strands 
have been described by HEYERDAHL (1932), whose fat-percentages are 
quite in accordance with our findings if one takes into account that his 
samples were taken at the level of the anus. 

With regard to the thoracic region, HEYERDAHL (1932, pl. IV, fig. 10) 
distinguishes between an outer and an inner layer of the epaxial mus- 
culature, the outer layer being much fatter than the inner. In our opinion, 
however, there are in the thoracic and lumbar region only two comparatively 
small longitudinal strands with a higher percentage of fat (fig. 2), viz. a 
strand along the summits of the neural spines (dorsal part of epaxial 
musculature) and a strand along the angles of the ribs and the summits of 
the lumbar transverse processes (m. iliocostalis dorsi et lumb.). These 
strands show a fat-percentage which averages 12 %. Macroscopically 
these strands can be distinguished quite well from the remaining meat. The 
same may be said about a very thin layer of fat meat along the side of the 
neural spines and vertebral bodies and along the upper side of the 
transverse processes. No analyses, however, were made of this layer. 

About 90% of the epaxial and hypaxial musculature of the thoracic 
and lumbar region consists of very lean meat with a fat-percentage of 
4—6% in the cranial part of the thoracic epaxial musculature and a 
percentage of 3—4 % in the other parts of the meat of the back. 

There is a comparatively great local variability in the fat-content of the 
abdominal musculature. The parts attached to the ribs are fairly fat (+ 
17 %), the abdominal wall itself, on the contrary, is lean (+ 5%). The 
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TABLE 1. 


Percentage of fat in the meat of the Blue whale, Balaenoptera musculus L. 
In italics: percentage of water, 


Number 

Date 

Length in feet 
Length in meters 
Sex 

Pregnant or not 
Supposed maturity 


Vertebral epiphyses 
ankylosed up to 
Number of hours dead 
Condition of muscles 


229 
26-1-'47 
85 81 
25,9 
4 g 
Pr. Pr. 


Almost 
sex. mat. 


1Oe hs Not 
10 15 
Fresh 


Fresh 


1. Muscles of the back 
a. Epaxial muscles 


1, Thoracic region 
Strand along sum- 
mits of neural 
spines 
Interior part 

2. Lumbar region 
Strand along sum- 
mits of neural 
spines 
Interior part 

3. Caudal region 
Strand along sum- 
mits of neural 

spines 
Interior part 

b. M.iliocostalis lumb. 

c. Hypaxial muscles 
1. Lumbar region 

interior part 
2. Caudal region 
interior part 


2. Abdominal muscles 
(m. obl. abd. ext.) 
a. Part attached to the 
ribs 
b. Abdominal part 


3. Intercostal muscles 


4. Muscles at ventral side 
of neck (m. brachio- 
cephalicus) . 


14,3 50,0 


Se (WS 


| 45,0 38,0 
| 


5,65 -54.0)) 


17,5 50,0 


2o4 SLO 


2,6 


3,6 


20,4 
12,8 


5,5 


6,7 


73,0 


(2 


60,0 
64,0 


73,0 


73,0 


Sex. mat. 


Not 


12,0 


8,6 


38,0 
13,0 


8,4 


17,0 


18 


69,0 


70,0 


48,0 
65,0 


71,0 


60,0 


(o7, 
4-4-'47 
70 
Pall) 


: 
Not pr. 
Immature 


Not 
2 
Very fresh 


se VALS) 


Shh 1/258) 


Ble) 4) 


17,0 61,5. 
3,8 72,0° 


Halse BYEMOs 
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TABLE 2. 


Percentage of fat in the meat of the Fin whale, Balaenoptera physalus L. 
In italics: percentage of water. 


Number 

Date 

Length in feet 

Length in meters 

Sex 

Pregnant or not 

Supposed maturity 

Vertebral epiphyses 
ankylosed up to 

Number of hours dead 

Condition of muscles 


20 
21-12-'46 
66 
20,1 

ef 


Sex. mat. 


Tee 
Fairly fresh 


125%, 
Almost 
phys. mat. 
TOME, 
25 
Fairly fresh 


Not 


Fresh 


Sex, mat. 


47 


Inner parts | 
putrified | 


744 
5-4-'47 
68 
20,7 
ge 
Not 


Just sex. 
mat. 


1 
Very fresh 


1. Muscles of the back 


a. Epaxial muscles 


1. Thoracic region 
Strand along sum- 
mits neural 
spines 
Interior part 


of 


2. Lumbar region 
Strand along sum- 

mits of neural 

spines 

Interior part 


3. Caudal region 
Strand along sum- 
mits of neural 


spines 


Interior part 
b. M. iliocostalis lumb. 
c. Hypaxial muscles 
1. Lumbar region 
interior part 
2. Caudal region 
interior part 


2. Abdominal muscles 
(m. obl. abd. ext.) 
a. Part attached to the 
ribs 


b, Abdominal part 
3. Intercostal muscles 


4, Muscles at ventral side 
of neck (m. brachio- 
cephalicus). 


658 


2,8 
1,8 


IAG 


4,0 68,0 


2709 D0;5 
near the 
anus 


6,0 68,5 
near the 
anus 


36,0 48,0 


2,4 75,0 | 


Si) 


| 26,0 


2a 


58,0 
69,0 


71,0 


58,0 


72,0 


1,9 


16,0 
Lo 


60,0 | 
73,0 | 


2,8 


4,0 


8,3 70,0 


3,6° 710 


20,0 58,0 


32,6 49,0 
10,0 67,0 


28,8 55,0 
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musculature of the lower (ventral) side of the neck (chiefly m. brachio- 
cephalicus) is fat (+ 25 %) and the same impression is gained from the 
other musculature of the pectoral fin (flipper) by macroscopic examination. 

There is a comparatively large variability in the fat-content of the meat 
of various animals and our material is so small that no conclusions can 
be drawn about correlations with the proceeding of the season or with 
the condition of the whales. No conclusions about the time of the season 
can be drawn from the tables by HEYERDAHL (1932), although he gives 
some data about increase of the fat-content. In his opinion pregnant 
females should have the fattest, lactating females, on the contrary, the 
leanest meat. Moreover there is a certain correlation between the fat- 
content of the meat and that of the layer of blubber. A definite difference 
in fat-percentage between Blue and Fin whales neither appears from our 
tables, nor from those of HEYERDAHL (1932), with the exception of the 
tail-musculature, which is much fatter in the Blue than in the Fin whale. 
WAGNER (1939) thinks that there is a certain correlation between the 
fat-percentage of meat and its content of vitamin A. His data, however, 
show no marked differences between samples that, according to the place 
where they were taken, must have been very fat and other samples that 
apparently were lean. 

It is a well-known fact that, even in the cold water of the Antarctic, 
comparatively soon after death a marked decomposition sets in, caused by 
putrefactive and fermentative processes. These processes are initiated by 
the hot air blown into the body cavity and the fermentative processes in 
the stomach, whilst the comparatively small surface of the animal and the 
thick layer of blubber seriously hamper the exchange of temperatures 
between the body and its surroundings. These processes cause a rise of 
the temperature of the meat that in the first hours after the death appears 
te fall from about 37° C to about 30° C (HEGGENHAUGEN, 1932). 

Our data about the temperature of the meat (table 3) are quite in 


TABLE 3. 


Temperature of the meat of dead Blue and Fin whales. 


Number | Species | Sex Length Number of Part of the meat Temperature 
in m hours dead ink, 
494 Fin | of 19,50 » 27 Inner part of thoracic 
epaxial muscles 34 
496 Fin o& (° 20,40 24 Inner part of lumbar 
epaxial muscles 30 
Abdominal muscles 31 
540 | Blue ie 21,03 15 Hypaxial muscles 36 


| 


~ accordance with those of AASER (1944) that were collected at Norvegian 


land stations, but they are much lower than those of HEYERDAHL (1938), 
collected in the Antarctic. During decomposition of the meat a part of the 
39 


610 


fat is lost, and although no definite correlation between the age of the 
carcase and the fat-content of the meat appears from our tables, the data 
about the 47 hours dead Fin whale Nr 504 show a marked decrease in the 
fat-percentage of the most putrefied inner parts of the musculature. 

During the month of December a sample of the residue which is blown 
off from the oil-separators (the grax) was analysed. This grax contains 
3—3,5 % fat and according to HEYERDAHL (1932, p. 68) even in the 
laboratory it is nearly impossible to extract fat from meat with a fat- 
percentage under 3—4 %. 

From all the above-mentioned facts the conclusion now may be drawn 
‘ that it is quite useless to process the meat of the back cranial of the lumbo- 
caudal border (i.e. headwards of the anus) in the boilers. It is almost 
impossible to separate the small fat strands in this region from the other 
meat since this would cause a great loss of time. This part of the whale- 
meat therefore can only be used for the products mentioned on page 604. 
The same impression is gained from the abdominal parts of the abdominal 
muscles. The meat of the tail and the other parts of the body, however, is 
generally fat enough for the production of whale-oil. 


Il. The bone. 


According to the International Convention all parts of the skeleton must 
be processed with the exception of the bones of the pectoral fin (flipper). 
The only available data in literature about the fat-content of the bones of 
whales are given by HEYERDAHL (1932). This author distinguishes. 
between red and yellow bone. The red bone now and then would occur in 
the vertebrae of those whales that were “‘blodskudd”, i.e., in whales that 
would be struck by the harpoon in such a manner that the pores of the 
vertebral bone filled with blood. The red bone contains much less fat than 
yellow. 

According to our opinion, however, this explanation of HEYERDAHL 
(1932, p. 72) is quite incorrect. Certainly there is a very striking difference 
between red and yellow bone, but just as in other animals this difference 
is caused by the fact that the meshes of the spongiosa of the red bones 
contain red bone-marrow, by which the blood-cells are formed. In the 
spongiosa of the yellow bones almost exclusively fatty tissue is found. 
These observations were confirmed by microscopic examination of sections 
stained with Sudan III. The sections showed that, just as in other mammals, 
in the red bone-marrow also a large quantity of fat cells may be found. We 
were, however, struck by the fact that the fat is not only found in the 
fat-cells of the red and yellow bone-marrow, but also in large quantities 
in the bone-cells (osteocytes) themselves. These cells were completely 
filled with fat, with the exception of the space occupied by the nucleus. 
According to WEIDENREICH (1930, p. 395) fat also occurs in the osteocytes 
of man and other mammals, but only very exceptionally the cells appear to 
be so crowded with fat as we saw it in the whales. WEIDENREICH (1923, 
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p. 576) describes such cells in the sesamoid of the m. peronaeus longus 
of man. 

Generally in fetal mammals all the bones contain only red bone-marrow. 
In man this condition is retained up to the 7th year. Then in the long 
bones of the limbs the red marrow begins to turn into fat, a process that 
is finished about the 20th year (PINEY, 1922). In adult men red bone- 
marrow is present in the bones of the skull, the vertebral column, the ribs 
(with the exception of the distal 2} cm), the sternum and the pelvic bone. 
So about half of the bone-marrow is red, the other half yellow (JAFFE, 
1936). ACKERKNECHT (1912) has shown that the long bones of the horse 
already contain yellow bone-marrow at birth. In horses younger than 
eight years the yellow bone-marrow of the vertebral column is only found 
in the caudal vertebrae, but in animals older than 15 years the turning into 
fat has proceeded in a cranial direction up to the first lumbar vertebrae. In 
these animals also in the thoracic vertebrae, the ribs and the sternum some 


yellow patches may be found in the red marrow (VarRIcaK, 1938). In the 
cow the process begins after birth but proceeds very soon up to the middle 
thoracic vertebrae. The same may be said of the pig, but in the adult cat 
and dog only the sacral and caudal vertebrae contain yellow marrow 


(Varicak, 1938). In the vertebral column of the Guinea pig, the rabbit, 
the rat and the mouse this marrow is only found in the tail. Moreover these 
small mammals always possess red marrow in the long bones of the limbs, 
even when they are quite adult (RANVIER, 1889, p. 264; Maximow, 1927, 
p. 379; STASNEY and HiaaIns, 1935, p. 77). It therefore appears that in 
growing mammals the red marrow disappears first from the long bones 
and after that from the vertebrae in a caudo-cranial direction. According 


to VARICAK (1938) the feeding-condition of the animals does not influence 
their amount of yellow marrow. 

The examination of the skeleton of a 503 cm long Blue whale fetus 
showed that in the big whales shortly before birth all bones contain only 
red marrow. In the young, probably not yet sexually mature, 21,6 m long 
Blue whale Nr 452 (table 4) all vertebrae behind the 5th caudal contained 
only yellow, the vertebrae before the 2d lumbar only red marrow. From 
2 L—5 Ca. scattered patches of red could be observed in the yellow 
vertebral bodies. Consequently in the vertebral column the red marrow is 
replaced by yellow, fatty marrow in a cranial direction, just as in other 
mammals. The yellow marrow first appears in the vertebral processes, 
after that in the outer layer of the spongiosa of the vertebral bodies and 
finally in the centre of these bodies, just the reverse as in the big domestic 


animals (VARICAK, 1938). In adult whales generally the cervical and 
thoracic vertebrae contain only red, the majority of the lumbar and all the 
caudal vertebrae only yellow marrow. A transitionary condition is found 
in the first 2—4 lumbar and sometimes also in the last thoracic vertebrae 
(table 4). The bones of the skull, the ribs, the scapula and the bones of 
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TABLE 4. 
Distribution of red bone-marrow in the Blue whale, Balaenoptera musculus L. 
C = cervical, Th = thoracic, L = lumbar, Ca = caudal vertebra. 


Number 452 180 185 229 181 


Sex ce g Ce = : 

Length in feet 71 79 81 85 86 

Length in meters 21.6 Dal IP ell 25,9 26,2 

Supposed maturity Sex. Sex mat. | Sex. mat. Nearly Sex. mat. 
immature phys. mat. 


Epiphyses of vertebrae 
ankylosed up to Not ank. | Not ank. TAs 8 Th 6b 


Vertebral body and 


processes red PC=1 Lb 3 C—15 Thij\1 -CG—=2, Lhe C—8 That 2 
Body red, processes yellow Zale Beek: 
Centre of body red, proc. 

yellow ee NE, 1: Sule 3=-)500h 5 Aas 
Body with small red patches) 5—7 L 4—5 L 1 & 5—7 L 


Body with very small red) 
patches Sil» Ca 


the flipper contain only yellow marrow. Therefore in the big whales the 
total quantity of red marrow and consequently the quantity of blood- 
forming tissue in relation to the size of the animal is still much smaller 
than in the big domestic animals. 

In the skull and vertebrae of the whales the layer of compacta is very 
thin. These bones almost completely consist of spongiosa with comparatively 
large meshes. The bones of the flipper and the ribs, however, show a 
fairly thick layer of compacta. 

Table 5 shows that the vertebral bone with red marrow shows a fat- 
content of 3,4—24 % and that with yellow marrow a percentage of 38— 
67 %. These data are quite in accordance with those of HEYERDAHL (1932, 
table 15), if his “blodsprengt hvirvel” are identified with vertebrae 
containing red marrow. With regard to the bones of the skull it may be 
said that our fat-percentages from the Blue whale (51—84 %) are much 
higher than those of HEYERDAHL (1932, table 15; 40—35 %), who 
analysed only the skull-bones of the Fin whale. All the bones of head, 
trunk and tail of big whales contain enough fat for the extraction of oil 
in the boilers, although the fat-content of the red cervical and thoracic 
vertebrae is markedly less than that of the other bones. 

About the flippers the following particulars could be obtained: 

1, Nr 523, Blue whale, 78 feet, 23,80 m, sexually mature 3, 15 hours 

dead, 4-3-'47. 

% fat % fatty acids 

Humerus (spongiosa) 64,0 0,2 

Radius and ulna, distal part (spongiosa) 69,0 0,2 
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TABLE 5. 


Percentage of fat in the different parts of the skeleton of Blue and Fin whales. 
In italics: percentage of fatty acids. 


Species Blue Blue Blue Blue Fin 
Number i 26 169 513 576 374 
Date 6—1—’47 | 15—1—'47 | 2—3—’47 | 12—3—’47 | 15—2—’47 
Sex 3 9 9 9 3 
Length in feet 78 84 89 87 59 
Length in meters 23,8 25,6 275 26,5 17,7 
Pregnant or not Not Not Pr 
Supposed maturity | Sex. mat. | Phys. mat. | Phys. mat. | Almost /Sex. immat. 
Epiphyses of vertebrae phys. mat, 

ankylosed up to 7ja& AA Delis OME, Not 
Number of hours dead 11 3 yy 26 7 
Lower jaw | 73,4 0,43 84,2 0,1 
Rostrum of skull | 51,4 vis (OKs | CMS CLEt || Coser OL, 
Proc. coracoideus of scapula’ 69,3 0.35 
Rib 32,0 
Anterior thoracic vertebra | 

(red) ' 24,0 Hig? SONY | BOY She 
Anterior lumbar vertebra | 

(red) | 18,4 
Anterior lumbar vertebra | 

(yellow) | 54,0 27,3: °43,0 |) 49,2 67,0 0,25 
Posterior lumbar vertebra | 

(yellow) 60,6 0,23 
Caudal vertebra (yellow) | 53,9 | | Bilis bua | oye s 52,0 0,2 


2. Nr 696, Blue whale, 81 feet, 24,7 m, sexually mature 9, not pregnant, 
no vertebral epiphyses ankylosed, 3 hours dead, 28-3-'47. 


Radius and ulna, proximal part (spongiosa) 51,0 
Radius and ulna, distal part (spongiosa) 63,0 
Metacarpal bones 60,0 
Fibrous connective tissue of distal part of fin 16,0 


These data show that the flippers of the Blue whale contain a large 
amount of oil of good quality. Unfortunately no flippers of the Fin whale 
were analysed, but in connection with the data of table 5 it may be expected 
that they will not show great differences with those of the Blue whale. 
There is no particular difficulty in processing the flippers on the deck of a 
factory-ship and consequently the conclusion may be drawn that there is 
no reason why it should be allowed to throw them away. 

The data about the 52 hours dead Blue whale Nr 513 show that just as 
in the meat, the fat-percentage of the bone is unfavourably influenced by 
heat and decomposition of the tissues. In the thoracic and lumbar vertebra 
all the bone-marrow has disappeared; the meshes of the spongy bone are 
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empty. The fat-content of these bones shows a very marked decrease. 
This decrease is less in the caudal vertebra which is situated nearer to the 
surface of the body and it is smallest in the rostrum of the skull, where 
the bones lie just under the comparatively thin skin. The data about this 
whale show likewise that with decreasing fat-content the amount of fatty 
acids increases and consequently the quality of the oil decreases as well. 


II. Summary 


All parts of the musculature of Blue and Fin whales generally contain 
in their connective tissue so much fat, that oil can be extracted from them 
in the boilers of a factory-ship or land-station, with the exception of the 
back-musculature cranial of the lumbo-caudal border (i.e. the level of the 
anus) and probably also of the abdominal part of the abdominal mus- 
culature. Therefore the largest part of the whale meat can only be used 
for human consumption, for feeding animals or for the making of synthetic 
textile fibres. No definite difference in the fat-content of the meat could 
be found between Blue and Fin whales, with the exception of the tail- 
musculature, which generally is much fatter in the Blue whale. 

A marked decrease of the fat-content as well as an increase of the per- 
centage of fatty acids was found in the inner parts of the meat and bone of 
those whales that were processed too long after death. Our material was 
so small, however, that no definite relation could be found between the 
number of hours after death and the decrease of the fat-content. 

In adult Blue and Fin whales red bone-marrow is practically only found 
in the cervical and thoracic vertebrae. Consequently they possess relatively 
less blood-forming tissue than is known from any other mammal. 

The fat of the bone of whales is found in the red and yellow bone- 
marrow as well as in the osteocytes. Although red bones contain less fat 
than yellow bones, all bones are fat enough to be processed in the boilers. 
The same may be said about the flippers and consequently there is no 
reason why the International Convention about the Regulation of Whaling 
should allow them to be thrown away. 
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Zoology. — The mechanism of oviposition in Limnaea stagnalis L. By 
L. H. BRETSCHNEIDER. (Zoological Laboratory, University of 
Utrecht.) (Communicated by Prof. Cur. P. RAVEN.) 


(Communicated at the meeting of April 24, 1948.) 


The comparatively small egg-cell of the Pulmonates is provided at the 
beginning of its development with a certain amount of accessory foodstuffs. 
These are produced by the wall of the oviduct and its adnexa, and surround 
the egg-cell as a perivitelline fluid, which is enclosed within a capsular 
membrane. In Limnaea stagnalis, moreover, many egg capsules are joined 
together by a viscous substance into an egg-mass. 

The observation that the snails can be stimulated to produce an egg- 
mass by the addition of Hydrocharis to the aquarium (RAVEN and 
BRETSCHNEIDER 1942) or by a rapid increase of Oo-contents of the water 
(VAN NIEUWENHOVEN, LEVER, cf. WOERDEMAN and RAVEN 1946, p. 72) 
and that oviposition occurs, in this case, after an average latency period of 
about 3 hours, gave rise to the following questions: 1°. Has the egg-mass 
already entirely or partially been formed at the moment of stimulation, or 
does its formation take place altogether during the latensy period between 
stimulation and oviposition? 2°. What is the mechanism by which the 
egg capsules and the egg-mass with their species-specific shape and size 
(NEKRASSOW 1929) are formed? 

In this paper, especially the coordinated processes during the formation 
of the egg-mass will be studied; a cytochemical analysis will be given in 
a later paper. 


Topography of the oviduct (fig. 1). 


The oviduct, in which the egg-cell is provided with accessory foodstuffs 
and envelopes, has a rather complicated structure. From its beginning at 
the bifurcatio spermoviducti till the external genital orifice the following 
parts may be distinguished: a. pars ventricularis, b. pars contorta, c. pars 
recta, d. pars nidamentaria, e. pars vaginalis. Furthermore, there are 3 
appendages: the glandula albuminifera, the glandula nidamentaria acces- 
soria and the receptaculum seminis. 

With respect to the different parts of the genital tract, a great confusion 
in nomenclature exists (cf. SIMROTH and HOFFMANN 1928); in order to 
avoid misunderstandings, I was forced, therefore, to employ an own 
terminology. 


a. Pars ventricularis. 


Synonyms: diverticle, Befruchtungstasche, fertilization chamber. 
The pars ventricularis forms the beginning of the oviduct, just beyond 
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the bifurcatio spermoviducti; it runs.as a straight passage in the longitudinal 


axis of the genital tract. It is somewhat spindle-shaped and its wall is 
thick and muscular. Since its cavity is not closed, but connected proximally 
with the spermoviduct, distally with the pars contorta, the name ‘‘di- 
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(somewhat schematized) bif, bifurcatio spermo- 
viducti; gl. album, glandula albuminifera; gl. nid. acc. glandula nidamentaria accessoria; 
gl. prost. glandula prostata; haustr. haustra of the pars contorta oviducti; ov. f, ovariotestis; 
p. ventric., p- cont., p. recta, Pp. nidam., p. vagin. ovid, pars ventricularis, pars contorta, 
pars recta, pars nidamentaria, pars vaginalis oviducti; pen. penis; recept. sem, receptaculum 
vesic., p. recta pars vesicularis, pars recta of the spermoviduct; v. aff. 


vas afferens; v. eff. vas efferens. 


Fig. 1. Genital tract of Limnaea stagnalis 


seminis; sp. OV. P. 
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verticle’” is inaccurate; so is ‘fertilization chamber’, as fertilization takes 
place in the spermoviduct. 


b. Pars contorta. 

Synonyms: oviduct I, uterus, uterus I, convoluted portion of mucous 
gland. 

After a constriction of the distal part of the pars ventricularis the pars 
contorta bends at a sharp angle to the left and surrounds the straight pars 
ventricularis. Then, it turns back forming a loop and passes over the 
anterior side of the pars ventricularis to the right. At this side, the pars 
contorta bends again around the pars ventricularis forming an elongated 
loop, and runs dorsally in a proximal direction till the commencement of 
this part, whereafter it passes into the pars recta. 

Summarizing, the pars contorta forms a double spiral tour around the 
pars ventricularis, analogous to the spiral gut of frog larvae or of certain 
fishes. In reality, the length of this part of the oviduct is much greater 
than is indicated in the slightly schematized drawing, since its course is 
complicated by many haustra-like enlargements, whilst the convolutions 
have grown together in the small curvature (i.e. along their inner sides), 
so that the whole assumes the shape of a plicate collar. 


c. The pars recta. 


Synonyms: oviduct II, uterus I, mucous gland. 

The end of the pars contorta bends at a right angle in a caudal direction 
and passes into a thicker part of the oviduct, the so-called pars recta 
which ‘runs in the axial direction of the genital tract. 


d. Pars nidamentaria. 


Synonyms: oviduct III, birnenférmige K6érper, uterus II, Gallertdriise, 
mucous oviducal gland, mucous gland. 

The pars recta passes into a greatly dilated, pear-shaped part, the pars 
nidamentaria, which forms the largest portion of the oviduct. It is yellow 
in colour and exhibits transverse stripes which meet dorsally in a raphe. 
It lies on the glandula prostata and in the median plane of the body till 
quite near to the head. - 


e. Pars vaginalis. 

Synonym: vagina. 

The pars vaginalis takes its rise from the broad part of the pear-shaped 
pars nidamentaria and runs as a thinwalled longitudinally striped passage 
to the female genital orifice. Just before reaching this, it is joined by the 
efferent duct of the receptaculum seminis. 

The 3 adnexa of the oviduct are: 


A. The glandula albuminifera. 


Synonyms: Eiweissdriise, accessorische Driise, erste accessorische Ge- 
schlechtsdriise, glande & albumine, albuminiporous gland. 
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It is rather large, about quadrangular in contour, yellow, and exhibits 
at its surface the intertwined ends of the numerous glandular tubuli of 
which it is composed. Its short efferent duct enters into the pars ven- 
tricularis. 


B. Glandula nidamentaria accessoria. 


Synonyms: Schalendriise, accessorische Geschlechtsdriise, Nidamental- 
driise, mucous oviducal gland. 

This gland has a grey colour, is smaller than the glandula albuminifera 
and displays at its surface the crowded ends of the glandular tubuli. Its 
efferent duct enters into the end of the pars recta of the oviduct. 


C. Receptaculum seminis. 


Synonyms: vesicula seminalis, bursa copulatrix, spermatheca. 

It consists of a spherical to ovoid pouch, which usually has a deep orange 
colour and is situated half way up at the right side of the pars nidamen- 
taria; it is connected with the pars vaginalis by a long slender passage. 

The genital apparatus is innervated by a long nervus genitalis, a branch 
of the nervus genito-intestinalis. It runs apically between the oviduct and 
the vas afferens, and along the spermoviduct; it contains numerous groups 
of ganglion cells and sends many rami to the various parts of the genital 
tract. Both sensory and motor tracts have been found, and connections 
with sense cells in the epithelium of the oviduct. The muscular wall of the 
pars ventricularis particularly contains numerous ganglion cells; iin its 
epithelium many sence cells are found which may be related to the 
formation of the egg capsule. 


The path of the egg (fig. 2). 


The egg-cells which are inseminated in the spermoviduct (BRETSCHNEI- 
DER 1948) are enclosed, on their way through the oviduct, by several 
layers and united into an egg-mass. When the egg-laying stimulus occurs, 
the oocytes pass into the spermoviduct and insemitation takes place. In 
snails cut open of in a state of narcosis during the formation of an egg- 
mass it may be observed how, at short intervals, an egg slides into the 
pars ventricularis with a jerking movement; evidently, it is sucked up by 
the latter. A sucking action is caused by a dilation of the thick muscular 
wall of the pars ventricularis, whereby at the same time a stream of 
secretion from the ever-filled efferent duct of the glandula albuminifera 
is sucked in. In this way, this part of the oviduct swells to about the size 
of a future egg capsule; besides the oocyte, it contains just as much peri- 
vitelline fluid as is needed for the formation of an egg capsule. This fluid 
comes from the grandula albuminifera; the prismatic cells of this gland, 
which have a height of about 54 « (fig. 3b), secrete water, proteids and 
salts of which the fluid is chiefly composed. Two types of cells may be 
distinguished: gland cells with rather big proteid granules and cells with 


620 . . 


a large secretion bubble having watery contents. By a contraction of the 
muscular wall, the egg-cell and perivitelline fluid are forced from the pars 
ventricularis into the pars contorta. This mechanism of sucking-in of egg 
and secretion, of measuring-off the amount of fluid and of injection of both 


Fig. 2. The path of the ovum; schematic. bif. bifurcatio spermoviducti; egg caps. membr. 

int., membr, ext. inner and outer egg capsule membrane; gl. alb. glandula albuminifera; 

gl. nid. acc. glandula nidamentaria accessoria; haustr, haustra of the pars contorta oviducti; 

p. nid., p. recta, p. ventric, pars nidamentaria, pars recta, pars ventricularis oviducti; 

periv, fl, perivitelline fluid; sp. ov. spermoviduct; fun. caps. tunica capsulae; tun. int. 
tunica interna. 


into the haustra of the part contorta requires an accurate regulation 
which doubtless may be explained by the extensive innervation of this 
part of the oviduct. 

Directly in the first haustrum of the pars contorta which has the size of 
an egg capsule, a thin tough layer is formed on the surface of the perivi- 
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telline fluid against the epithelium, the inner capsule membrane. The 
epithelium of the small curvature consists of ciliated cells 20—30 yw in 
height, whereas that of the outer side consists of glandular cells with a 
height of 70—100 yu filled with secretion vacuoles (fig. 3c). The glandular 
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Fig 3...) che microscopical anatomy of the genital tract. Wall of a. spermoviduct, 
b. glandula albuminifera, c—d. pars contorta, e. glandula nidamentaria accessoria, f. pars 
nidamentaria, g—h. pars vaginalis. 


cells alternate with ciliated cells placed in rows, which, as it were, brush 
the extruded secretion over the surface of the perivitelline fluid. In nar- 
cotized snails a continuous rotation of the capsule in statu mascendi may 
be observed. The shape of the egg capsule here is still irregular and the 
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membrane is still soft, but it is evident that the haustrum serves as a matrix. 
Often, the membrane on one side is already thicker than on the other, 
presumably through a longer contact with the glandular part of the wall. 
The egg capsule, whose dimensions are 1,0 < 0,8 mm, moves further 
through the isthmus between two houstra into the next one; the high 
palisade epithelium of the latter (fig. 3d) forms a thin layer of secretion 
around the capsule. In each succeeding haustrum, in the same way a thin 
lamella of secretion is poured around it, whereby the membrane gets a 
stratified appearance. These layers form the so-called outer capsule mem- 
brane. In the last haustrum, immediately before the egg capsule passes 
into the pars recta, a short straight thread of secretion is formed, connected 
with the last lamella, and which serves as a capsule fixator in the egg- 
mass (fig. 2 and 4). 

Successively, all the haustra are filled with capsulated oocytes, until the 
first capsule arrives in the pars recta. The efferent duct of the glandula 
nidamentaria accessoria enters into this part; the cells of this gland, which 
have a height of 80—100 wu, produce a mucous secretion containing proteids 
(fig. 3e), which cements the successive capsules together in layers. Besides 
irregular lamellae of secretion and a homogeneous mass between the cap- 
sules also finer and firmer threads are formed (fig. 4) which have been 
described as “fila” by NEKRASSOW (1929). The viscous cementing sub- 
stance (‘tunica interna” according to NEKRASSOW) holds the egg capsules 
together. Next, the series of capsules pass through a sort of valve and 
enter into the much wider pars nidamentaria. In the lumen of this part 
ring-shaped lamellae, resembling screens, are hanging; they correspond to 
the stripes on the surface and can be considered as duplicatures of the 
wall of the oviduct. These lamellae are covered on both sides with a 
palisade epithelium 100 uw in thickness consisting of 2 kinds of cells (fig. 
3f): one with a more fluid secretion, which may developed into goblet- 
cells, the other with densely-packed small proteid granules. Between these 
gland cells ciliated cells are placed in rows; their stiff cilia, directed to the 
lumen, carry the secreted mass of mucus in this direction. After the 
formation of the egg-mass the gland cells have been reduced to two thirds 
their former size, whereafter restitution begins anew. The wall of the pars 
nidamentaria contains muscles which cause dilation and thereby widen the 
lumen during the formation of an egg-mass. The secretion process takes 
place rhythmically, since the mucus is deposited in layers. These lamellae 
surround the tunica interna containing the egg capsules and form the 
tunica capsulae (NEKRASSOW), a tough layer of 270—360 w thickness. 
According as fresh egg capsules enter the lumen through the valve, the 
part of the egg mass already formed is forced more and more into the pars 
vaginalis. This is lined by an epithelium 10—30 wu in thickness (fig. 3g, A), 
which is covered externally by muscle bundles arranged cross-wise and a 
network of ganglion cells. 

The pars nidamentaria and vaginalis force the egg-mass slowly outward 
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through the genital orifice, where the first part is held in the snail’s mouth, 
as was observed by J. LEVER (unpublished) and pressed against a sub- 
stratum to which it remains adhering. By a slow creeping movement the 
snail now draws the whole egg-mass out of the genital orifice. 
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Fig. 4. Egg-mass of Limnaea. 


The shape of the egg-mass (fig. 4) is a cast of the lumen of the pars 
nidamentaria; at the front end it is broader and rounded, at the back end 
narrower and pointed, corresponding to the shape of the valve at the 
beginning of the pars nidamentaria. 

In the newly laid egg-mass the mucus of the tunica is opaque, on account 
of ithe granules suspended therein, which are derived from the cells of the 
pars nidamentaria; after a few hours it swells by the absorption of water, 
and the opacity disappears by dissolution of the granules. Measurements 
made of 50 egg-masses immediately after oviposition yielded an average 
value of 27.8 < 4.6 mm, which amounts to an average volume of about 
570 mm3; after 8 days these values were 35.0 X 5.4 mm of 1000 mm3, 
which gives an increase in volume of about 75 %. Hereby, especially the 
capsula interna swells and liquifies, whereas the tough tunica capsulae 
only becomes much softer towards the end of development after about 15 
days. 
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The rate of formation of the egg-mass. 


Through the discovery that renewal of the aquarium water and addition 
of Hydrocharis morsus ranae served as a stimulus to oviposition, it was 
possible to study the rate of formation of an egg-mass. In 32 Limmaea’s 
it was determined before addition of Hydrocharis, by dissection of the 
snails, in what part of the genital tract the eggs were lying; in 85 other 
snails, the same was done at regular intervals after the addition of Hydro- 
charis. The yellow colour of the oocytes, due to the natural pigment, made 
it possible to observe them by means of a pocket-lens on their way through 


the genital tract. In some cases, the process of egg-mass formation was 
studied in snails slit open in a state of light narcosis; in this I did not 
succeed in all cases, however, since most animals died at a certain moment. 

In the diagram fig. 5, each black dot represents the position of the eggs 
which were farthest advanced in the genital tract of one snail. It shows 
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Fig. 5. Diagram of rate of egg-mass formation. Each black dot represents one snail. 
Cf, text. 


that in all the snails dissected prior to adding Hydrocharis, the oocytes are 
still lying in the gonad. Already 30 minutes after the addition of Hydro- 
charis the whole spermoviduct may be filled with oocytes, which are pro- 
pelled (sometimes rather suddenly) by ciliary movement of the epithelium 
(cf. fig. 3a) and, probably, by peristaltic contractions of the wall. In some 
snails, at this moment the first eggs had arrived already in the pars ven- 
tricularis, and were surrounded by the perivitelline fluid. About one hour 
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after stimulation most of the oocytes were found in their capsules in the 
haustra of the pars contorta, whereas in four snails the formation of the 
egg-mass in the pars nidamentaria had already begun. At the same time, 
many eggs were still lying in the first part of the genital tract or in the 
haustra. This state of affairs remained also at 14 hours; however, it 
appeared that new oocytes were still descending the spermoviduct. After 
2 hours in one snail the beginning of the egg-mass had already arrived in 
the pars vaginalis, whilst most eggs were still lying after capsulation in 
the pars contorta or were united to the egg-mass in the pars nidamentaria. 
After 2} hours in several snails the egg-mass was in the pars vaginalis, 
whilst new oocytes were still being capsulated. After 3 hours, in more 
than half of the observed cases oviposition took place, though at the hind 
end still new egg capsules were added. This process had been finished 
after 4 hours in all investigated cases; in the other parts of the genital 
tract, egg-cells were lacking now. At lower temperatures the process is 
retarded, so that the egg-masses are only deposited after 4 to 5 hours. So, 
ovulation, fertilization and transport of the eggs through the spermoviduct 
to the pars ventricularis lasts only half an hour; so does the formation of 
the capsule membrane and the secretion of the tunica interna. The further 
completion of the egg-mass, the formation of the tunica capsulae in the 
pars nidamentaria and oviposition take about 2 hours, because all the 
oocytes (110, on an average) must be capsulated and enclosed in the 
tunica interna, before the tunica capsulae can be closed after the last egg. 
The differences, found by RAVEN (1945) in the time between oviposition 
and beginning of first maturation division, reflect (and are, presumably, 
caused by) the varying duration of the egg-mass formation, which is, 
perhaps, related in its turn to the number of egg capsules the egg-mass 
contains. 


The object of the egg-mass formation. 


As has been shown by NEKRASSOW (1929) the shape of a gastropod 
egg-mass is highly species-specific, so that it can be used as a character- 
istic for determination of the species. The shape of the egg-mass is de- 
termined by the shape and size of the pars nidamentaria of which it is a 
cast. 

When the young pond snail leaves the egg-mass after about 15 days, it 
is considerably bigger than the original oocyte had been. This surplus of 
mass it owes to the food and building materials which are drawn by the 
developing embryo from the perivitelline fluid. Already 4 to 5 days after 
oviposition the larva takes in this fluid. The amount of coagulable protein 
in the perivitelline fluid decreases rapidly during development. 

The capsule membrane is firm and possesses a considerable turgescence. 
When the egg capsules are isolated from the egg-mass and exposed for a 
short time to the air, water evaporates from the capsule fluid and the egg 
capsule shrivels up. This is delayed considerably when the egg capsules 
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are taken from the water within the undamaged tunica. From experiments 
of NuMANN (1924) on the possibility of a passive dispersion of Limnaea 
egg-masses by birds it appeared that they can be exposed to air for 95 
minutes without killing the embryos. 

A further advantage of the formation of the egg-mass is that it enables 
the snail to bring its eggs in favourable circumstances by glueing the egg- 
mass to the lower side of floating water-plants, as Limnaea usually does. 

The proteid substance of the tunica does not only serve as a protective 
medium and a cementing substance, but seems to constitute also the first 
food of the young snails immediately after hatching, as they remain 
crawling about for a considerable time in the liquefying tunica. After that, 
bacteria which develop in great quantities in the remainder of the egg-mass, 
break it up in a short time. 


Summary. 


1. The topography of the oviduct of Limnaea and its adnexa is described. 

2. The egg-cell, fertilized in the spermoviduct, is sucked in by the pars 
ventricularis of the oviduct, together with a definite amount of peri- 
vitelline fluid from the glandula albuminifera, and injected into the 
first haustrum of the pars contorta. 

3. The capsule membrane is secreted in the haustra of the pars contorta. 
They determine, by way of matrix, the species-specific shape and size 
of the egg capsules. 

4. The egg capsules assemble in the pars recta and are united by a 
cementing substance from the glandula nidamentaria accessoria 
forming the tunica interna of the egg-mass. 

5. In the pars nidamentaria the egg-mass is surrounded by the stratified 
tunica capsulae, 

6. The mechanism of oviposition could be timed by an investigation, in 
which the snails were killed and the position of the eggs in the genital 
tract was determined at definite intervals after stimulation by Hydro- 
charis. The whole process is finished within 3—5 hours. 
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Zoology. On the function of the Golgi-apparatus in the exocrine 
pancreas cell. II]. Golgi-apparatus and vitamin C. By J. W. SLUITER. 
(From the Zoological Laboratory, University of Utrecht.) (Com- 
municated by Prof. Cur. P. RAVEN.) 


(Communicated at the meeting of April 24, 1948.) 


It has been found in many tissues that vitamin C is accumulated in the 
cell at that place where the Golgi-apparatus is situated (BOURNE 1936, 
GiROUD 1938, TonuTTI 1938 and others). This suggests that vitamin C 
should play a part in the functional activity of the Golgi-apparatus. 

With regard to the exocrine pancreas cell HirscH (1939, 1940) goes 
as far as to put forward the following hypothesis, which is mainly based 
on observations of JARvI (1940)?: the vitamin C molecules, which pass the 
cell membrane, are stored at first in the smallest vacuoles (‘‘Golgi-Interna’’), 
which can be found in the Golgi-threads; then, they are consumed in behalf 
of the process of formation of Golgi-products, which goes on in the Golgi- 
interna. This causes vitamin C to be absent in the full-grown Golgi- 
interna. 

JArvi (1940, p. 374)2 himself does not go as far as that in his inter- 
pretation of the same preparations: “Es scheint mir plausibler, dass die 
Vitamin C-K6érnchen, ahnlich den Sekretgranulen, in den Golgi-Strangen 
gebildet werden, ohne aber an die Sekretgranula selbst gebunden zu sein”. 

In the present paper I have attempted to find out with the aid of a 
quantitative experimental method, whether it is possible to identify the 
vitamin C granules with any of the known components of the Golgi- 
apparatus in the exocrine pancreas cell, as it is suggested for instance by 
the hypothesis of HirscH (1939, 1940). 


Experiments. 


The pancreas material has been treated according to the technique of 
Giroup and LEBLOND; the duration of exposure of the tissue to the 
chemicals has been chosen according to JARvI (1940)2: 10% AgNOs- 
solution with 1—2% acetic acid 40 min.; aqua dest. 30 min.; 3 % 
NayS.Oz-solution 45 min.; aqua dest. 30 min. After this treatment black 
silver granules can be observed in the cells, which are generally accepted 
to represent accumulations of vitamin C. Therefore, they will be called 
“vitamin C granules” in the present paper too. I shall revert to this point 
below. The sections were cut at 10 w thickness and have been counter- 
stained with haemaium. : 

The vitamin C granules have been counted at different points of time 
after pilocarpine injection in white mice in 100 cells of each pancreas. For 
this investigation I used the same pancreas glands as for my recent 


628 


quantitative study on the Golgi-apparatus (SLUITER 1948)". So I may 
refer to that paper for a more detailed description of the experiments. 


Results. 


It is technically not possible to make visible the Golgi-apparatus and 
the vitamin C granules in the same cell. Therefore, the only way to 
compare these structures is to compare them in different cells of the same 
pancreas, which are treated with different microscopical techniques. By 
this method morphological, topographical and quantitative characters of 
both structures can still be used as criteria for identification. 


Morphological and topographical comparison. 


In a recent paper I have described the structural variability of the Golgi- 
apparatus (SLUITER 1948)!. So it will be sufficient to describe here the 
vitamin C granules only. 

Studying size, shape and position of these granules in the cells of the 
pancreas there appears to be a large variability. In order to simplify the 
description as much as possible I have chosen as symbols for these three 
characters the letters a, b and c respectively, and I have used them in the 
following significance: 


/ ai = fine-grained (0.2—0.5 uw in diameter). 


a= size 
\\a? = coarse-grained (0.5—1.5 uw in diameter). 


Pekchs / bl = spherical, not composite. 
eee \ b2? = composed of several parts, which are linked together 
to rows or to irregular clots. 


ahs _.. “¢! = lying, probably, not in the Golgi-region only. 
c = position : : ‘ ; 
\\c2 = lying, probably, in the Golgi-region only. 

From the study of preparations of 16 different mice it appeared that 
each of the theoretically possible combinations of these letters may be 
actually realised. In fig. 1—12 this is shown by some examples. 

In fig. 13—16 the principal functional variations of the Golgi-apparatus 
(SLUITER 19481!) are shown. 

By a comparison of the Golgi-structures with the vitamin C granules 
many resemblances with regard to size, shape and position may become 
evident. But, in my opinion, a static comparison like this does not suffice 
to prove that these resemblances are caused by an identity of the structures 
concerned, 

A better way to prove this identity might be to compare these structures 
in cells, which are in the same stage of their activity. The Golgi-apparatus 
does actually show a rational series of functional changes during the period 
of restitution of proenzyme granules in the exocrine pancreas cell (SLUITER 
19481, 1); the principal stages in this series are shown in fig. 13—16. 


J. W. SLUITER: On the function of the Golgi-apparatus in the exocrine 
pancreas cell. III. Golgi-apparatus and vitamin C. 


Fig. 1—12. Sections of 12 arbitrarily chosen exocrine pancreas cells giving some 
examples of the variability in size, shape and position of the vitamin C granules, For 
significance of the letters cf. text. Technique of GiIROUD and LEBLOND; 10a. 


Fig. 13—16. Sections of exocrine pancreas cells showing the principal structural 

variations of the Golgi-apparatus in 4 stages, which are arranged according to their 

functional sequence. CHAMPY-fixation, KOLATSCHEV-impregnation and ALTMANN- 
staining; 3. 
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In order to find out, whether this is also realised for the vitamin C 
structures, I have studied separately all sizes, shapes and positions of 
these structures, which may occur in pancreas cells of mice, which have 
been killed for autopsy at different points of time after pilocarpine in- 
jection. The results are shown in table 1, 


TABLE 1. 
Mouse nr. 36 | 5h) 
Hours after pilocarpine 4 Hunger 
| | | 
a® | al | a2 | a2 | a? | al | al | al | al | al | a2 | al | a? 
Size (a), shape (b) and 1 2 2 2 1 
position (c) of the BY) DAS) BY be b2 | beeb27 1) b) and || 629 | 62 4 6! |b 
vitamin (C) granules | c! | c! | cl | cl | cl |and! c! |and| a? | c! | cl jandy cl 
(cf. page 628) and | b2 b2 | b! b? 
| c2 | cl Alle Pe) 


From table 1 conclusions can be drawn only with some caution. Only 
the absence of letters in the vertical columns gives some information of 
quantitative nature. Considering table 1 in this way it can be observed that 
in the period, when the Golgi-vacuoles are most numerous (2 to 11 hours 
after pilocarpine), the vitamin C granules are mostly fine-grained in all 
cells (i.e. smaller than the visible Golgi-vacuoles); that they in all cells of 
the same mouse either may be linked together (like the Golgi-vacuoles) 
or not; that they may lie in some mice in the Golgi-region (like the Golgi- 
vacuoles) only, but not in other mice. 

There is no rational sequence in the morphological and topographical 
differences of the vitamin C granules at different times after pilocarpine 
injection, contrary to what is shown by the Golgi-vacuoles (SLUITER 
19481). 

These conclusions and other similar ones, which could be drawn from 
the data of table 1, do not suggest that the vitamin C granules are indeed 
identical with the Golgi-vacuoles. 

Still there is the possibility of a quantitative parallelism between vitamin 
C granules and Golgi-vacuoles. This is investigated in the following 
chapter. 


Quantitative comparison. 

In fig. 17 the mean numbers of vitamin C granules pro cell section of 
10 w thickness, counted in 100 cell sections of one pancreas, have been 
plotted against the times after pilocarpine injection. In addition, the mean 
numbers of Golgi-vacuoles pro cell section of 3 ~ thickness, counted in 
100 cell sections from the same pancreas glands have been drawn in the 
same graph. 

From this figure it is evident that there is no quantitative parallelism 
between vitamin C granules and Golgi-vacuoles during the period of 
restitution of pro-enzyme granules. The numbers of vitamin C granules in 
different mice, which have been killed at the same time after injection, 
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are lying so far apart that it is even impossible to draw a curve showing 
the quantitative course of the stored vitamin C during the restitution period, — 
whereas the numbers of Golgi-vacuoles show a very clear restitution curve; 
this curve has been discussed in a previous paper (SLUITER 1948)". 
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Fig. 17. Graph showing the numbers of vitamin C granules and of Golgi-vacuoles in 
pancreas cells at different times after pilocarpine injection, Abscissae: time. Ordinates: 
on the left side vitamin C granules, on the right side Golgi-vacuoles. The Golgi-vacuoles 
show a distinct restitution curve, the vitamin C granules do not. There is no quantitative 
parallelism between both-structures during the period of restitution of pro-enzyme granules. 


Therefore, these quantitative data too do not suggest an identity of 
vitamin C granules and Golgi-vacuoles. They suggest, on the contrary, 
that there is no correlation at all between the quantity of stored vitamin C 
in an exocrine pancreas cell and the functional stage of this cell. JARV! 
(1940)2 obtained already the same result. 

Hitherto I have been arguing on the assumption that the occurrence of 
black silver granules is caused by vitamin C accumulations only. However, 
it is possible that other cell components are blackened with the technique 
of GiRouUD and LEBLOND., It is a well-known phenomenon that e.g. pigment 
granules may be blackened after this technique (PFUHL 1941, LEOPOLD 
1941). In GtRouD—LEBLOND preparations it is not possible to decide, 
whether the black structures are pigment granules or not. But, according 
to JARVI (1940)? pigment granules are increasing in number in the exocrine 
pancreas cell as the mice grow older, So, if they should form the main part 
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of the black granules in the preparations concerned, an increase in number 
of these granules with the age of the mice can be expected. This has been 
investigated in the following chapter. 


Numbers of argentophbile granules at dirrerent 
ages. 

In figure 18 mean numbers of silver granules pro cell section of 10 y, 
counted in 100 cell sections of one pancreas have been plotted against 
the body weights of the mice. 
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Fig. 18. Graph showing the numbers of silver granules in pancreas cells at different 
ages of mice. Abscissae: body weights. Ordinates: silver granules, 


Already in mice weighing 5—8 gram considerable numbers of silver 
granules pro cell section (up to 16) can be found. As is pointed out in a 
previous paper (SLUITER 1948)! no pigment granules occur in the pancreas 
of these young animals. Therefore, in these cases the silver granules can- 
not be pigment granules, but are, probably, actually accumulations of 
vitamin C. 

In older mice (weighing 13—26 gram) the mean numbers of silver 
granules pro cell section are varying from 0 to 7, being less than the 
numbers of pigment granules occurring in the cells of animals of these ages 
(JARvI 1940)2. This confirms the assertion made above that no pigment 
granules are blackened after the technique of GIROUD and LEBLOND in the 
exocrine pancreas cells, 
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Considering figure 18 on the assumption that all silver granules con- 
cerned are indeed representing accumulated vitamin C, it must be concluded 
that there is more variation in the amount of stored vitamin C and that 
higher values are reached in the younger animals than in older ones. I 
cannot explain this phenomenon functionally. 


Discussion. 


The assertion of Hirscu (1939, 1940) that vitamin C should be peri- 
odically stored in vacuoles of the Golgi-apparatus of the exocrine pancreas 
cell has only been based on a superficial qualitative comparison of the 
apparatus in some cells with the vitamin C granules in other cells of the 
same pancreas. In the present paper it is shown that this cannot be con- 
firmed by a close morphological, topographical and quantitative in- 
vestigation of the matter. 

Hirscu (1940) was using the preparations of JARvI (1940)?. This author, 
on the contrary, doubts Hirscu’s interpretation of these preparations, but 
he asserts still that vitamin C is accumulated in the Golgi-threads. Even 
this cannot be confirmed by my own observations. 

In my opinion a storage of precipitated vitamin C in the Golgi-apparatus 
is not probable and cannot be proved in the superficial way, which has 
been followed by Hirscu (1940) and JArvi (1940)2. 

Still it is possible that vitamin C in a dissolved state (which cannot be 
made visible microscopically) plays a part in the formation of pro-enzyme 
granules by the Golgi-apparatus in the pancreas cell. But, then, the pro- 
blem of the functional significance of the black silver granules, which are 
visible in this cell after the technique of GiIROUD and LEBLOND, remains 
still unsolved. JARv! (1940)? showed that an increase in number of these 
granules in the pancreas cells can be caused experimentally by injection 
of ascorbic acid in the blood. This proves that the number of silver granules 
depends on the amount of vitamin C in these cells. 

According to PFUHL (1941) a granular storage of a substance as soluble 
as vitamin C is not likely to happen. This author assumes the well-known 
silver granules to be identical with other cell structures (e.g. the Golgi- 
apparatus or pigment granules) which get a strong reducing power from 
the surrounding but dissolved vitamin C molecules. In the present paper it 
is shown that this is neither the case with the Golgi-apparatus nor with 
the pigment granules of the exocrine pancreas cell. Considering shape, 
position and quantity of mitochondria and pro-enzyme granules of this 
cell it is not likely that they are identical with the AgNOs-reducing struc- 
tures with which we are concerned here. 


Summary. 


The “vitamin C granules’, which can be observed in the exocrine 
pancreas cell of white mice after the technique of GiRouD and LEBLOND, 
show a great variability as to their size, shape and position. They are 
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either fine-grained or coarse-grained; either singular or composed of several 
parts, which are linked together to rows and to irregular clots; either lying 
only in the Golgi-region or also in other parts of the cell (cf. fig. 1—12). 

Although a superficial morphological and topographical comparison of 
these vitamin C granules with the Golgi-apparatus may give the impression 
that these structures are partically identical (cf. fig. 1—12 with fig. 13— 
16), no proof of this can be obtained by comparing them closely in cells, 
which are at similar functional stages (cf. table 1). Moreover, a parallelism 
between the numbers of these vitamin C granules and of the Golgi-vacuoles 
does not exist during the restitution period of pro-enzyme granules (cf. 
fig. 17). So, it seems doubtful that a granular storage of vitamin C in the 
Golgi-apparatus should occur. 

The observation of JARv! (1940)2 that there is no correlation between 
the number of vitamin C granules and the time after pilocarpine injection 
could be confirmed (cf. fig. 17). Therefore, a granular storage of vitamin 
C seems not to play any part in the process of formation of pro-enzyme 
granules. 

In young mice there is more variation in the amount of vitamin C, stored 
in the exocrine pancreas cells and higher values are reached than in older 
ones. 

The identity of the well-known black silver granules, which can be 
observed in the exocrine pancreas cell after the technique of GIROUD and 
LEBLOND is further discussed. It is not likely that pigment granules (cf. 
fig. 18), pro-enzyme granules or mitochondria are blackened with this 
technique. 


Acknowledgement. My thanks are due to Prof. Dr. Cur. P. RAVEN 
for critically revising the papers of this series. 
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